	 	
[bookmark: _jgb0n4e4xtfv]Problem 1: Direct imaging, angular separation and contrast
Consider the Solar System observed from a distance of 10 pc.
a) What is the angular separation between the Sun and the Earth?
b) What is the angular separation between the Sun and Jupiter?
c) Assume that the Sun would have an apparent magnitude m_V = 4.8 at 10 pc. If the Earth has a visible-light contrast of 10^-10 relative to the Sun, what would be the apparent magnitude of the Earth?
d) Explain why directly imaging an Earth analogue around a Sun-like star is extremely difficult.

Solution:
a) At 1 pc, 1 au corresponds to 1 arcsec. Therefore, at 10 pc:
theta_Earth = 1 au / 10 pc = 0.1 arcsec
b) Jupiter is at approximately 5 au, therefore:
theta_Jup = 5 au / 10 pc = 0.5 arcsec
c) The magnitude difference corresponding to a contrast C is:
Delta m = -2.5 log10(C)
For C = 10^-10:
Delta m = -2.5 log10(10^-10) = 25
Thus:
m_V,Earth = 4.8 + 25 = 29.8
The Earth would appear as a very faint source with m_V approximately 30.
d) Direct imaging of an Earth analogue is difficult because the planet is extremely faint compared to the star, with a contrast of only about 10^-10 in visible light, and it lies very close to the star on the sky, only about 0.1 arcsec at 10 pc. The observation therefore, requires both very high angular resolution and extremely strong suppression of the stellar light.
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[bookmark: _k1fbzd775tpp]Problem 2: Gravitational microlensing and the Einstein radius
A foreground lens star of mass M_L = 0.3 M_sun is located at D_L = 4 kpc. A background source star is located at D_S = 8 kpc.
The angular Einstein radius is approximately:
theta_E = sqrt(kappa M_L pi_rel)
where:
kappa = 8.144 mas M_sun^-1
pi_rel = 1/D_L - 1/D_S
with D_L and D_S expressed in pc, and pi_rel in arcsec.
a) Calculate pi_rel.
b) Calculate theta_E in mas.
c) Calculate the physical Einstein radius R_E in au.
d) If a planet has mass ratio q = 0.0039, estimate its mass in Jupiter masses. Use 1 M_sun = 1047.6 M_Jup.

Solution:
a) The distances are:
D_L = 4000 pc, D_S = 8000 pc
Therefore:
pi_rel = 1/4000 - 1/8000 = 0.00025 - 0.000125 = 0.000125 arcsec
Since 1 arcsec = 1000 mas:
pi_rel = 0.125 mas
b) The angular Einstein radius is:
theta_E = sqrt(8.144 x 0.3 x 0.125) mas
theta_E = sqrt(0.3054) mas = 0.55 mas
c) A useful relation is that an angle of 1 arcsec at 1 pc corresponds to 1 au. Therefore:
R_E = theta_E(arcsec) x D_L(pc)
Since theta_E = 0.55 mas = 0.00055 arcsec:
R_E = 0.00055 x 4000 = 2.2 au
This is consistent with the statement that microlensing is most sensitive to planets at separations of a few au.
d) The planet mass is:
M_p = q M_L
With q = 0.0039 and M_L = 0.3 M_sun:
M_p = 0.0039 x 0.3 M_sun = 0.00117 M_sun
In Jupiter masses:
M_p = 0.00117 x 1047.6 M_Jup = 1.23 M_Jup
Thus, the planet has a mass of approximately 1.2 Jupiter masses.

