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19.10.2022 Introduction and basic definitions
26.10.2022 Accelerating structures
02.11.2022 Accelerator Components
09.11.2022 Optics with magnets (1)
16.11.2022 Optics with magnets (2)
23.11.2022 Equations of motion
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07.12.2022 Transverse beam dynamics, beam stability / Longitudinal beam dynamics
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18.01.2023 Physics at Storage Rings
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01.02.2023 New accelerator technologies
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15.02.2023 reserve
22.02.2023 reserve
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„Leistungskontrolle“
Accelerator Physics Related Applications

- Particle cancer therapie
- Cosmic rays
- Accelerator Mass Spectrometry

- Accelerator Driven System

- Energy recovery accelerator

- Superheavy elements
- Strongest magnetic field

- Tokamak

- Photon facility

- Isotopes for medicine

- Crystalline beams

WordPress.com
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Summary of last lecture
Curvilinear coordinate system

118 4 Ionenoptik mit Magneten

von Systemen mit unterschiedlichen magnetischen Mittelebenen stets durch
eine entsprechende Rotation des Koordinatensystems zwischen den Systemen
möglich ist. Die zentrale Bahn liegt naturgemäß in der magnetischen Mittele-
bene.

Die momentane Position eines einzelnen Teilchens wird mithilfe eines
ebenen (x, y)-Koordinatensystems beschrieben, das sich entsprechend der
Geschwindigkeit des Teilchens entlang der zentralen Bahn bewegt (siehe
Abb. 4.1). Der Nullpunkt und die Richtung dieses mitbewegten (x, y)-Koordi-
natensystems ist durch die zentrale Bahn festgelegt. Die x-y Ebene ist die soge-
nannte Normalebene zur zentralen Bahn, d. h. die auf der x-y Ebene senkrecht
stehende s-Achse mit dem Einheitsvektor us ist durch den Tangentenvektor
der zentralen Bahn festgelegt. Die x-Achse mit dem Einheitsvektor ux liegt
in der magnetischen Mittelebene und zeigt in Strahlrichtung gesehen nach
links, d. h. bei einer positiven Krümmung der zentralen Bahn in Richtung des
lokalen Krümmungsradius ρ0, wie in Abb. 4.1 angedeutet. Die y-Achse mit
dem Einheitsvektor uy steht senkrecht auf der magnetischen Mittelebene. In
der Differenzialgeometrie werden die Vektoren ux und uy Hauptnormalen-
und Binormalenvektor genannt. Der längs der Sollbahn zurückgelegte Weg s
legt die momentane Position des mitbewegten Koordinatensystems fest. Hier-
bei ist s die Wegstrecke, die von einem beliebigen aber festen Startpunkt O
aus gerechnet wird. Durch die Angabe der Wegstrecke s und der Koordina-
ten (x, y) ist die momentane Position eines einzelnen Teilchens festgelegt. Zur
Beschreibung der Bahnkurve eines Teilchens genügt die Kenntnis des funktio-
nalen Zusammenhangs zwischen (x, y) und s, d. h. die Funktionen x(s) und
y(s) beschreiben die Bahn eines Teilchens relativ zur Sollbahn r0(s)

r(s) = r0(s) + x(s)ux(s) + y(s)uy(s) . (4.1)

Die Größen x bzw. y werden radiale bzw. axiale Ortsabweichung genannt. Bei
großen Strahlführungssystemen und Kreisbeschleunigern ist die magnetische

Abb. 4.1. Standardkoordinatensystem (x, y, s)

Linear approximation: x and y planes can be treated independently

Relative coordinates of each particle can be described
with a six-dimensional vector

<latexit sha1_base64="GSPsj/3wWLt16aQAalYgZZVY8fw="></latexit>
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<latexit sha1_base64="FxhzoJH8s8PoiCTeUN0j5OM5iDk=">AAACAnicdVDLSgMxFM34rPU16krcBIvoopSkqG13RTcuK9gHtKVkMmkbmnmQZKRlaN34K25cKOLWr3Dn35hpK6joIeEezrmX5B4nFFxphD6shcWl5ZXV1Fp6fWNza9ve2a2pIJKUVWkgAtlwiGKC+6yquRasEUpGPEewujO4TPz6LZOKB/6NHoWs7ZGez7ucEm2kjr0/zE6Gx9nJyBxTRHbScpnQBIqOnUE5hBDGGCYEF86RIaVSMY+LECeWQQbMUenY7y03oJHHfE0FUaqJUajbMZGaU8HG6VakWEjogPRY01CfeEy14+kKY3hkFBd2A2mur+FU/T4RE0+pkeeYTo/ovvrtJeJfXjPS3WI75n4YaebT2UPdSEAdwCQP6HLJqBYjQwiV3PwV0j6RhGqTWtqE8LUp/J/U8jl8lkPXp5nyxTyOFDgAh+AEYFAAZXAFKqAKKLgDD+AJPFv31qP1Yr3OWhes+cwe+AHr7RNNY5a/</latexit>

x, x0, y, y0, l, �lSince are small units are [mm], [mrad], [promil] 
<latexit sha1_base64="kPdISfAsLr0WaNCoYpKLaezo2+A=">AAAB8nicdVBNSwMxEM36WetX1aOXYBE8laSobW9FLx6r2A9oS8mm2TY0u1mSWaWU/gwvHhTx6q/x5r8x21ZQ0QcDj/dmmJnnx0paIOTDW1peWV1bz2xkN7e2d3Zze/sNqxPDRZ1rpU3LZ1YoGYk6SFCiFRvBQl+Jpj+6TP3mnTBW6ugWxrHohmwQyUByBk5qd27kYAjMGH3fy+VJgRBCKcUpoaVz4kilUi7SMqap5ZBHC9R6ufdOX/MkFBFwxaxtUxJDd8IMSK7ENNtJrIgZH7GBaDsasVDY7mR28hQfO6WPA21cRYBn6veJCQutHYe+6wwZDO1vLxX/8toJBOXuREZxAiLi80VBojBonP6P+9IIDmrsCONGulsxHzLDOLiUsi6Er0/x/6RRLNCzArk+zVcvFnFk0CE6QieIohKqoitUQ3XEkUYP6Ak9e+A9ei/e67x1yVvMHKAf8N4+Ad9jkac=</latexit>)

<latexit sha1_base64="i+pBrmfacGN1Xyo5cjlAaUNyOls=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiuKozouhGKLpxWcFeoB1KJpNpQ5PMkGSEMoxrN76KGxeKuPUF3Pk2pu0UtPWHwJf/nENyfj9mVGnH+bYKS8srq2vF9dLG5tb2jr2711RRIjFp4IhFsu0jRRgVpKGpZqQdS4K4z0jLH16P6617IhWNxJ0excTjqC9oSDHSxurZZfch7UoOuURBdjm78Ox4hhns2RWn6kwEF8HNoQJy1Xv2VzeIcMKJ0JghpTquE2svRVJTzEhW6iaKxAgPUZ90DArEifLSyS4ZPDROAMNImiM0nLi/J1LElRpx33RypAdqvjY2/6t1Eh1eeCkVcaKJwNOHwoRBHcFxMDCgkmDNRgYQltT8FeIBkghrE1/JhODOr7wIzZOqe1Z1bk8rtas8jiI4AGVwBFxwDmrgBtRBA2DwCJ7BK3iznqwX6936mLYWrHxmH/yR9fkDMfeagA==</latexit>

1 mrad = 1 mm/1 m
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3. Equation of Motion
(linear approximation)

- Lorentz force
<latexit sha1_base64="WKrd8MiomSvkYk/ISoRW1ZbeyJw=">AAACDnicbVC7TsMwFHV4lvIKMLJEVJXKUiUIBAtSVRbGItGH1ESV47qtVccJ9k2lKsoXsPArLAwgxMrMxt/gphmg5UiWjs+519f3+BFnCmz721hZXVvf2CxsFbd3dvf2zYPDlgpjSWiThDyUHR8rypmgTWDAaSeSFAc+p21/fDPz2xMqFQvFPUwj6gV4KNiAEQxa6plltx9C4k4oSaI0vX6oZHSSusACqrJLPT3tmSW7amewlomTkxLK0eiZX/pdEgdUAOFYqa5jR+AlWAIjnKZFN1Y0wmSMh7SrqcB6mJdk66RWWSt9axBKfQRYmfq7I8GBUtPA15UBhpFa9Gbif143hsGVlzARxUAFmQ8axNyC0JplY/WZpAT4VBNMJNN/tcgIS0xAJ1jUITiLKy+T1lnVuajad+elWj2Po4CO0QmqIAddohq6RQ3URAQ9omf0it6MJ+PFeDc+5qUrRt5zhP7A+PwBoY+dFw==</latexit>

~̇p = q(~v ⇥ ~B)

<latexit sha1_base64="7fZSAvt/AvACLVPv6+r9u5YWBXg=">AAACGnicbVDLSgMxFM3UV62vqks3wSLUTZkRRTdCqRuXFewDOqVkMpk2NJkZkzuFMsx3uPFX3LhQxJ248W9MHwttPRA495x7ubnHiwXXYNvfVm5ldW19I79Z2Nre2d0r7h80dZQoyho0EpFqe0QzwUPWAA6CtWPFiPQEa3nDm4nfGjGleRTewzhmXUn6IQ84JWCkXtFxfT+CVGXXbqAITR+y1O0TKQmWWdkdMZqOMhe4ZHpa1LLTXrFkV+wp8DJx5qSE5qj3ip+uH9FEshCoIFp3HDuGbkoUcCpYVnATzWJCh6TPOoaGxCzrptPTMnxiFB8HkTIvBDxVf0+kRGo9lp7plAQGetGbiP95nQSCq27KwzgBFtLZoiARGCI8yQn7XDEKYmwIoYqbv2I6ICYiMGkWTAjO4snLpHlWcS4q9t15qVqbx5FHR+gYlZGDLlEV3aI6aiCKHtEzekVv1pP1Yr1bH7PWnDWfOUR/YH39ADs5ojc=</latexit>

r̈ =
q

�m
(~v ⇥ ~B)

<latexit sha1_base64="BVKd2ZmZuraRU+q6G6guaK63i3o=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6EUoevFYwX5gG8pku2mX7m7C7qZQQv+FFw+KePXfePPfuG1z0OqDgcd7M8zMCxPOtPG8L6ewsrq2vlHcLG1t7+zulfcPmjpOFaENEvNYtUPUlDNJG4YZTtuJoihCTlvh6Hbmt8ZUaRbLBzNJaCBwIFnECBorPSbXYtwdoBDYK1e8qjeH+5f4OalAjnqv/NntxyQVVBrCUeuO7yUmyFAZRjidlrqppgmSEQ5ox1KJguogm188dU+s0nejWNmSxp2rPycyFFpPRGg7BZqhXvZm4n9eJzXRVZAxmaSGSrJYFKXcNbE7e9/tM0WJ4RNLkChmb3XJEBUSY0Mq2RD85Zf/kuZZ1b+oevfnldpNHkcRjuAYTsGHS6jBHdShAQQkPMELvDraeXbenPdFa8HJZw7hF5yPb4YFkNE=</latexit>p = mv�
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3. Equation of Motion

- Dipole magnet

- radius of the orbit
<latexit sha1_base64="ETGqMeKlKovuwWzAetujg+aXBoM=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBEEocyIohuh6MZlBfuAdiiZNNOGZpIxyRTL0O9w40IRt36MO//GTDsLbT1wL4dz7iU3J4g508Z1v52l5ZXVtfXCRnFza3tnt7S339AyUYTWieRStQKsKWeC1g0znLZiRXEUcNoMhreZ3xxRpZkUD2YcUz/CfcFCRrCxkt9RA3mdta57+tQtld2KOwVaJF5OypCj1i19dXqSJBEVhnCsddtzY+OnWBlGOJ0UO4mmMSZD3KdtSwWOqPbT6dETdGyVHgqlsiUMmqq/N1IcaT2OAjsZYTPQ814m/ue1ExNe+SkTcWKoILOHwoQjI1GWAOoxRYnhY0swUczeisgAK0yMzaloQ/Dmv7xIGmcV76Li3p+Xqzd5HAU4hCM4AQ8uoQp3UIM6EHiEZ3iFN2fkvDjvzsdsdMnJdw7gD5zPHzN7kbk=</latexit>

⇢ = ⇢0 + x

- velocity
<latexit sha1_base64="iJr0ty5ho5HuHR51HZmcepEIPzs=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahIpREFN0IRTcuK9gHNCFMppN26DzCzKTYhuKvuHGhiFv/w51/4/Sx0NYDFw7n3Mu990QJJUq77reVW1peWV3Lrxc2Nre2d+zdvboSqUS4hgQVshlBhSnhuKaJpriZSAxZRHEj6t2O/UYfS0UEf9CDBAcMdjiJCYLaSKF90A+H1yVfdkXonj6e+ILhDgztolt2J3AWiTcjRTBDNbS//LZAKcNcIwqVanluooMMSk0QxaOCnyqcQNSDHdwylEOGVZBNrh85x0ZpO7GQprh2JurviQwypQYsMp0M6q6a98bif14r1fFVkBGepBpzNF0Up9TRwhlH4bSJxEjTgSEQSWJudVAXSoi0CaxgQvDmX14k9bOyd1F278+LlZtZHHlwCI5ACXjgElTAHaiCGkBgCJ7BK3iznqwX6936mLbmrNnMPvgD6/MHbhiUkA==</latexit>

vz = (⇢0 + x)!

- radial accelera?on
<latexit sha1_base64="ARBHhuVGTvcBNhBY8qPxik42Hjc=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUBHLTFF0IxTduKxgH9AZh0yatqGZZEgyYhm68VfcuFDErZ/hzr8xbWehrQcuHM65l3vvCWNGlXacbyu3sLi0vJJfLaytb2xu2ds7DSUSiUkdCyZkK0SKMMpJXVPNSCuWBEUhI81wcD32mw9EKir4nR7GxI9Qj9MuxUgbKbD3UCAvTzwRkR66r5Q82ReBc/x4FNhFp+xMAOeJm5EiyFAL7C+vI3ASEa4xQ0q1XSfWfoqkppiRUcFLFIkRHqAeaRvKUUSUn04eGMFDo3RgV0hTXMOJ+nsiRZFSwyg0nRHSfTXrjcX/vHaiuxd+SnmcaMLxdFE3YVALOE4DdqgkWLOhIQhLam6FuI8kwtpkVjAhuLMvz5NGpeyelZ3b02L1KosjD/bBASgBF5yDKrgBNVAHGIzAM3gFb9aT9WK9Wx/T1pyVzeyCP7A+fwDlUpVO</latexit>

ar = �!2(⇢0 + x)

(linear approximation)
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3. Equation of Motion

- Dipole magnet

Lorentz force + centrifugal force

<latexit sha1_base64="LxHBTnkFhH7vB+u8Ufi1NTTUe0w=">AAACG3icbZBNS8MwGMfT+TbnW9Wjl+IQJsPRDkUvg6EXjxPcC6y1pGm2haVNSVLZKP0eXvwqXjwo4knw4Lcx24ro5h8Cv/yf5yF5/l5EiZCm+aXllpZXVtfy64WNza3tHX13ryVYzBFuIkYZ73hQYEpC3JREUtyJOIaBR3HbG15N6u17zAVh4a0cR9gJYD8kPYKgVJarV23fZzLhaW0Go7QMXf5zObFZgPvwrlqy+YC5Znl0XHP1olkxpzIWwcqgCDI1XP3D9hmKAxxKRKEQXcuMpJNALgmiOC3YscARREPYx12FIQywcJLpbqlxpBzf6DGuTiiNqft7IoGBEOPAU50BlAMxX5uY/9W6sexdOAkJo1jiEM0e6sXUkMyYBGX4hGMk6VgBRJyovxpoADlEUsVZUCFY8ysvQqtasc4q5s1psX6ZxZEHB+AQlIAFzkEdXIMGaAIEHsATeAGv2qP2rL1p77PWnJbN7IM/0j6/ARPtoWA=</latexit>

r̈ = ẍ+ ar = ẍ� !2(⇢0 + x) =
<latexit sha1_base64="jG7HHqUhQ2lCzU13vlaUtIaS24Q=">AAACD3icbVC7TsMwFHXKq5RXgJHFogKVgSpBIFiQqrIwFok+pCaKHNdprdpJsJ1KIcofsPArLAwgxMrKxt/gPgYoHOleHZ1zr+x7/JhRqSzryygsLC4trxRXS2vrG5tb5vZOS0aJwKSJIxaJjo8kYTQkTUUVI51YEMR9Rtr+8Grst0dESBqFtyqNictRP6QBxUhpyTMPL51AIJzd5ZnTR5wjyPPKyEth3buHx3Cke91LjzyzbFWtCeBfYs9IGczQ8MxPpxfhhJNQYYak7NpWrNwMCUUxI3nJSSSJER6iPulqGiJOpJtN7snhgVZ6MIiErlDBifpzI0NcypT7epIjNZDz3lj8z+smKrhwMxrGiSIhnj4UJAyqCI7DgT0qCFYs1QRhQfVfIR4gnY/SEZZ0CPb8yX9J66Rqn1Wtm9NyrT6Lowj2wD6oABucgxq4Bg3QBBg8gCfwAl6NR+PZeDPep6MFY7azC37B+PgGPq6bfQ==</latexit>

=
q

�m
(vyBz � vzBy)

1

<latexit sha1_base64="7XJJ15cZXbMZ6+j+5aR3C0+X1Eg=">AAACF3icbVC7TsMwFHXKq5RXgJHFokIqA1WCQLAgVWVhLBJ9SE0VOY7TWrWTYDsVbZS/YOFXWBhAiBU2/gb3MUDLke7V0Tn3yr7HixmVyrK+jdzS8srqWn69sLG5tb1j7u41ZJQITOo4YpFoeUgSRkNSV1Qx0ooFQdxjpOn1r8d+c0CEpFF4p4Yx6XDUDWlAMVJacs2y4/uRSofZlRMIhNP7LHW6iHMEeVYauCNYdR/gCRzoXnVHx65ZtMrWBHCR2DNSBDPUXPPL8SOccBIqzJCUbduKVSdFQlHMSFZwEklihPuoS9qahogT2Uknd2XwSCs+DCKhK1Rwov7eSBGXcsg9PcmR6sl5byz+57UTFVx2UhrGiSIhnj4UJAyqCI5Dgj4VBCs21ARhQfVfIe4hnY/SURZ0CPb8yYukcVq2z8vW7VmxUp3FkQcH4BCUgA0uQAXcgBqoAwwewTN4BW/Gk/FivBsf09GcMdvZB39gfP4AN6afQw==</latexit>

ÿ =
q

�m
(vzBx � vxBz) 2

<latexit sha1_base64="bbvPoGHIp9dSR9p9ZH8cFhybCng=">AAACEnicbVDLSgMxFM3UV62vUZdugkVQkDIjioKzKHXjsop9QDsMmTRtQzMPkszodGh/wY2/4saFIm5dufNvTB8LbT2QcHLOvdzc44aMCmkY31pmYXFpeSW7mltb39jc0rd3qiKIOCYVHLCA110kCKM+qUgqGamHnCDPZaTm9q5Gfi0mXNDAv5NJSGwPdXzaphhJJTn6Uew8HA9jJ7Gs2OlfDkvqCdXdt6ySkwybt7TTlYjz4N7R80bBGAPOE3NK8mCKsqN/NVsBjjziS8yQEA3TCKWdIi4pZmSQa0aChAj3UIc0FPWRR4SdjlcawAOltGA74Or4Eo7V3x0p8oRIPFdVekh2xaw3Ev/zGpFsX9gp9cNIEh9PBrUjBmUAR/nAFuUES5YogjCn6q8QdxFHWKoUcyoEc3bleVI9KZhnBePmNF8sTePIgj2wDw6BCc5BEVyDMqgADB7BM3gFb9qT9qK9ax+T0ow27dkFf6B9/gDmi52h</latexit>

vx, vy << vz; Bx, Bz << By )
<latexit sha1_base64="Lzy+1M1WNd1AYWv7Jsuz9G7y/Uk=">AAAB/HicbZDLSsNAFIZPvNZ6i3bpZrAILrQkouiy1I3LCvYCbQiT6aQdOrkwMynG0r6KGxeKuPVB3Pk2TtostPWHgY//nMM583sxZ1JZ1rexsrq2vrFZ2Cpu7+zu7ZsHh00ZJYLQBol4JNoelpSzkDYUU5y2Y0Fx4HHa8oa3Wb01okKyKHxQaUydAPdD5jOClbZcszRyH1HNfTqbjtw0A3SOXLNsVayZ0DLYOZQhV901v7q9iCQBDRXhWMqObcXKGWOhGOF0UuwmksaYDHGfdjSGOKDSGc+On6AT7fSQHwn9QoVm7u+JMQ6kTANPdwZYDeRiLTP/q3US5d84YxbGiaIhmS/yE45UhLIkUI8JShRPNWAimL4VkQEWmCidV1GHYC9+eRmaFxX7qmLdX5artTyOAhzBMZyCDddQhTuoQwMIpPAMr/BmTI0X4934mLeuGPlMCf7I+PwB1SqTlQ==</latexit>

vxBz, vyBz� can be neglected

(we are still in linear approximation)

(linear approximation)
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3. Equation of Motion

- Dipole magnet
<latexit sha1_base64="ibJrmGMkEaZgPrJfCB/C0KWQNxM=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4soFEpSFN0IRTcuK9gHNDFMppN26OThzKQ0hu7d+CtuXCji1h9w5984bbPQ1gP3cjjnXmbucSNGhTSMby23tLyyupZfL2xsbm3v6Lt7TRHGHJMGDlnI2y4ShNGANCSVjLQjTpDvMtJyB1cTvzUkXNAwuJVJRGwf9QLqUYykkhy9OLwYOg+WuOcyNcujo7tqOVFtbKEo4uEIKtPRS0bFmAIuEjMjJZCh7uhfVjfEsU8CiRkSomMakbRTxCXFjIwLVixIhPAA9UhH0QD5RNjp9JYxPFRKF3ohVxVIOFV/b6TIFyLxXTXpI9kX895E/M/rxNI7t1MaRLEkAZ495MUMyhBOgoFdygmWLFEEYU7VXyHuI46wVPEVVAjm/MmLpFmtmKcV4+akVLvM4siDA1AEx8AEZ6AGrkEdNAAGj+AZvII37Ul70d61j9loTst29sEfaJ8/Eeuabg==</latexit>

v = vz
p

1 + x02 + y02 ⇡ vz

<latexit sha1_base64="Rw+w1/eGQROzDYnytyRx7jcWwcg="></latexit>

p = �mv ⇡ �mvz = �m⇢0!

 
1 +

x

⇢0

!

<latexit sha1_base64="uubkI3VbrzWUFdL2OvWi3NqU4o4=">AAACHnicbZBNS8MwGMdTX+d8q3r0EhzCvJRWHHrYYejF4wT3AmsZaZZuYUlbknQ4SvdFvPhVvHhQRPCk38Zs60E3/xD45f88D8nz92NGpbLtb2NldW19Y7OwVdze2d3bNw8OmzJKBCYNHLFItH0kCaMhaSiqGGnHgiDuM9LyhzfTemtEhKRReK/GMfE46oc0oBgpbXXNihsIhNOHLHXFIOraWbXqTCbljr5yyHnmTWY0klY2yc3MO+uaJduyZ4LL4ORQArnqXfPT7UU44SRUmCEpO44dKy9FQlHMSFZ0E0lihIeoTzoaQ8SJ9NLZehk81U4PBpHQJ1Rw5v6eSBGXcsx93cmRGsjF2tT8r9ZJVHDlpTSME0VCPH8oSBhUEZxmBXtUEKzYWAPCguq/QjxAOi+lEy3qEJzFlZeheW45Fcu+uyjVrvM4CuAYnIAycMAlqIFbUAcNgMEjeAav4M14Ml6Md+Nj3rpi5DNH4I+Mrx8WZqMO</latexit> x

⇢0
<< 1 ([mm] vs. [m])

(linear approximation)



Lecture 5

3. Equation of Motion

- Dipole magnet

Replacing
<latexit sha1_base64="Nj3lDIuMmvPCdMgzOSOdSjFr9dA=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKe6Kohch6MVjBPOAZA29k9lkyMzuMjMbCUv+w4sHRbz6L978GyePg0YLGoqqbrq7gkRwbVz3y8ktLa+sruXXCxubW9s7xd29uo5TRVmNxiJWzQA1EzxiNcONYM1EMZSBYI1gcDPxG0OmNI+jezNKmC+xF/GQUzRWemj3UEokklyR5GTYKZbcsjsF+Uu8OSnBHNVO8bPdjWkqWWSoQK1bnpsYP0NlOBVsXGinmiVIB9hjLUsjlEz72fTqMTmySpeEsbIVGTJVf05kKLUeycB2SjR9vehNxP+8VmrCSz/jUZIaFtHZojAVxMRkEgHpcsWoESNLkCpubyW0jwqpsUEVbAje4st/Sf207J2X3buzUuV6HkceDuAQjsGDC6jALVShBhQUPMELvDqPzrPz5rzPWnPOfGYffsH5+AYAlZGI</latexit>

�m = p/v obtain for and1 2

<latexit sha1_base64="iVSDygz4dyGOV23I9H9jJVb8GVU="></latexit>

ẍ� !2(⇢0 + x) = �q

p
v2zBy

ÿ = +
q

p
v2zBx

3

4

(linear approximation)



Lecture 5

3. Equation of Motion

- Dipole magnet

Now, get rid of time

<latexit sha1_base64="28eWPaijrBI+POKm62aNcvfPCm8=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUlE0Y1QdOOygn1AE8JkMmmHTmbCzEQoIeDGX3HjQhG3/oQ7/8Zpm4W2HrhwOOde7r0nTBlV2nG+rcrS8srqWnW9trG5tb1j7+51lMgkJm0smJC9ECnCKCdtTTUjvVQSlISMdMPRzcTvPhCpqOD3epwSP0EDTmOKkTZSYB94sUQ4j1SRR7q48uRQBI4nEjJAgV13Gs4UcJG4JamDEq3A/vIigbOEcI0ZUqrvOqn2cyQ1xYwUNS9TJEV4hAakbyhHCVF+Pv2hgMdGiWAspCmu4VT9PZGjRKlxEprOBOmhmvcm4n9eP9PxpZ9TnmaacDxbFGcMagEngcCISoI1GxuCsKTmVoiHyISiTWw1E4I7//Ii6Zw23POGc3dWb16XcVTBITgCJ8AFF6AJbkELtAEGj+AZvII368l6sd6tj1lrxSpn9sEfWJ8/mrWYIA==</latexit>

ds

dt
= ⇢0!

<latexit sha1_base64="vtueyN3tsjoq2RffV0nPPgxosVk="></latexit>

d

dt
=

ds

dt

d

ds
= ⇢0!

d

ds
d2

dt2
= (⇢0!)

2 d2

ds2

(linear approximation)



Lecture 5

3. Equation of Motion

- Dipole magnet

Divide and by3 4
<latexit sha1_base64="Q0vR7bM+BSP6eQmEL3fyWtFHn1Y=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAh1U5Ki6LLoxmUF+4Amhsl00g6dR5iZFEron7hxoYhb/8Sdf+O0zUJbD1w4nHMv994Tp4xq43nfztr6xubWdmmnvLu3f3DoHh23tcwUJi0smVTdGGnCqCAtQw0j3VQRxGNGOvHobuZ3xkRpKsWjmaQk5GggaEIxMlaKXLcaqKGMvEByMkAXT/XIrXg1bw64SvyCVECBZuR+BX2JM06EwQxp3fO91IQ5UoZiRqblINMkRXiEBqRnqUCc6DCfXz6F51bpw0QqW8LAufp7Ikdc6wmPbSdHZqiXvZn4n9fLTHIT5lSkmSECLxYlGYNGwlkMsE8VwYZNLEFYUXsrxEOkEDY2rLINwV9+eZW06zX/quY9XFYat0UcJXAKzkAV+OAaNMA9aIIWwGAMnsEreHNy58V5dz4WrWtOMXMC/sD5/AFLTpLJ</latexit>

(⇢0!)
2

<latexit sha1_base64="pjTW9eZoUn6eHNc3W3SqEEf5tXA="></latexit>

x00 � 1

⇢0

 
1 +

x

⇢0

!
= �q

p
By

 
1 +

x

⇢0

!2

y00 = +
q

p
Bx

 
1 +

x

⇢0

!2

5

6

(linear approximaXon)



Lecture 5

3. Equation of Motion

- Dipole magnet

Using the definition of field index

<latexit sha1_base64="JGYQEQu0CQgNnhBzONrFdK1qB+k=">AAACHHicbZDLSsNAFIYnXmu9RV26CRbBTdvEC7oRSty4rGAv0JQymUzaoZNJnJkUSsiDuPFV3LhQxI0LwbdxmmShrQcGPv7/HM6c340oEdI0v7Wl5ZXVtfXSRnlza3tnV9/bb4sw5gi3UEhD3nWhwJQw3JJEUtyNOIaBS3HHHd/M/M4Ec0FCdi+nEe4HcMiITxCUShroZ8zBDzGZOD6HKKl6dt1OE4/XeXpdzTWeJnaao5d56UCvmDUzK2MRrAIqoKjmQP90vBDFAWYSUShEzzIj2U8glwRRnJadWOAIojEc4p5CBgMs+kl2XGocK8Uz/JCrx6SRqb8nEhgIMQ1c1RlAORLz3kz8z+vF0r/qJ4RFscQM5Yv8mBoyNGZJGR7hGEk6VQARJ+qvBhpBlYNUeZZVCNb8yYvQPq1ZFzXz7rzSsIs4SuAQHIETYIFL0AC3oAlaAIFH8AxewZv2pL1o79pH3rqkFTMH4E9pXz8qeqKu</latexit>

n ⌘ �dB/B

dr/r
= � r

B

dB

dr
radius

<latexit sha1_base64="KDdBQaMYTzYANx1BSwYzua1ZvGs=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4scyIRTdCqRuXFewDOmXIZDJtaCYZkoxYhvkSN/6KGxeKCK70b0zbAbX1QMLJOfdyc48fM6q0bX9ZhaXlldW14nppY3Nre6e8u9dWIpGYtLBgQnZ9pAijnLQ01Yx0Y0lQ5DPS8UdXE79zR6Sigt/qcUz6ERpwGlKMtJG8co1fnrihRDh1YyQ1RQw2vHH28wrus9yXQ+HZWdowl1eu2FV7CrhInJxUQI6mV/5wA4GTiHCNGVKq59ix7qeTGZiRrOQmisQIj9CA9AzlKCKqn07Xy+CRUQIYCmkO13Cq/u5IUaTUOPJNZYT0UM17E/E/r5fo8KKfUh4nmnA8GxQmDGoBJ1nBgEqCNRsbgrCk5q8QD5EJQ5tESyYEZ37lRdI+rTq1qn1zVqk38jiK4AAcgmPggHNQB9egCVoAgwfwBF7Aq/VoPVtv1vustGDlPfvgD6zPb0teozY=</latexit>

n = �@By

@dx

⇢0
B0

<latexit sha1_base64="RMNoqBuPiumIDqg/IaH8K/1ncYA="></latexit>

By =

Z ⇢0+x

⇢0

�nB0

⇢0
dx = �nB0

⇢0

�����

x

0

+B0

<latexit sha1_base64="hUCz5qdyulgcE98kohx9Cma3J2k="></latexit>

By = B0

 
1� nx

⇢0

!

Bx = B0

 
0� ny

⇢0

!

(linear approximation)



Lecture 5

3. Equation of Motion

- Dipole magnet

Now we can rewrite and5 6

<latexit sha1_base64="xczilgY2f97XgkCP+E4bJ0/HLcM="></latexit>

x00 = �B0
q

p

 
1� nx

⇢0

! 
1 +

1

⇢0

!2

+
1

⇢0

 
1 +

x

⇢0

!

y00 = �B0
q

p

ny

⇢0

 
1 +

1

⇢0

!2

7

8

(linear approximation)



Lecture 5

3. Equation of Motion

- Dipole magnet

Relative momentum deviation

<latexit sha1_base64="JNIg516+0iA9SLKuHQNs8OfYXCI=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCG0siim6EohuXFewDmhAmk0k7dDIZZiZCCXXjr7hxoYhb/8Kdf+OkzUJbD9zL4Zx7mbknFIwq7Tjf1sLi0vLKamWtur6xubVt7+y2VZpJTFo4ZanshkgRRjlpaaoZ6QpJUBIy0gmHN4XfeSBS0ZTf65EgfoL6nMYUI22kwN73IsI0uvJiiXAuTkTgjPOiBXbNqTsTwHnilqQGSjQD+8uLUpwlhGvMkFI91xHaz5HUFDMyrnqZIgLhIeqTnqEcJUT5+eSCMTwySgTjVJriGk7U3xs5SpQaJaGZTJAeqFmvEP/zepmOL/2ccpFpwvH0oThjUKewiANGVBKs2cgQhCU1f4V4gEwW2oRWNSG4syfPk/Zp3T2vO3dntcZ1GUcFHIBDcAxccAEa4BY0QQtg8AiewSt4s56sF+vd+piOLljlzh74A+vzB0U8lsU=</latexit>

� =
p� p0
p0

<latexit sha1_base64="C++AMkSM5JUqqy3FETkGKnNgfT8=">AAACCXicbZDLSsNAFIYn9VbrLerSzWAR3FgSUXQjFN24rGAv0IQwmUzaoZMLMydCCdm68VXcuFDErW/gzrdx2mahrT8MfPznHM6c308FV2BZ30ZlaXllda26XtvY3NreMXf3OirJJGVtmohE9nyimOAxawMHwXqpZCTyBev6o5tJvfvApOJJfA/jlLkRGcQ85JSAtjwTO6EkNLeLPC2uSj5xAiaAaMuzCs+sWw1rKrwIdgl1VKrlmV9OkNAsYjFQQZTq21YKbk4kcCpYUXMyxVJCR2TA+hpjEjHl5tNLCnyknQCHidQvBjx1f0/kJFJqHPm6MyIwVPO1iflfrZ9BeOnmPE4zYDGdLQozgSHBk1hwwCWjIMYaCJVc/xXTIdFxgA6vpkOw509ehM5pwz5vWHdn9eZ1GUcVHaBDdIxsdIGa6Ba1UBtR9Iie0St6M56MF+Pd+Ji1VoxyZh/9kfH5A8SxmmA=</latexit>

1

p
=

1� �

p0
where

<latexit sha1_base64="2/GBH0MWOvc4LFyUSfZ7LxrbMpw=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4KllR9CKUevFYwX5Auy7ZNNuGZrNrklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBYng2mD87Swtr6yurRc2iptb2zu7pb39po5TRVmDxiJW7YBoJrhkDcONYO1EMRIFgrWC4fXEbz0ypXks78woYV5E+pKHnBJjpfvEx1cPNR931SD2sV8q4wqeAi0SNydlyFH3S1/dXkzTiElDBdG64+LEeBlRhlPBxsVuqllC6JD0WcdSSSKmvWx69RgdW6WHwljZkgZN1d8TGYm0HkWB7YyIGeh5byL+53VSE156GZdJapiks0VhKpCJ0SQC1OOKUSNGlhCquL0V0QFRhBobVNGG4M6/vEiapxX3vIJvz8rVWh5HAQ7hCE7AhQuowg3UoQEUFDzDK7w5T86L8+58zFqXnHzmAP7A+fwBTouRvA==</latexit>

p0 = qB0⇢0

<latexit sha1_base64="C9OKinYfC/PMBLTnclJQfpksCkE="></latexit>

x00 +
1� n

⇢20
x =

1

⇢0
�

y00 +
n

⇢20
y = 0

9

10

(linear approximation)



Lecture 5

3. Equation of Motion

- Dipole magnet

Define

<latexit sha1_base64="ZI8Pvc6ch/NILoK6GMeEeMEik70=">AAACGnicbVDLSsNAFJ3UV42vqEs3wSK4sSRF0Y1QdOOygn1AE8NkOmmHTCZhZiKGkO9w46+4caGIO3Hj3zhts6itBy4czrmXe+/xE0qEtKwfrbK0vLK6Vl3XNza3tneM3b2OiFOOcBvFNOY9HwpMCcNtSSTFvYRjGPkUd/3weux3HzAXJGZ3MkuwG8EhIwFBUCrJM+zQe7x0Ag5Rbp+wInf4KPas+0bhOHroZaU1a3hGzapbE5iLxC5JDZRoecaXM4hRGmEmEYVC9G0rkW4OuSSI4kJ3UoETiEI4xH1FGYywcPPJa4V5pJSBGcRcFZPmRJ2dyGEkRBb5qjOCciTmvbH4n9dPZXDh5oQlqcQMTRcFKTVlbI5zMgeEYyRppghEnKhbTTSCKgyp0tRVCPb8y4uk06jbZ3Xr9rTWvCrjqIIDcAiOgQ3OQRPcgBZoAwSewAt4A+/as/aqfWif09aKVs7sgz/Qvn8BH8ig7A==</latexit>

kx =
1� n

⇢20

ky =
n

⇢20
<latexit sha1_base64="xf/QlPUU1iGXP6d72FqThauYWX8=">AAAB+3icbVBNS8NAEJ34WetXrUcvwSJ4KokoehGKXjxWsB/QhLDZbpqlm92wuxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzwpRRpR3n21pZXVvf2KxsVbd3dvf2awf1rhKZxKSDBROyHyJFGOWko6lmpJ9KgpKQkV44vp36vUciFRX8QU9S4idoxGlEMdJGCmr1+NqLJMK5W+SejEXgFEGt4TSdGexl4pakASXaQe3LGwqcJYRrzJBSA9dJtZ8jqSlmpKh6mSIpwmM0IgNDOUqI8vPZ7YV9YpShHQlpimt7pv6eyFGi1CQJTWeCdKwWvan4nzfIdHTl55SnmSYczxdFGbO1sKdB2EMqCdZsYgjCkppbbRwjE4U2cVVNCO7iy8uke9Z0L5rO/XmjdVPGUYEjOIZTcOESWnAHbegAhid4hld4swrrxXq3PuatK1Y5cwh/YH3+AN/MlFU=</latexit>

h =
1

⇢0
curvature

(linear approximation)



Lecture 5

3. Equation of Motion

- Dipole magnet

<latexit sha1_base64="9tOPxKzdA4lcF3+JNlGToLwQAXg=">AAACCHicbVDLSsNAFJ3UV42vqEsXDhapIJREFN0Uim5cVrAPaEKYTCbt0MmDmYk0hC7d+CtuXCji1k9w5984TbvQ1gMXDufcy733eAmjQprmt1ZaWl5ZXSuv6xubW9s7xu5eW8Qpx6SFYxbzrocEYTQiLUklI92EExR6jHS84c3E7zwQLmgc3cssIU6I+hENKEZSSa5xOKpWT4fuCI7qA9snTCLb1rNCy2BWN12jYtbMAnCRWDNSATM0XePL9mOchiSSmCEhepaZSCdHXFLMyFi3U0EShIeoT3qKRigkwsmLR8bwWCk+DGKuKpKwUH9P5CgUIgs91RkiORDz3kT8z+ulMrhycholqSQRni4KUgZlDCepQJ9ygiXLFEGYU3UrxAPEEZYqO12FYM2/vEjaZzXrombenVca17M4yuAAHIETYIFL0AC3oAlaAINH8AxewZv2pL1o79rHtLWkzWb2wR9onz98h5e4</latexit>

x00 + kxx = h�

y00 + kyy = 0

Second-order linear ordinary differen?al equa?on

Hill equation, ky has to be periodic

(linear approximation)



Lecture 5

3. Equation of Motion

- Quadrupole magnet

(linear approximation)



Lecture 5

3. Equation of Motion

- Quadrupole magnet

Easier, nominal trajectory is straight

Components of magnetic field

<latexit sha1_base64="1CjXqA3odYVFqLcOOwmptwW93Xo=">AAAB+HicbVDLSsNAFJ34rPHRqEs3g0VwVRJRdFModeOygn1AE8JkOkmHTiZhZiKNoV/ixoUibv0Ud/6N0zYLbT1w4XDOvdx7T5AyKpVtfxtr6xubW9uVHXN3b/+gah0edWWSCUw6OGGJ6AdIEkY56SiqGOmngqA4YKQXjG9nfu+RCEkT/qDylHgxijgNKUZKS75VbfmTRpS7rtny80Y08a2aXbfngKvEKUkNlGj71pc7THAWE64wQ1IOHDtVXoGEopiRqelmkqQIj1FEBppyFBPpFfPDp/BMK0MYJkIXV3Cu/p4oUCxlHge6M0ZqJJe9mfifN8hUeOMVlKeZIhwvFoUZgyqBsxTgkAqCFcs1QVhQfSvEIyQQVjorU4fgLL+8SroXdeeqbt9f1pqtMo4KOAGn4Bw44Bo0wR1ogw7AIAPP4BW8GU/Gi/FufCxa14xy5hj8gfH5A6yDknM=</latexit>

Bx = gy

By = gx
<latexit sha1_base64="ZQYuqxnnP2YPIGss+OfWcVteG2c=">AAACKnicbVBNS8MwGE79nPOr6tFLcAieRiuKXoQ5Lx4nuA9Yy0izdAtL05KkslL6e7z4V7zsoAyv/hDTreDcfCDw5Hne903ex4sYlcqypsba+sbm1nZpp7y7t39waB4dt2QYC0yaOGSh6HhIEkY5aSqqGOlEgqDAY6TtjR5yv/1ChKQhf1ZJRNwADTj1KUZKSz3zfnDn+ALh1ImQUBQxWO+Ns99bkq36yYI/znpmxapaM8BVYhekAgo0eubE6Yc4DghXmCEpu7YVKTfNB2JGsrITSxIhPEID0tWUo4BIN52tmsFzrfShHwp9uIIzdbEjRYGUSeDpygCpoVz2cvE/rxsr/9ZNKY9iRTieP+THDKoQ5rnBPhUEK5ZogrCg+q8QD5FORul0yzoEe3nlVdK6rNrXVevpqlKrF3GUwCk4AxfABjegBh5BAzQBBq/gHXyAT+PNmBhT42teumYUPSfgD4zvH8FpqLI=</latexit>

g =
@Bx

@y
=

@By

@xgradient

(linear approximation)



Lecture 5

3. Equation of Motion

- Quadrupole magnet

<latexit sha1_base64="OaeZE5OLn0/lxlsX1U+pjfsLlVQ=">AAACLnicbVDLSsNAFJ34rPUVdelmsAiCWBJRdFMoiuCygn1AU8pkMmmHziRxZlIaQ77Ijb+iC0FF3PoZTh8LbXtg4HDOudy5x40Ylcqy3o2FxaXlldXcWn59Y3Nr29zZrckwFphUcchC0XCRJIwGpKqoYqQRCYK4y0jd7V0P/XqfCEnD4F4lEWlx1AmoTzFSWmqbN47nhSodZKUTxxcIpw9Z6nQQ5wjyrN9+7AwcJz/OJFnpeH4maZsFq2iNAGeJPSEFMEGlbb46XohjTgKFGZKyaVuRaqVIKIoZyfJOLEmEcA91SFPTAHEiW+no3AweasWDfij0CxQcqX8nUsSlTLirkxyprpz2huI8rxkr/7KV0iCKFQnweJEfM6hCOOwOelQQrFiiCcKC6r9C3EW6EaUbzusS7OmTZ0nttGifF627s0L5alJHDuyDA3AEbHAByuAWVEAVYPAEXsAH+DSejTfjy/geRxeMycwe+Afj5xe+marL</latexit>

ẍ = � q

�m
vzgx

ÿ = +
q

�m
vzgy

(linear approximaXon)



Lecture 5

3. Equation of Motion

- Quadrupole magnet

Approximation:
<latexit sha1_base64="sbTd+iElBc9QK8YRTtSyYwWQTn4=">AAACGnicbVDLSgMxFM34rPVVdekmWISKUmZE0Y1QdOOygn1Apwx30rQGk5mQZIq16G+48VfcuFDEnbjxb0zbEbT1QOBwzrnc3BNKzrRx3S9nanpmdm4+s5BdXFpeWc2trVd1nChCKyTmsaqHoClnEa0YZjitS0VBhJzWwuuzgV/rUqVZHF2anqRNAZ2ItRkBY6Ug53WDWx+kVPEN7u7d+x0QArA4kScycAvert+i3MDOT8SKQS7vFt0h8CTxUpJHKcpB7sNvxSQRNDKEg9YNz5Wm2QdlGOH0Lusnmkog19ChDUsjEFQ3+8PT7vC2VVq4HSv7IoOH6u+JPgiteyK0SQHmSo97A/E/r5GY9nGzzyKZGBqR0aJ2wrGJ8aAn3GKKEsN7lgBRzP4VkytQQIxtM2tL8MZPniTV/aJ3WHQvDvKl07SODNpEW6iAPHSESugclVEFEfSAntALenUenWfnzXkfRaecdGYD/YHz+Q3dbKAb</latexit>

vz ⇡ v, �m = p = p0(1 + �) ⇡ p0

<latexit sha1_base64="YN5NKsJyK7P0xXvB86YWLPHvym8=">AAACF3icbVDLSsNAFJ3UV62vqEs3wSIRxDARRTeFohuXFewDmhIm00k7dPJwZiINoX/hxl9x40IRt7rzb5y2WdjWAxcO59zLvfd4MaNCQvijFZaWV1bXiuuljc2t7R19d68hooRjUscRi3jLQ4IwGpK6pJKRVswJCjxGmt7gZuw3HwkXNArvZRqTToB6IfUpRlJJrm4NTfPE8TnCWe9hlMUuHA0r0HFKqWmezuppBZZcvQwtOIGxSOyclEGOmqt/O90IJwEJJWZIiLYNY9nJEJcUMzIqOYkgMcID1CNtRUMUENHJJn+NjCOldA0/4qpCaUzUvxMZCoRIA091Bkj2xbw3Fv/z2on0rzoZDeNEkhBPF/kJM2RkjEMyupQTLFmqCMKcqlsN3EcqDKmiHIdgz7+8SBpnln1hwbvzcvU6j6MIDsAhOAY2uARVcAtqoA4weAIv4A28a8/aq/ahfU5bC1o+sw9moH39AtR5nnU=</latexit>

x00 +
gq

p0
x = 0

y00 � gq

p0
y = 0

(linear approximation)



Lecture 5

2. Equation of Motion
(linear optics)

- Quadrupole magnet

Define
<latexit sha1_base64="WFDcWxQV2jICMyEA1TlNfY6CQ6I=">AAACEnicbZDLSsNAFIYn9VbjLerSTbAIilgSUXRTKLpxWcFeoAlhMp20QybJODMRQ8gzuPFV3LhQxK0rd76N0zYLrf4w8POdczhzfp9RIqRlfWmVufmFxaXqsr6yura+YWxudUSScoTbKKEJ7/lQYEpi3JZEUtxjHMPIp7jrh5fjevcOc0GS+EZmDLsRHMYkIAhKhTzjIPTuG4dOwCHKh7dFzjyrcBw99LLGUUnZlHpGzapbE5l/jV2aGijV8oxPZ5CgNMKxRBQK0bctJt0cckkQxYXupAIziEI4xH1lYxhh4eaTkwpzT5GBGSRcvViaE/pzIoeREFnkq84IypGYrY3hf7V+KoNzNycxSyWO0XRRkFJTJuY4H3NAOEaSZspAxIn6q4lGUAUhVYq6CsGePfmv6RzX7dO6dX1Sa16UcVTBDtgF+8AGZ6AJrkALtAECD+AJvIBX7VF71t6092lrRStntsEvaR/fS6Od3w==</latexit>

kx = +
gq

p0

ky = �gp

p0



Lecture 5

3. Equation of Motion

- Quadrupole magnet

<latexit sha1_base64="xNZH5HF3wakHVIZ0UPkaH2X4u18=">AAACAnicbVDLSsNAFJ3UV42vqCtxM1ikglASUXRTKLpxWcE+oAlhMp20QycPZibSEIobf8WNC0Xc+hXu/BunaRbaeuDCmXPuZe49XsyokKb5rZWWlldW18rr+sbm1vaOsbvXFlHCMWnhiEW86yFBGA1JS1LJSDfmBAUeIx1vdDP1Ow+ECxqF9zKNiROgQUh9ipFUkmscjKvV05E7huO6adt6mr9SmNZN16iYNTMHXCRWQSqgQNM1vux+hJOAhBIzJETPMmPpZIhLihmZ6HYiSIzwCA1IT9EQBUQ4WX7CBB4rpQ/9iKsKJczV3xMZCoRIA091BkgOxbw3Ff/zeon0r5yMhnEiSYhnH/kJgzKC0zxgn3KCJUsVQZhTtSvEQ8QRlio1XYVgzZ+8SNpnNeuiZt6dVxrXRRxlcAiOwAmwwCVogFvQBC2AwSN4Bq/gTXvSXrR37WPWWtKKmX3wB9rnD2ZZlN4=</latexit>

x00 + kxx = 0

y00 + kyy = 0

(linear approximation)



Lecture 5

4. Solution of the Equation of Motion
- For a reference particle (or monoenergetic particles)

<latexit sha1_base64="P7p/gDQYS4BYdbDaWOuIYa9YA+o=">AAACCHicbVDLSsNAFJ3UV42vqEsXDhZpi1ASUXRTKLpxWcE+oAlhMp3UoZMHMxNpKF268VfcuFDErZ/gzr9xmmahrQcuHM65l3vv8WJGhTTNb62wtLyyulZc1zc2t7Z3jN29togSjkkLRyziXQ8JwmhIWpJKRroxJyjwGOl4w+up33kgXNAovJNpTJwADULqU4ykklzjcFQunwzdUUVU4ahu2raeZkJaSaswrZuuUTJrZga4SKyclECOpmt82f0IJwEJJWZIiJ5lxtIZIy4pZmSi24kgMcJDNCA9RUMUEOGMs0cm8FgpfehHXFUoYab+nhijQIg08FRngOS9mPem4n9eL5H+pTOmYZxIEuLZIj9hUEZwmgrsU06wZKkiCHOqboX4HnGEpcpOVyFY8y8vkvZpzTqvmbdnpcZVHkcRHIAjUAEWuAANcAOaoAUweATP4BW8aU/ai/aufcxaC1o+sw/+QPv8Ac78lqg=</latexit>

x00 + kx(s)x = 0

y00 + ky(y)y = 0

- General solu?on:

Where are start values
<latexit sha1_base64="vc39krivBjq+Zn1LPeLEWeJamZU=">AAAB/XicbVC7TsMwFHXKq5RXeGwsFhUqQ1UlCARjBQtjkehDaqPIcZ3WquNEtoMIUcuvsDCAECv/wcbf4LQZoOVIvjo6517d6+NFjEplWd9GYWl5ZXWtuF7a2Nza3jF391oyjAUmTRyyUHQ8JAmjnDQVVYx0IkFQ4DHS9kbXmd++J0LSkN+pJCJOgAac+hQjpSXXPHhwrepEl0p1kmRUl4prlq2aNQVcJHZOyiBHwzW/ev0QxwHhCjMkZde2IuWkSCiKGRmXerEkEcIjNCBdTTkKiHTS6fVjeKyVPvRDoR9XcKr+nkhRIGUSeLozQGoo571M/M/rxsq/dFLKo1gRjmeL/JhBFcIsCtingmDFEk0QFlTfCvEQCYSVDqykQ7Dnv7xIWqc1+7xm3Z6V61d5HEVwCI7ACbDBBaiDG9AATYDBI3gGr+DNeDJejHfjY9ZaMPKZffAHxucPYLST4Q==</latexit>

x0, x0
0, y0, y00

<latexit sha1_base64="TSzIVkAF/YnNOEHf53hDTxezQjA=">AAACHnicbZDLSsNAFIYnXmu8RV26CRaxUiiJWHQjFLtxWdFeoAlhMp20QycXZibSEPokbnwVNy4UEVzp2zhJs9DWAwMf/38OZ87vRpRwYRjfytLyyuraemlD3dza3tnV9vY7PIwZwm0U0pD1XMgxJQFuCyIo7kUMQ9+luOuOm5nffcCMkzC4F0mEbR8OA+IRBIWUHK0+qfDTq4ljNJ2MqpJO7nK0LDXJvCTzMqomuZeho5WNmpGXvghmAWVQVMvRPq1BiGIfBwJRyHnfNCJhp5AJgiieqlbMcQTRGA5xX2IAfcztND9vqh9LZaB7IZMvEHqu/p5Ioc954ruy04dixOe9TPzP68fCu7RTEkSxwAGaLfJiqotQz7LSB4RhJGgiASJG5F91NIIMIiETVWUI5vzJi9A5q5n1mnF7Xm5cF3GUwCE4AhVgggvQADegBdoAgUfwDF7Bm/KkvCjvysesdUkpZg7An1K+fgA3vZ7S</latexit>

x(s) = x0Cx(s) + x0
0Sx(s)

y(s) = y0Cy(s) + y00Sy(s)

<latexit sha1_base64="AtCrOrLXPtjqmeEBGBMupiARgLs=">AAAB/XicbZDLSsNAFIYnXmu9xcvOzWARWpCSiKLLYjcuK9oLtCFMppN26GQSZibSGFpfxY0LRdz6Hu58GydtF9r6w8DHf87hnPm9iFGpLOvbWFpeWV1bz23kN7e2d3bNvf2GDGOBSR2HLBQtD0nCKCd1RRUjrUgQFHiMNL1BNas3H4iQNOT3KomIE6Aepz7FSGnLNQ+r7nBcvHOHpdNx1U0yTEquWbDK1kRwEewZFMBMNdf86nRDHAeEK8yQlG3bipSTIqEoZmSU78SSRAgPUI+0NXIUEOmkk+tH8EQ7XeiHQj+u4MT9PZGiQMok8HRngFRfztcy879aO1b+lZNSHsWKcDxd5McMqhBmUcAuFQQrlmhAWFB9K8R9JBBWOrC8DsGe//IiNM7K9kXZuj0vVK5nceTAETgGRWCDS1ABN6AG6gCDR/AMXsGb8WS8GO/Gx7R1yZjNHIA/Mj5/AADhlEk=</latexit>

Cx (Sx), Cy (Sy) - cosine (sine) – like solutions

<latexit sha1_base64="iZpVWHtV1WJxXxcpAogZlSuxbVQ=">AAACE3icbZDLSsNAFIYn9VbjLerSzWARq0hJRNGNUOzGZUV7gSaEyXTaDp1cmJmIJdRncOOruHGhiFs37nwbJ2kW2vrDwMd/zuHM+b2IUSFN81srzM0vLC4Vl/WV1bX1DWNzqynCmGPSwCELedtDgjAakIakkpF2xAnyPUZa3rCW1lt3hAsaBrdyFBHHR/2A9ihGUlmucVhz78vmwYV19HAzIdO2dWXuZ5y5GVq6a5TMipkJzoKVQwnkqrvGl90NceyTQGKGhOhYZiSdBHFJMSNj3Y4FiRAeoj7pKAyQT4STZDeN4Z5yurAXcvUCCTP390SCfCFGvqc6fSQHYrqWmv/VOrHsnTsJDaJYkgBPFvViBmUI04Bgl3KCJRspQJhT9VeIB4gjLFWMaQjW9Mmz0DyuWKcV8/qkVL3M4yiCHbALysACZ6AKrkAdNAAGj+AZvII37Ul70d61j0lrQctntsEfaZ8/tgyZAw==</latexit>

Cx(0) = 1, Sx(0) = 0

C 0
x(0) = 0, S0

x(0) = 1 And similar for y and y‘

(linear approximation)



Lecture 5

4. Solution of the Equation of Motion
- If particles are NOT monoenergetic

<latexit sha1_base64="KNfZJdguwFpPEOFXzWo4bAx+j1o=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBHqpSSi6LHoxWMF+wFNKJvNpF262aS7m0Ip/R1ePCji1R/jzX/jts1BWx8MPN6bYWZekHKmtON8W2vrG5tb24Wd4u7e/sFh6ei4qZJMUmzQhCeyHRCFnAlsaKY5tlOJJA44toLB/cxvjVAqlognPU7Rj0lPsIhRoo3kV7wQuSaewKFz0S2Vnaozh71K3JyUIUe9W/rywoRmMQpNOVGq4zqp9idEakY5TotepjAldEB62DFUkBiVP5kfPbXPjRLaUSJNCW3P1d8TExIrNY4D0xkT3VfL3kz8z+tkOrr1J0ykmUZBF4uijNs6sWcJ2CGTSDUfG0KoZOZWm/aJJFSbnIomBHf55VXSvKy611Xn8apcu8vjKMApnEEFXLiBGjxAHRpAYQjP8Apv1sh6sd6tj0XrmpXPnMAfWJ8/5dORhw==</latexit>

(� 6= 0)
<latexit sha1_base64="cE3NBbd1lshRJJu4TMC1ziiRMms=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cq9gPaUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8HoZuq3Hrk2QsUPOE64H9FBLELBKFqp070XgyFSrdVTr1xxq+4MZJl4OalAjnqv/NXtK5ZGPEYmqTEdz03Qz6hGwSSflLqp4QllIzrgHUtjGnHjZ7OTJ+TEKn0SKm0rRjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZiJMUeczmi8JUElRk+j/pC80ZyrEllGlhbyVsSDVlaFMq2RC8xZeXSfOs6l1U3bvzSu06j6MIR3AMp+DBJdTgFurQAAYKnuEV3hx0Xpx352PeWnDymUP4A+fzB5JtkXE=</latexit>) Inhomogenious equa?on

<latexit sha1_base64="+O2S6z1p0/usKxSGRK/BMOuWeBU=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbBIK0JJRNGNUHTjsoJ9QBvCZHLTDp1MwsxEWmoX/oobF4q49Tfc+TdO2yy0euBeDufcy9w5fsKoVLb9ZeQWFpeWV/KrhbX1jc0tc3unIeNUEKiTmMWi5WMJjHKoK6oYtBIBOPIZNP3+9cRv3oOQNOZ3apiAG+EupyElWGnJM/cGpdJx3xuU5dHgsqd7JwCmsGcW7Yo9hfWXOBkpogw1z/zsBDFJI+CKMCxl27ET5Y6wUJQwGBc6qYQEkz7uQltTjiOQ7mh6/9g61EpghbHQxZU1VX9ujHAk5TDy9WSEVU/OexPxP6+dqvDCHVGepAo4mT0UpsxSsTUJwwqoAKLYUBNMBNW3WqSHBSZKR1bQITjzX/5LGicV56xi354Wq1dZHHm0jw5QGTnoHFXRDaqhOiLoAT2hF/RqPBrPxpvxPhvNGdnOLvoF4+Mb9JSUyQ==</latexit>

x00 + kx(s)x = h(s)� (dipole magnet)

Solution: solution of homogenious differential equation plus a 
particular solution of inhomogenious equation

<latexit sha1_base64="FasX8U6jpQKCfzlL0dF9Dp0DiTY=">AAACEHicbZDLSsNAFIYn9VbrLerSzWCRVoSSiKIbodiNy4r2Am0Ik8mkHTq5MDORltBHcOOruHGhiFuX7nwbJ2kW2vrDwDf/OYeZ8zsRo0IaxrdWWFpeWV0rrpc2Nre2d/TdvbYIY45JC4cs5F0HCcJoQFqSSka6ESfIdxjpOKNGWu88EC5oGNzLSUQsHw0C6lGMpLJsvTKuiuOrsW007JROFFXuZth3CZMIutnN1stGzcgEF8HMoQxyNW39q++GOPZJIDFDQvRMI5JWgrikmJFpqR8LEiE8QgPSUxggnwgryRaawiPluNALuTqBhJn7eyJBvhAT31GdPpJDMV9Lzf9qvVh6l1ZCgyiWJMCzh7yYQRnCNB3oUk6wZBMFCHOq/grxEHGEpcqwpEIw51dehPZpzTyvGbdn5fp1HkcRHIBDUAUmuAB1cAOaoAUweATP4BW8aU/ai/aufcxaC1o+sw/+SPv8AcWZmoo=</latexit>

x(s) = x0Cx(s) + x0
0Sx(s) + �dx(s)

Dispersion function

Particles are sorted dependent on field index
Correlation of and - dispersion

<latexit sha1_base64="VMtPh98b5ycfLzzDKyv6EwYB8TQ=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRa9eKxgP6ANZbOZtGs3u2F3I5TQ/+DFgyJe/T/e/Ddu2xy09cHA470ZZuaFKWfaeN63s7K6tr6xWdoqb+/s7u1XDg5bWmaKYpNKLlUnJBo5E9g0zHDspApJEnJsh6Pbqd9+QqWZFA9mnGKQkIFgMaPEWKnVi5Ab0q9UvZo3g7tM/IJUoUCjX/nqRZJmCQpDOdG663upCXKiDKMcJ+VepjEldEQG2LVUkAR1kM+unbinVoncWCpbwrgz9fdEThKtx0loOxNihnrRm4r/ed3MxNdBzkSaGRR0vijOuGukO33djZhCavjYEkIVs7e6dEgUocYGVLYh+IsvL5PWec2/rHn3F9X6TRFHCY7hBM7Ahyuowx00oAkUHuEZXuHNkc6L8+58zFtXnGLmCP7A+fwBkt6PIA==</latexit>

� <latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x

(linear approximation)



Lecture 5

4. Solution of the Equation of Motion
<latexit sha1_base64="Tp/TyW8XtTyHJzefPiO79vZWE5Y=">AAACGHicbZBNS8MwGMfT+TbnW9Wjl+IQNpDZiqIXYehBjxPcC6y1pGm6haVpSVJxlH0ML34VLx4U8bqb38Z0q6CbDwR++f+fh+T5ezElQprml1ZYWFxaXimultbWNza39O2dlogSjnATRTTiHQ8KTAnDTUkkxZ2YYxh6FLe9wVXmtx8wFyRid3IYYyeEPUYCgqBUkqsf+e5jRVQvbMKka96LfsX2IE/FqHqdGYc/Nz8HVy+bNXNSxjxYOZRBXg1XH9t+hJIQM4koFKJrmbF0UsglQRSPSnYicAzRAPZwVyGDIRZOOllsZBwoxTeCiKvDpDFRf0+kMBRiGHqqM4SyL2a9TPzP6yYyOHdSwuJEYoamDwUJNWRkZCkZPuEYSTpUABEn6q8G6kMOkVRZllQI1uzK89A6rlmnNfP2pFy/zOMogj2wDyrAAmegDm5AAzQBAk/gBbyBd+1Ze9U+tM9pa0HLZ3bBn9LG3zIzn+c=</latexit>

dx(s) =

Z s

0
h(s̄)Gx(s, s̄)ds̄

With Green func?on

<latexit sha1_base64="iY5pzJY7isZQ05AEoWrGYKKW9rw=">AAACHXicbZDLSsNAFIYn9VbrLerSTbAILWhJpKIbodiFLiu1F2hDmEyn7dDJJMxMxBL6Im58FTcuFHHhRnwbJ2mE2npghn++cw5nzu8GlAhpmt9aZml5ZXUtu57b2Nza3tF395rCDznCDeRTn7ddKDAlDDckkRS3A46h51LcckfVON+6x1wQn93JcYBtDw4Y6RMEpUKOXr52HgriuOtCHolJ8bIeP4tVdf+ik2qC6jPI0fNmyUzCWBRWKvIgjZqjf3Z7Pgo9zCSiUIiOZQbSjiCXBFE8yXVDgQOIRnCAO0oy6GFhR8l2E+NIkZ7R97k6TBoJne2IoCfE2HNVpQflUMznYvhfrhPK/oUdERaEEjM0HdQPqSF9I7bK6BGOkaRjJSDiRP3VQEPIIZLK0JwywZpfeVE0T0vWWcm8LecrV6kdWXAADkEBWOAcVMANqIEGQOARPINX8KY9aS/au/YxLc1oac8++BPa1w9TZaDV</latexit>

Gx(s, s̄) = Sx(s)Cx(s̄)� Cx(s)Sx(s̄)

And initial conditions:

<latexit sha1_base64="SOpEX0kpGcp02FRV9L/Iku/JIlA=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiVpCSiKIboejGZQV7gTaEyWTSDp1MwsxEDKF9FTcuFHHrg7jzbZymWWj1h4GP/5zDOfN7MaNSWdaXUVpaXlldK69XNja3tnfM3b2OjBKBSRtHLBI9D0nCKCdtRRUjvVgQFHqMdL3xzazefSBC0ojfqzQmToiGnAYUI6Ut16z67mPdOr6yTqaajnJ0zZrVsHLBv2AXUAOFWq75OfAjnISEK8yQlH3bipWTIaEoZmRSGSSSxAiP0ZD0NXIUEulk+fETeKgdHwaR0I8rmLs/JzIUSpmGnu4MkRrJxdrM/K/WT1Rw6WSUx4kiHM8XBQmDKoKzJKBPBcGKpRoQFlTfCvEICYSVzquiQ7AXv/wXOqcN+7xh3Z3VmtdFHGWwDw5AHdjgAjTBLWiBNsAgBU/gBbwaU+PZeDPe560lo5ipgl8yPr4BPsiSkA==</latexit>

dx(0) = 0, d0x(0) = 0

(linear approximation)



Lecture 5

4. Solution of the Equation of Motion

4.2 Vorbemerkungen zum Matrixformalismus 125

Abb. 4.5. Die charakteristischen Lösungen cx(s), sx(s) und dx(s) am Beispiel ei-
nes Systems, das aus zwei Untersystemen mit den folgenden Elementen besteht:
Driftstrecke, L = 1 m; Ablenkmagnet A, L = 1 m, ρ0 = 0,8219 m, n = 0,5,
α = 69,71◦; Driftstrecke, L = 1 m. Die Darstellung zeigt x0cx(s), x′

0sx(s) und
δ0dx(s) mit x0 = 1 mm, x′

0 = 1 mrad und δ0 = 1 promille

Abb. 4.6. Die charakteristischen Lösungen cy(s) und sy(s). Die Elemente des Sy-
stems sind in der Abb. 4.5 angegeben. Die Darstellung zeigt y0cy(s) und y′

0sy(s) mit
y0 = 1 mm und y′

0 = 1 mrad

Die Einheiten ergeben sich aus der Wahl der Einheiten für (x, x′, y, y′, l, δ).
Wenn man hierfür die häufig verwendeten 10−3-Einheiten 1 mm, 1 mrad und
1 promille verwendet, ergibt sich die folgende Zuordnung

Einheiten von R =





1 m 0 0 0 m
m−1 1 0 0 0 1

0 0 1 m 0 0
0 0 m−1 1 0 0
1 m 0 0 1 m
0 0 0 0 0 1




. (4.23)

Wir notieren in diesem Zusammenhang die folgende nützliche Relation

1 mrad = 1 mm/1 m . (4.24)

4.2 Vorbemerkungen zum Matrixformalismus 125
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α = 69,71◦; Driftstrecke, L = 1 m. Die Darstellung zeigt x0cx(s), x′

0sx(s) und
δ0dx(s) mit x0 = 1 mm, x′

0 = 1 mrad und δ0 = 1 promille
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0 0 0 0 0 1
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1 mrad = 1 mm/1 m . (4.24)

<latexit sha1_base64="O0vPYZu3wQtD9PTuUPb3QvmxMy8=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWsSKURBTdCMVuXFa0F2hDmEyn7dDJJMxMpCUUN76KGxeKuPUp3Pk2TtIstPWHgY//nMOZ83sho1JZ1reRW1hcWl7JrxbW1jc2t8ztnYYMIoFJHQcsEC0PScIoJ3VFFSOtUBDke4w0vWE1qTcfiJA04PdqHBLHR31OexQjpS3X3BuV5PHVyLWqbkInmo7uUnTNolW2UsF5sDMogkw11/zqdAMc+YQrzJCUbdsKlRMjoShmZFLoRJKECA9Rn7Q1cuQT6cTpCRN4qJ0u7AVCP65g6v6eiJEv5dj3dKeP1EDO1hLzv1o7Ur1LJ6Y8jBTheLqoFzGoApjkAbtUEKzYWAPCguq/QjxAAmGlUyvoEOzZk+ehcVq2z8vW7Vmxcp3FkQf74ACUgA0uQAXcgBqoAwwewTN4BW/Gk/FivBsf09ackc3sgj8yPn8AFqGVTg==</latexit>

x(s) = x0Cx(s) + x0
0Sx(s)

<latexit sha1_base64="Bzuf2IMAzPi2VHHsc0lwvsaNxB0=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWsSKURBTdCMVuXFa0F2hDmEyn7dDJJMxMhBCKG1/FjQtF3PoU7nwbJ2kW2vrDwMd/zuHM+b2QUaks69soLCwuLa8UV0tr6xubW+b2TksGkcCkiQMWiI6HJGGUk6aiipFOKAjyPUba3rie1tsPREga8HsVh8Tx0ZDTAcVIacs19+KKPL6KXavupnSi6eguQ9csW1UrE5wHO4cyyNVwza9eP8CRT7jCDEnZta1QOQkSimJGJqVeJEmI8BgNSVcjRz6RTpKdMIGH2unDQSD04wpm7u+JBPlSxr6nO32kRnK2lpr/1bqRGlw6CeVhpAjH00WDiEEVwDQP2KeCYMViDQgLqv8K8QgJhJVOraRDsGdPnofWadU+r1q3Z+XadR5HEeyDA1ABNrgANXADGqAJMHgEz+AVvBlPxovxbnxMWwtGPrML/sj4/AEeepVT</latexit>

y(s) = y0Cy(s) + y00Sy(s)

drift
dipole

drift
dipole

drift drift
dipole

drift
dipole

drift

<latexit sha1_base64="nKpppFNFwi7Kwkb1sWvYqwpVsmQ="></latexit>

x0 = 1 mm, x0
0 = 1 mrad, � = 1 promil

y0 = 1 mm, y00 = 1 mrad

n = 0.5 field index

<latexit sha1_base64="/4kbYrJ1z9Dq1edu3/QY4PINVxg="></latexit>

Ldrift = 1 m

Ldipole = 1 m

⇢0 = 0.8219 m

↵ = 69.71�

(linear approximation)



Lecture 5

4. Solution of the Equation of Motion
Characteristic solutions for transverse motion (drift, quadrupole, dipole)

„Sharp cut-off“ (no fringing fields, effective lengths)
kx, ky = const within L

<latexit sha1_base64="xNZH5HF3wakHVIZ0UPkaH2X4u18=">AAACAnicbVDLSsNAFJ3UV42vqCtxM1ikglASUXRTKLpxWcE+oAlhMp20QycPZibSEIobf8WNC0Xc+hXu/BunaRbaeuDCmXPuZe49XsyokKb5rZWWlldW18rr+sbm1vaOsbvXFlHCMWnhiEW86yFBGA1JS1LJSDfmBAUeIx1vdDP1Ow+ECxqF9zKNiROgQUh9ipFUkmscjKvV05E7huO6adt6mr9SmNZN16iYNTMHXCRWQSqgQNM1vux+hJOAhBIzJETPMmPpZIhLihmZ6HYiSIzwCA1IT9EQBUQ4WX7CBB4rpQ/9iKsKJczV3xMZCoRIA091BkgOxbw3Ff/zeon0r5yMhnEiSYhnH/kJgzKC0zxgn3KCJUsVQZhTtSvEQ8QRlio1XYVgzZ+8SNpnNeuiZt6dVxrXRRxlcAiOwAmwwCVogFvQBC2AwSN4Bq/gTXvSXrR37WPWWtKKmX3wB9rnD2ZZlN4=</latexit>

x00 + kxx = 0

y00 + kyy = 0
<latexit sha1_base64="cE3NBbd1lshRJJu4TMC1ziiRMms=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cq9gPaUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8HoZuq3Hrk2QsUPOE64H9FBLELBKFqp070XgyFSrdVTr1xxq+4MZJl4OalAjnqv/NXtK5ZGPEYmqTEdz03Qz6hGwSSflLqp4QllIzrgHUtjGnHjZ7OTJ+TEKn0SKm0rRjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZiJMUeczmi8JUElRk+j/pC80ZyrEllGlhbyVsSDVlaFMq2RC8xZeXSfOs6l1U3bvzSu06j6MIR3AMp+DBJdTgFurQAAYKnuEV3hx0Xpx352PeWnDymUP4A+fzB5JtkXE=</latexit>) Harmonic oscillator

(linear approximation)



Lecture 5

4. Solution of the Equation of Motion
Characteristic solutions for transverse motion (drift, quadrupole, dipole)

<latexit sha1_base64="bLqRyIXg2p+h2i9Imx44aDSVHak=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaLUjclEUVXUnTjsoK9QBvCZDpph04mYWYixtD6Km5cKOLW93Dn2zhNs9DWHwY+/nMO58zvRYxKZVnfRmFhcWl5pbhaWlvf2Nwyt3eaMowFJg0cslC0PSQJo5w0FFWMtCNBUOAx0vKG15N6654ISUN+p5KIOAHqc+pTjJS2XHNv6D5U5PGlNe4ejYdukrFrlq2qlQnOg51DGeSqu+ZXtxfiOCBcYYak7NhWpJwUCUUxI6NSN5YkQniI+qSjkaOASCfNrh/BQ+30oB8K/biCmft7IkWBlEng6c4AqYGcrU3M/2qdWPkXTkp5FCvC8XSRHzOoQjiJAvaoIFixRAPCgupbIR4ggbDSgZV0CPbsl+eheVK1z6rW7Wm5dpXHUQT74ABUgA3OQQ3cgDpoAAwewTN4BW/Gk/FivBsf09aCkc/sgj8yPn8AXOmT3g==</latexit>

kx(s) > 0 & ky(s) > 0
<latexit sha1_base64="B1cHkBWKE8ezpx3LP6k5iJijnuA=">AAAB/XicbZC7TsMwFIadcivlFi4bi0UFKkuVIBAMDBUsjEWiF6mNIsd1WquOE9kOIkQtr8LCAEKsvAcbb4ObZoCWX7L06T/n6Bz/XsSoVJb1bRQWFpeWV4qrpbX1jc0tc3unKcNYYNLAIQtF20OSMMpJQ1HFSDsSBAUeIy1veD2pt+6JkDTkdyqJiBOgPqc+xUhpyzX3hu5DRR5fWuPu0XjoJhm7ZtmqWpngPNg5lEGuumt+dXshjgPCFWZIyo5tRcpJkVAUMzIqdWNJIoSHqE86GjkKiHTS7PoRPNROD/qh0I8rmLm/J1IUSJkEnu4MkBrI2drE/K/WiZV/4aSUR7EiHE8X+TGDKoSTKGCPCoIVSzQgLKi+FeIBEggrHVhJh2DPfnkemidV+6xq3Z6Wa1d5HEWwDw5ABdjgHNTADaiDBsDgETyDV/BmPBkvxrvxMW0tGPnMLvgj4/MHVr2T2g==</latexit>

kx(s) < 0 & ky(s) < 0
<latexit sha1_base64="Ja92U5z5697ONSbDiN3VpEWu2Ac=">AAAB+HicbVDLSsNAFL2pr1ofjbp0EyxC3ZREFN0IRTcuK9gHtCFMppN26GQSZiZiDP0SNy4UceunuPNvnLRZaOuByz2ccy9z5/gxo1LZ9rdRWlldW98ob1a2tnd2q+befkdGicCkjSMWiZ6PJGGUk7aiipFeLAgKfUa6/uQm97sPREga8XuVxsQN0YjTgGKktOSZ1Yn3WJcnVxMvzZvtmTW7Yc9gLROnIDUo0PLMr8EwwklIuMIMSdl37Fi5GRKKYkamlUEiSYzwBI1IX1OOQiLdbHb41DrWytAKIqGLK2um/t7IUChlGvp6MkRqLBe9XPzP6ycquHQzyuNEEY7nDwUJs1Rk5SlYQyoIVizVBGFB9a0WHiOBsNJZVXQIzuKXl0nntOGcN+y7s1rzuoijDIdwBHVw4AKacAstaAOGBJ7hFd6MJ+PFeDc+5qMlo9g5gD8wPn8A+FmR/A==</latexit>

kx(s) = ky(s) = 0

<latexit sha1_base64="MJrUCWJDHRmgfqb17AV5f1HJEeo=">AAACAXicbVDLSgMxFM34rPU16kZwEyxCuykzouhGKHbjsoJ9QGcYMmnahmaSMclIy1A3/oobF4q49S/c+Tem7Sy09cCFwzn3cu89Ycyo0o7zbS0tr6yurec28ptb2zu79t5+Q4lEYlLHggnZCpEijHJS11Qz0oolQVHISDMcVCd+84FIRQW/06OY+BHqcdqlGGkjBfZhNRgWVenKw0IVPXUvdToIhmNVCuyCU3amgIvEzUgBZKgF9pfXETiJCNeYIaXarhNrP0VSU8zIOO8lisQID1CPtA3lKCLKT6cfjOGJUTqwK6QpruFU/T2RokipURSazgjpvpr3JuJ/XjvR3Us/pTxONOF4tqibMKgFnMQBO1QSrNnIEIQlNbdC3EcSYW1Cy5sQ3PmXF0njtOyel53bs0LlOosjB47AMSgCF1yACrgBNVAHGDyCZ/AK3qwn68V6tz5mrUtWNnMA/sD6/AHR0pZ/</latexit>

Cx(s) = cos(
p

kxs)

<latexit sha1_base64="VZ1+/ZfjbsPW8YQm3EYW5kSydBU=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSxCuymJKLoRit24rGAf0IQwmU7boZOZODMRQqgbf8WNC0Xc+hfu/BunbRbaeuDC4Zx7ufeeMGZUacf5tpaWV1bX1gsbxc2t7Z1de2+/pUQiMWliwYTshEgRRjlpaqoZ6cSSoChkpB2O6hO//UCkooLf6TQmfoQGnPYpRtpIgX1YD9Kyqlx5WKiyp+6lzkZBOlaVwC45VWcKuEjcnJRAjkZgf3k9gZOIcI0ZUqrrOrH2MyQ1xYyMi16iSIzwCA1I11COIqL8bPrBGJ4YpQf7QpriGk7V3xMZipRKo9B0RkgP1bw3Ef/zuonuX/oZ5XGiCcezRf2EQS3gJA7Yo5JgzVJDEJbU3ArxEEmEtQmtaEJw519eJK3TqntedW7PSrXrPI4COALHoAxccAFq4AY0QBNg8AiewSt4s56sF+vd+pi1Lln5zAH4A+vzB9TyloE=</latexit>

Cy(s) = cos(
p

kys)
<latexit sha1_base64="Mdaj0VKyf+KmxYYhoCr9NUkj1UU=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0VoEUoiim6EohuXFe0DmhIm00k7dDKJMxMhhHyEG3/FjQtF3Lpw5984bQNq64ELZ865l7n3eBGjUlnWl1FYWFxaXimultbWNza3zO2dlgxjgUkThywUHQ9JwignTUUVI51IEBR4jLS90eXYb98TIWnIb1USkV6ABpz6FCOlJdc8vHGTiqyeO75AOHUk5RVH3gmVjtwkk9Us/Xllrlm2atYEcJ7YOSmDHA3X/HT6IY4DwhVmSMqubUWqlyKhKGYkKzmxJBHCIzQgXU05CojspZOjMniglT70Q6GLKzhRf0+kKJAyCTzdGSA1lLPeWPzP68bKP+ullEexIhxPP/JjBlUIxwnBPhUEK5ZogrCgeleIh0jHo3SOJR2CPXvyPGkd1eyTmnV9XK5f5HEUwR7YBxVgg1NQB1egAZoAgwfwBF7Aq/FoPBtvxvu0tWDkM7vgD4yPbz3en50=</latexit>

Sy(s) =
sin(

p
kys)p
ky

<latexit sha1_base64="DOmDVQpwTr47Wy3tIXRW6if2U10=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0VoEUoiim6EohuXFe0DmhIm00k7dDKJMxNpCfkIN/6KGxeKuHXhzr9x2gbU1gMXzpxzL3Pv8SJGpbKsLyO3sLi0vJJfLaytb2xumds7DRnGApM6DlkoWh6ShFFO6ooqRlqRICjwGGl6g8ux37wnQtKQ36pRRDoB6nHqU4yUllzz8MYdlmT53PEFwokjKS858k6oZOAOU1lOk59X6ppFq2JNAOeJnZEiyFBzzU+nG+I4IFxhhqRs21akOgkSimJG0oITSxIhPEA90taUo4DITjI5KoUHWulCPxS6uIIT9fdEggIpR4GnOwOk+nLWG4v/ee1Y+WedhPIoVoTj6Ud+zKAK4Tgh2KWCYMVGmiAsqN4V4j7S8SidY0GHYM+ePE8aRxX7pGJdHxerF1kcebAH9kEJ2OAUVMEVqIE6wOABPIEX8Go8Gs/Gm/E+bc0Z2cwu+APj4xs5GJ+a</latexit>

Sx(s) =
sin(

p
kxs)p
kx

<latexit sha1_base64="wkABQ/iER1QrCFX/sB6F3TZcbqI=">AAACEnicbVDLSsNAFJ3UV62vqEs3wSK0C0siim6EohuXFewDmhAmk0k7dJKJMxNpCfkGN/6KGxeKuHXlzr9xmmahrQcuHM65l3vv8WJKhDTNb620tLyyulZer2xsbm3v6Lt7HcESjnAbMcp4z4MCUxLhtiSS4l7MMQw9irve6Hrqdx8wF4RFd3ISYyeEg4gEBEGpJFev++64JuqXdsAhSodZOnLHWd86thETNVvcc5krou64etVsmDmMRWIVpAoKtFz9y/YZSkIcSUShEH3LjKWTQi4Jojir2InAMUQjOMB9RSMYYuGk+UuZcaQU3wgYVxVJI1d/T6QwFGISeqozhHIo5r2p+J/XT2Rw4aQkihOJIzRbFCTUkMyY5mP4hGMk6UQRiDhRtxpoCFU4UqVYUSFY8y8vks5JwzprmLen1eZVEUcZHIBDUAMWOAdNcANaoA0QeATP4BW8aU/ai/aufcxaS1oxsw/+QPv8AWd8nfI=</latexit>

dx(s) =
h

kx
[1� cos(

p
kxs)]

<latexit sha1_base64="BXBMue1j3Lcw8Yqsa0Fnwc6hg2U=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXsquKHoRir14rGA/oF1KNs22odlkTbJiWfonvHhQxKt/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjGpTv/VIlWZS3JtxTP0IDwQLGcHGSu1a76msT6/dXrHkVtwZ0DLxMlKCDPVe8avblySJqDCEY607nhsbP8XKMMLppNBNNI0xGeEB7VgqcES1n87unaATq/RRKJUtYdBM/T2R4kjrcRTYzgiboV70puJ/Xicx4ZWfMhEnhgoyXxQmHBmJps+jPlOUGD62BBPF7K2IDLHCxNiICjYEb/HlZdI8q3gXFffuvFS9yeLIwxEcQxk8uIQq3EIdGkCAwzO8wpvz4Lw4787HvDXnZDOH8AfO5w+26I8Z</latexit>

Cx(s) = 0

<latexit sha1_base64="LIjndr/eZtjO1jel7C70Ll2Ip0k=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXFL0IRS8eK9oPaJeSTbNtaDa7JlmxLP0TXjwo4tW/481/Y9ruQVsfDDzem2Fmnh8Lro3jfKPc0vLK6lp+vbCxubW9U9zda+goUZTVaSQi1fKJZoJLVjfcCNaKFSOhL1jTH15P/OYjU5pH8t6MYuaFpC95wCkxVmrddZ/K+vhSd4slp+JMgReJm5ESZKh1i1+dXkSTkElDBdG67Tqx8VKiDKeCjQudRLOY0CHps7alkoRMe+n03jE+skoPB5GyJQ2eqr8nUhJqPQp92xkSM9Dz3kT8z2snJrjwUi7jxDBJZ4uCRGAT4cnzuMcVo0aMLCFUcXsrpgOiCDU2ooINwZ1/eZE0TiruWcW5PS1Vr7I48nAAh1AGF86hCjdQgzpQEPAMr/CGHtALekcfs9Ycymb24Q/Q5w81M49s</latexit>

Sx(s) = s

<latexit sha1_base64="5iPcj2V7s/rdeu6Zg3XISU7eWTc=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS8mKoheh6MVjBfsB7VKy2Wwbms2uSVYsS/+EFw+KePXvePPfmLZ70NYHA4/3ZpiZ5yeCa4Pxt7O0vLK6tl7YKG5ube/slvb2mzpOFWUNGotYtX2imeCSNQw3grUTxUjkC9byhzcTv/XIlOaxvDejhHkR6UseckqMldpB76miT65wr1TGVTwFWiRuTsqQo94rfXWDmKYRk4YKonXHxYnxMqIMp4KNi91Us4TQIemzjqWSREx72fTeMTq2SoDCWNmSBk3V3xMZibQeRb7tjIgZ6HlvIv7ndVITXnoZl0lqmKSzRWEqkInR5HkUcMWoESNLCFXc3orogChCjY2oaENw519eJM3TqntexXdn5dp1HkcBDuEIKuDCBdTgFurQAAoCnuEV3pwH58V5dz5mrUtOPnMAf+B8/gDp0486</latexit>

dx(s) = 0

<latexit sha1_base64="hnLL81oI0gNj9VIn+u4yDuLDzM0=">AAAB73icbVBNSwMxEJ34WetX1aOXYBHqpeyKoheh2IvHCvYD2qVk02wbms2uSVZYlv4JLx4U8erf8ea/MW33oK0PBh7vzTAzz48F18ZxvtHK6tr6xmZhq7i9s7u3Xzo4bOkoUZQ1aSQi1fGJZoJL1jTcCNaJFSOhL1jbH9enfvuJKc0j+WDSmHkhGUoecEqMlTr1flrRZzduv1R2qs4MeJm4OSlDjka/9NUbRDQJmTRUEK27rhMbLyPKcCrYpNhLNIsJHZMh61oqSci0l83uneBTqwxwEClb0uCZ+nsiI6HWaejbzpCYkV70puJ/XjcxwbWXcRknhkk6XxQkApsIT5/HA64YNSK1hFDF7a2Yjogi1NiIijYEd/HlZdI6r7qXVef+oly7zeMowDGcQAVcuIIa3EEDmkBBwDO8wht6RC/oHX3MW1dQPnMEf4A+fwC59Y8b</latexit>

Cy(s) = 1

<latexit sha1_base64="l4a8ag1dOnk0u6teQ42ut2Nb/JY=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS9kVRS9C0YvHivYD2qVk02wbmk3WJCssS/+EFw+KePXvePPfmLZ70NYHA4/3ZpiZF8ScaeO6387S8srq2npho7i5tb2zW9rbb2qZKEIbRHKp2gHWlDNBG4YZTtuxojgKOG0Fo5uJ33qiSjMpHkwaUz/CA8FCRrCxUvu+l1b0yZXulcpu1Z0CLRIvJ2XIUe+Vvrp9SZKICkM41rrjubHxM6wMI5yOi91E0xiTER7QjqUCR1T72fTeMTq2Sh+FUtkSBk3V3xMZjrROo8B2RtgM9bw3Ef/zOokJL/2MiTgxVJDZojDhyEg0eR71maLE8NQSTBSztyIyxAoTYyMq2hC8+ZcXSfO06p1X3buzcu06j6MAh3AEFfDgAmpwC3VoAAEOz/AKb86j8+K8Ox+z1iUnnzmAP3A+fwA2vI9t</latexit>

Sy(s) = s

<latexit sha1_base64="OKoXyrgHiJynwmu1pRpK5ixjAn8=">AAACBHicbVDLSsNAFJ34rPUVddlNsAjtpiSi6EYoduOygn1AE8JkOmmHTmbizERa0i7c+CtuXCji1o9w5984bbPQ1gMXDufcy733BDElUtn2t7Gyura+sZnbym/v7O7tmweHTckTgXADccpFO4ASU8JwQxFFcTsWGEYBxa1gUJv6rQcsJOHsTo1i7EWwx0hIEFRa8s1CzR+WZPnKRVz2S668FyodD/zheCLLvlm0K/YM1jJxMlIEGeq++eV2OUoizBSiUMqOY8fKS6FQBFE8ybuJxDFEA9jDHU0ZjLD00tkTE+tEK10r5EIXU9ZM/T2RwkjKURTozgiqvlz0puJ/XidR4aWXEhYnCjM0XxQm1FLcmiZidYnASNGRJhAJom+1UB8KiJTOLa9DcBZfXibN04pzXrFvz4rV6yyOHCiAY1ACDrgAVXAD6qABEHgEz+AVvBlPxovxbnzMW1eMbOYI/IHx+QN0EJf9</latexit>

Cx(s) = cosh(
p

|kx|s)

<latexit sha1_base64="W99OIapOh+xa9CecNmByhnJ2alI=">AAACBHicbVDLSsNAFJ34rPUVddnNYBHaTUlE0Y1Q7MZlBfuAJoTJdNIOnWTizEQIaRdu/BU3LhRx60e482+ctllo64ELh3Pu5d57/JhRqSzr21hZXVvf2CxsFbd3dvf2zYPDtuSJwKSFOeOi6yNJGI1IS1HFSDcWBIU+Ix1/1Jj6nQciJOXRnUpj4oZoENGAYqS05JmlhpdWZPXKwVwOK468Fyobj7x0PJFVzyxbNWsGuEzsnJRBjqZnfjl9jpOQRAozJGXPtmLlZkgoihmZFJ1EkhjhERqQnqYRCol0s9kTE3iilT4MuNAVKThTf09kKJQyDX3dGSI1lIveVPzP6yUquHQzGsWJIhGeLwoSBhWH00RgnwqCFUs1QVhQfSvEQyQQVjq3og7BXnx5mbRPa/Z5zbo9K9ev8zgKoASOQQXY4ALUwQ1oghbA4BE8g1fwZjwZL8a78TFvXTHymSPwB8bnD3c0l/8=</latexit>

Cy(s) = cosh(
q

|ky|s)
<latexit sha1_base64="bBuhxrl2gBitHH98L/ORX6j6gJE=">AAACGXicbVC7TsMwFHV4lvIKMLJYVEjtUiUIBAtSBQtjEfQhNVXkuE5r1XGC7SBFaX6DhV9hYQAhRpj4G9w2Q2k50pWOz7lXvvd4EaNSWdaPsbS8srq2Xtgobm5t7+yae/tNGcYCkwYOWSjaHpKEUU4aiipG2pEgKPAYaXnD67HfeiRC0pDfqyQi3QD1OfUpRkpLrmnduUlZVi4dXyCcOpLyQdmRD0Klo6GbjDJZydLZd+aaJatqTQAXiZ2TEshRd80vpxfiOCBcYYak7NhWpLopEopiRrKiE0sSITxEfdLRlKOAyG46uSyDx1rpQT8UuriCE3V2IkWBlEng6c4AqYGc98bif14nVv5FN6U8ihXhePqRHzOoQjiOCfaoIFixRBOEBdW7QjxAOiOlwyzqEOz5kxdJ86Rqn1Wt29NS7SqPowAOwREoAxucgxq4AXXQABg8gRfwBt6NZ+PV+DA+p61LRj5zAP7A+P4F4p6iJw==</latexit>

Sy(s) =
sinh(

p
|ky|s)p

|ky|

<latexit sha1_base64="zcOJ7NLe2hDVuhYfIEMAq2xs3Rw=">AAACGXicbVC7TsMwFHXKq5RXgJHFokJqlypBIFiQKlgYi6APqakix3Vaq44TbAe1SvMbLPwKCwMIMcLE3+C2GaDlSFc6Pude+d7jRYxKZVnfRm5peWV1Lb9e2Njc2t4xd/caMowFJnUcslC0PCQJo5zUFVWMtCJBUOAx0vQGVxO/+UCEpCG/U6OIdALU49SnGCktuaZ16w5Lsnzh+ALhxJGU90uOvBcqGQ/c4TiV5TT5/U5ds2hVrCngIrEzUgQZaq756XRDHAeEK8yQlG3bilQnQUJRzEhacGJJIoQHqEfamnIUENlJppel8EgrXeiHQhdXcKr+nkhQIOUo8HRngFRfznsT8T+vHSv/vJNQHsWKcDz7yI8ZVCGcxAS7VBCs2EgThAXVu0LcRzojpcMs6BDs+ZMXSeO4Yp9WrJuTYvUyiyMPDsAhKAEbnIEquAY1UAcYPIJn8ArejCfjxXg3PmatOSOb2Qd/YHz9AN3PoiQ=</latexit>

Sx(s) =
sinh(

p
|kx|s)p

|kx|
<latexit sha1_base64="VCbzxmpiA9Aw2bQxoYH8tzQvQPc=">AAACF3icbVDLSsNAFJ3UV62vqEs3wSK0C0Miim6EohuXFewDkhAmk0k7dPJwZiItaf7Cjb/ixoUibnXn3zhts9DWAxcO59zLvfd4CSVcGMa3UlpaXlldK69XNja3tnfU3b02j1OGcAvFNGZdD3JMSYRbggiKuwnDMPQo7niD64nfecCMkzi6E6MEOyHsRSQgCAopuaruu8Mar1/aAYMo6+fZeOAOx7llo5j3aza/Z6KQeP3YdFy1aujGFNoiMQtSBQWarvpl+zFKQxwJRCHnlmkkwskgEwRRnFfslOMEogHsYUvSCIaYO9n0r1w7koqvBTGTFQltqv6eyGDI+Sj0ZGcIRZ/PexPxP89KRXDhZCRKUoEjNFsUpFQTsTYJSfMJw0jQkSQQMSJv1VAfyoSEjLIiQzDnX14k7RPdPNON29Nq46qIowwOwCGoAROcgwa4AU3QAgg8gmfwCt6UJ+VFeVc+Zq0lpZjZB3+gfP4AEeygfA==</latexit>

dx(s) =
h

|kx|
[cosh(

p
|kx|s)� 1]

periodic

<latexit sha1_base64="+agBvERaHHZTb3P72bCJDlK1N/Q=">AAACC3icbVDLSsNAFJ3UV62vqEs3oUVoEUtSFN0IRTcuK9gHNGmZTG/aoZMHMxNpCdm78VfcuFDErT/gzr9x+lho64ELh3Pu5d573IhRIU3zW8usrK6tb2Q3c1vbO7t7+v5BQ4QxJ1AnIQt5y8UCGA2gLqlk0Io4YN9l0HSHNxO/+QBc0DC4l+MIHB/3A+pRgqWSunreJqEYFEelK9vjmCRWmlTSYgKd0Ql0ktNRmpa6esEsm1MYy8SakwKao9bVv+xeSGIfAkkYFqJtmZF0EswlJQzSnB0LiDAZ4j60FQ2wD8JJpr+kxrFSeoYXclWBNKbq74kE+0KMfVd1+lgOxKI3Ef/z2rH0Lp2EBlEsISCzRV7MDBkak2CMHuVAJBsrggmn6laDDLDKRKr4cioEa/HlZdKolK3zsnl3Vqhez+PIoiOUR0VkoQtURbeohuqIoEf0jF7Rm/akvWjv2sesNaPNZw7RH2ifPw3Nmmw=</latexit>

cosh(x) =
1

2
(ex + e�x)

<latexit sha1_base64="MC0KLvnM+65UvydR4HP2Xbbs28g=">AAACC3icbVDLSsNAFJ3UV62vqEs3oUVoFy1JUXQjFN24rGAf0BeT6U07dDIJMxNpCdm78VfcuFDErT/gzr9x+lho64ELh3Pu5d573JBRqWz720itrW9sbqW3Mzu7e/sH5uFRXQaRIFAjAQtE08USGOVQU1QxaIYCsO8yaLijm6nfeAAhacDv1SSEjo8HnHqUYKWlnpltS8qH+XHhqu0JTGInictJPobuuAjduDhOkkLPzNklewZrlTgLkkMLVHvmV7sfkMgHrgjDUrYcO1SdGAtFCYMk044khJiM8ABamnLsg+zEs18S61QrfcsLhC6urJn6eyLGvpQT39WdPlZDuexNxf+8VqS8y05MeRgp4GS+yIuYpQJrGozVpwKIYhNNMBFU32qRIdaZKB1fRofgLL+8SurlknNesu/OcpXrRRxpdIKyKI8cdIEq6BZVUQ0R9Iie0St6M56MF+Pd+Ji3pozFzDH6A+PzBxkpmnM=</latexit>

sinh(x) =
1

2
(ex � e�x)

(linear approximation)



Lecture 5

4. Solution of the Equation of Motion
Characteristic solutions for longitudinal motion

Orbital deviation at start: 
<latexit sha1_base64="0SMHp/EzD4ez8F1Wtq7VJ45QdZk=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXkpWFL0IRS8eK9gPaJeSTbNtaDa7JlmhLP0TXjwo4tW/481/Y7rdg7Y+GHi8N8PMPD8WXBuMv53Cyura+kZxs7S1vbO7V94/aOkoUZQ1aSQi1fGJZoJL1jTcCNaJFSOhL1jbH9/O/PYTU5pH8sFMYuaFZCh5wCkxVuqIKj69Fn3cL1dwDWdAy8TNSQVyNPrlr94goknIpKGCaN11cWy8lCjDqWDTUi/RLCZ0TIasa6kkIdNemt07RSdWGaAgUrakQZn6eyIlodaT0LedITEjvejNxP+8bmKCKy/lMk4Mk3S+KEgEMhGaPY8GXDFqxMQSQhW3tyI6IopQYyMq2RDcxZeXSeus5l7U8P15pX6Tx1GEIziGKrhwCXW4gwY0gYKAZ3iFN+fReXHenY95a8HJZw7hD5zPH3vHjvM=</latexit>

l(0) = l0 At the end: 
<latexit sha1_base64="jv5oxwY6aojSYsSGLVN5PemZlKY=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCvZRdUfQiFL14rGA/oF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvP+3YKK6tr6xvFzdLW9s7unrt/0NQyVYQ2iORStUOsKWeCNgwznLYTRXEcctoKR7dTv/VElWZSPJhxQoMYDwSLGMHGSk1e0afXvOeWvao3A1omfk7KkKPec7+6fUnSmApDONa643uJCTKsDCOcTkrdVNMEkxEe0I6lAsdUB9ns2gk6sUofRVLZEgbN1N8TGY61Hseh7YyxGepFbyr+53VSE10FGRNJaqgg80VRypGRaPo66jNFieFjSzBRzN6KyBArTIwNqGRD8BdfXibNs6p/UfXuz8u1mzyOIhzBMVTAh0uowR3UoQEEHuEZXuHNkc6L8+58zFsLTj5zCH/gfP4Au+iOkw==</latexit>

l(s) = l
<latexit sha1_base64="IugapCs9MNjVcxcRW31LzwlTMYI="></latexit>

l(s)� l(0) = v0(t0 � t) )

) l(s) = �x0

Z s

0
h(s̄)Cx(s̄)ds̄�

�x0
0

Z s

0
h(s̄)Sx(s̄)ds̄+

+l0 � �

 Z s

0
h(s̄dx(s̄)ds̄�

s

�2

!

(linear approximation)



Lecture 5

2. Transfer matrix

<latexit sha1_base64="XxOPY0Pi0fPA9hBhV7W0qh3CsLk=">AAACCHicbZC7SgNBFIZnvcZ4W7W0cDAISRN2RdFGCNpYRjEXyIYwOzmbDJm9MDMbDEtKG1/FxkIRWx/BzrdxNllBE38Y+PjPOZw5vxtxJpVlfRkLi0vLK6u5tfz6xubWtrmzW5dhLCjUaMhD0XSJBM4CqCmmODQjAcR3OTTcwVVabwxBSBYGd2oUQdsnvYB5jBKlrY554AyBJvfjoixdJI7r4dsUf0yr1DELVtmaCM+DnUEBZap2zE+nG9LYh0BRTqRs2Vak2gkRilEO47wTS4gIHZAetDQGxAfZTiaHjPGRdrrYC4V+gcIT9/dEQnwpR76rO32i+nK2lpr/1Vqx8s7bCQuiWEFAp4u8mGMV4jQV3GUCqOIjDYQKpv+KaZ8IQpXOLq9DsGdPnof6cdk+LVs3J4XKZRZHDu2jQ1RENjpDFXSNqqiGKHpAT+gFvRqPxrPxZrxPWxeMbGYP/ZHx8Q01XpjN</latexit>

~x(s) = R(s)~x(0)

<latexit sha1_base64="qHF9W0VGAbg5yCXbQu2FzH//8Ao=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXFL0IQS8eo5gHJGuYnfQmQ2YfzMwqYcl/ePGgiFf/xZt/4yTZgyYWNBRV3XR3ebHgStv2t5VbWl5ZXcuvFzY2t7Z3irt7DRUlkmGdRSKSLY8qFDzEuuZaYCuWSANPYNMbXk/85iNKxaPwXo9idAPaD7nPGdVGeuihLqcdzyd34+NLp1ss2RV7CrJInIyUIEOtW/zq9CKWBBhqJqhSbceOtZtSqTkTOC50EoUxZUPax7ahIQ1Quen06jE5MkqP+JE0FWoyVX9PpDRQahR4pjOgeqDmvYn4n9dOtH/hpjyME40hmy3yE0F0RCYRkB6XyLQYGUKZ5OZWwgZUUqZNUAUTgjP/8iJpnFScs4p9e1qqXmVx5OEADqEMDpxDFW6gBnVgIOEZXuHNerJerHfrY9aas7KZffgD6/MHFBmRlA==</latexit>

det(R) = 1 (Liouville‘s theorem)

<latexit sha1_base64="GSPsj/3wWLt16aQAalYgZZVY8fw="></latexit>

x(s) =

0

BBBBBB@

x
x0

y
y0

l
�

1

CCCCCCA
=

0

BBBBBB@

radial orbit deviation
radial direction deviation

axial orbit deviation
axial direction deviation
longitudinal deviation

longitudinal momentum deviation

1

CCCCCCA

Transfer matrix / transport matrix / R-matrix



Lecture 5

2. Transfer matrix
In linear approximation we have decoupled planes x and y

<latexit sha1_base64="0SL5rygd1JgtPh7ABr0y+mOjbn4="></latexit>

R =

2

6666664

R11 R12 0 0 0 R16

R21 R22 0 0 0 R26

0 0 R33 R34 0 0
0 0 R43 R44 0 0

R51 R52 0 0 1 R56

0 0 0 0 0 1

3

7777775

(linear approximation)



Lecture 5

2. Transfer matrix

Units

(linear approximation)

R =

2

6666664

1 m 0 0 0 m
m�1 1 0 0 0 1
0 0 1 m 0 0
0 0 m�1 1 0 0
1 m 0 0 1 m
0 0 0 0 0 1

3

7777775



Lecture 5

2. Transfer matrix
In linear approximation we have decoupled planes x and y

<latexit sha1_base64="0SL5rygd1JgtPh7ABr0y+mOjbn4="></latexit>

R =

2

6666664

R11 R12 0 0 0 R16

R21 R22 0 0 0 R26

0 0 R33 R34 0 0
0 0 R43 R44 0 0

R51 R52 0 0 1 R56

0 0 0 0 0 1

3

7777775

Independent description

Position dispersion

Angle dispersion

(linear approximation)



Lecture 5

2. Transfer matrix
In linear approximation we have decoupled planes x and y

Independent description with dispersion - (3x3) matrices:

<latexit sha1_base64="ayOUiJtHVTGTehOp+Gz/t66m5do="></latexit>

Rx =

2

4
R11 R12 R16

R21 R22 R26

0 0 1

3

5 =

2

4
Cx Sx dx
C 0

x S0
x d0x

0 0 1

3

5

For y-coordinate in an analogous way

(linear approximation)



Lecture 5

2. Transfer matrix

Often the representation is used indicating the dependence of elements on each other

<latexit sha1_base64="PrhtpwIeQ2wJBV9bFgizmgvCfdY="></latexit>

Rx =

2

6666664

(x|x) (x|x0) 0 0 0 (x|�)
(x0|x) (x0|x0) 0 0 0 (x0|�)
0 0 (y|y) (y|y0) 0 0
0 0 (y0|y) (y0|y0) 0 0

(l|x) (l|x0) 0 0 (l|l) (l|�)
0 0 0 0 0 (�|�)

3

7777775

(linear approximation)



Lecture 5

4. Solution of the Equation of Motion
Characteristic solutions for longitudinal motion

(linear approximation)

The corresponding Transfer 
matrix elements:

<latexit sha1_base64="E6XAd4PsbsOEgMVV8We2rX1Aj1o="></latexit>

R51(s) = (l|x0) = �
Z s

0
h(s̄Cx(s̄)ds̄

R52(s) = (l|x0
0) = �

Z s

0
h(s̄Sx(s̄)ds̄

R55(s) = (l|l0) = 1

R56(s) = (l|�) = �
Z s

0
h(s̄dx(s̄)ds̄+ s/�2

For drifts, quadrupoles, (sextupoles, octupoles) h=0<latexit sha1_base64="GH/qewbUtDOibRx8c4ozbXpv9Rs="></latexit>

R51(s) = (l|x0) = 0

R52(s) = (l|x0
0) = 0

R55(s) = (l|l0) = 1

R56(s) = (l|�) = +s/�2



Lecture 5

4. Transfer matrix

- Drift

<latexit sha1_base64="FmuNn+3TJAbX7cHKjdifAEe38KI="></latexit>

x = x0 + Lx0
0

x0 = x0
0

y = y0 + Ly00
y0 = y00

l = l0 + �0
L
�2

� = �0

136 4 Ionenoptik mit Magneten

Abb. 4.8. Illustration zur Wirkung einer Driftstrecke

4.5.2 Quadrupol

Die Kenngrößen eines Quadrupols sind die effektive Länge L und der Feld-
gradient g = ∂By/∂x = ∂Bx/∂y. Wenn g positiv ist, ist der Quadrupol radial
fokussierend und axial defokussierend. Wenn g negativ ist, ist der Quadrupol
radial defokussierend und axial fokussierend. Der Feldgradient ergibt sich aus
dem Feldwert B0 an der Polspitze und dem Aperturradius a, g = B0/a. Zur
Vereinheitlichung der Gleichung verwenden wir den Betrag des Feldgradienten
|g| und definieren den stets positiven Parameter k,

k =
|g|

(Bρ)0
=

|B0|
a

1
(Bρ)0

. (4.64)

Für einen radial fokussierenden und axial defokussierenden Quadrupol gilt
kx = k und ky = −k und vice versa. Die entsprechenden Transfermatrizen
lauten:

Quadrupol (radial fokussierend und axial defokussierend)

R =





cos
√

kL sin
√

kL√
k

0 0 0 0
−
√

k sin
√

kL cos
√

kL 0 0 0 0
0 0 cosh

√
kL sinh

√
kL√

k
0 0

0 0
√

k sinh
√

kL cosh
√

kL 0 0
0 0 0 0 1 L

γ2

0 0 0 0 0 1





, (4.65)

Quadrupol (radial defokussierend und axial fokussierend)

R =





cosh
√

kL sinh
√

kL√
k

0 0 0 0√
k sinh

√
kL cosh

√
kL 0 0 0 0

0 0 cos
√

kL sin
√

kL√
k

0 0
0 0 −

√
k sin

√
kL cos

√
kL 0 0

0 0 0 0 1 L
γ2

0 0 0 0 0 1





. (4.66)

<latexit sha1_base64="KNju/nY2duBJ+aJNgJMAi++/KF0="></latexit>

Rdrift =

2

6666664

1 L 0 0 0 0
0 1 0 0 0 0
0 0 1 L 0 0
0 0 0 1 0 0
0 0 0 0 1 L/�2

0 0 0 0 0 1

3

7777775
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4. Transfer matrices

- Quadrupole
<latexit sha1_base64="WFDcWxQV2jICMyEA1TlNfY6CQ6I=">AAACEnicbZDLSsNAFIYn9VbjLerSTbAIilgSUXRTKLpxWcFeoAlhMp20QybJODMRQ8gzuPFV3LhQxK0rd76N0zYLrf4w8POdczhzfp9RIqRlfWmVufmFxaXqsr6yura+YWxudUSScoTbKKEJ7/lQYEpi3JZEUtxjHMPIp7jrh5fjevcOc0GS+EZmDLsRHMYkIAhKhTzjIPTuG4dOwCHKh7dFzjyrcBw99LLGUUnZlHpGzapbE5l/jV2aGijV8oxPZ5CgNMKxRBQK0bctJt0cckkQxYXupAIziEI4xH1lYxhh4eaTkwpzT5GBGSRcvViaE/pzIoeREFnkq84IypGYrY3hf7V+KoNzNycxSyWO0XRRkFJTJuY4H3NAOEaSZspAxIn6q4lGUAUhVYq6CsGePfmv6RzX7dO6dX1Sa16UcVTBDtgF+8AGZ6AJrkALtAECD+AJvIBX7VF71t6092lrRStntsEvaR/fS6Od3w==</latexit>

kx = +
gq

p0

ky = �gp

p0

B⇢ =
p

q
Magnetic rigidity

Momentum

Charge

k =
|g|

(B⇢)0
=

B0

a

1

(B⇢)0

Aperture

Field at the pole

Radially focusing and axially defocusing quadrupole: kx = k and ky = �k



Lecture 5

4. Transfer matrix
Radially focusing and axially de-focusing quadrupole: kx = k and ky = �k

R =

2

666666664

cos(
p
kL) sin(

p
kL)p
k

0 0 0 0

�
p
k sin(

p
kL) cos(

p
kL) 0 0 0 0

0 0 cosh(
p
kL) sinh(

p
kL)p

k
0 0

0 0
p
k sinh(

p
kL) cosh(

p
kL) 0 0

0 0 0 0 1 L/�2

0 0 0 0 0 1

3

777777775

Radially de-focusing and axially focusing quadrupole: 

R =

2

666666664

cosh(
p
kL) sinh(

p
kL)p

k
0 0 0 0p

k sinh(
p
kL) cosh(

p
kL) 0 0 0 0

0 0 cos(
p
kL) sin(

p
kL)p
k

0 0

0 0 �
p
k sin(

p
kL) cos(

p
kL) 0 0

0 0 0 0 1 L/�2

0 0 0 0 0 1

3

777777775

kx = �k and ky = k



Lecture 5

4. Transfer matrix
Radially focusing and axially de-focusing quadrupole: kx = k and ky = �k

R =

2

666666664

cos(
p
kL) sin(

p
kL)p
k

0 0 0 0

�
p
k sin(

p
kL) cos(

p
kL) 0 0 0 0

0 0 cosh(
p
kL) sinh(

p
kL)p

k
0 0

0 0
p
k sinh(

p
kL) cosh(

p
kL) 0 0

0 0 0 0 1 L/�2

0 0 0 0 0 1

3

777777775

Radially de-focusing and axially focusing quadrupole: 

R =

2

666666664

cosh(
p
kL) sinh(

p
kL)p

k
0 0 0 0p

k sinh(
p
kL) cosh(

p
kL) 0 0 0 0

0 0 cos(
p
kL) sin(

p
kL)p
k

0 0

0 0 �
p
k sin(

p
kL) cos(

p
kL) 0 0

0 0 0 0 1 L/�2

0 0 0 0 0 1

3

777777775

kx = �k and ky = k

divergent

divergent



Lecture 5

4. Transfer matrix

- Homogeneous dipole (n=0), sektor magnet

Radius of reference orbit
Bending angle
Effective length

⇢0

↵

L

Major parameters

kx =
1

⇢20
, ky = 0, h =

1

⇢0
, ↵ =

L

⇢0

<latexit sha1_base64="ZI8Pvc6ch/NILoK6GMeEeMEik70=">AAACGnicbVDLSsNAFJ3UV42vqEs3wSK4sSRF0Y1QdOOygn1AE8NkOmmHTCZhZiKGkO9w46+4caGIO3Hj3zhts6itBy4czrmXe+/xE0qEtKwfrbK0vLK6Vl3XNza3tneM3b2OiFOOcBvFNOY9HwpMCcNtSSTFvYRjGPkUd/3weux3HzAXJGZ3MkuwG8EhIwFBUCrJM+zQe7x0Ag5Rbp+wInf4KPas+0bhOHroZaU1a3hGzapbE5iLxC5JDZRoecaXM4hRGmEmEYVC9G0rkW4OuSSI4kJ3UoETiEI4xH1FGYywcPPJa4V5pJSBGcRcFZPmRJ2dyGEkRBb5qjOCciTmvbH4n9dPZXDh5oQlqcQMTRcFKTVlbI5zMgeEYyRppghEnKhbTTSCKgyp0tRVCPb8y4uk06jbZ3Xr9rTWvCrjqIIDcAiOgQ3OQRPcgBZoAwSewAt4A+/as/aqfWif09aKVs7sgz/Qvn8BH8ig7A==</latexit>

kx =
1� n

⇢20

ky =
n

⇢20

Axial direction: drift length L = ⇢0↵

Transverse direc?on: par?cles with � = �p/p0 travel on radius ⇢ deviating from ⇢0

) Position (R16) and angle dispersion (R26) 



Lecture 5

4. Transfer matrix

- Homogeneous dipole (n=0), sector magnet

R =

2

6666664

cos(↵) ⇢0 sin(↵) 0 0 0 ⇢0(1� cos(↵))
sin(↵)
⇢0

cos(↵) 0 0 0 sin(↵)
0 0 1 ⇢0↵ 0 0
0 0 0 1 0 0

� sin(↵) �⇢0(1� cos(↵)) 0 0 1 ⇢0
↵
�2 � ⇢0(↵� sin(↵))

0 0 0 0 0 1

3

7777775

dispersion
drift

Orbit (particle traveling on the inner or outter trajectory relative to the
reference orbit) and velocity (velocity spread) effects



Lecture 5

4. Transfer matrix

- Weak-focusing magnet (0<n<1)

Radius of reference orbit
Bending angle
Effective length

⇢0

↵

L

Major parameters

<latexit sha1_base64="ZI8Pvc6ch/NILoK6GMeEeMEik70=">AAACGnicbVDLSsNAFJ3UV42vqEs3wSK4sSRF0Y1QdOOygn1AE8NkOmmHTCZhZiKGkO9w46+4caGIO3Hj3zhts6itBy4czrmXe+/xE0qEtKwfrbK0vLK6Vl3XNza3tneM3b2OiFOOcBvFNOY9HwpMCcNtSSTFvYRjGPkUd/3weux3HzAXJGZ3MkuwG8EhIwFBUCrJM+zQe7x0Ag5Rbp+wInf4KPas+0bhOHroZaU1a3hGzapbE5iLxC5JDZRoecaXM4hRGmEmEYVC9G0rkW4OuSSI4kJ3UoETiEI4xH1FGYywcPPJa4V5pJSBGcRcFZPmRJ2dyGEkRBb5qjOCciTmvbH4n9dPZXDh5oQlqcQMTRcFKTVlbI5zMgeEYyRppghEnKhbTTSCKgyp0tRVCPb8y4uk06jbZ3Xr9rTWvCrjqIIDcAiOgQ3OQRPcgBZoAwSewAt4A+/as/aqfWif09aKVs7sgz/Qvn8BH8ig7A==</latexit>

kx =
1� n

⇢20

ky =
n

⇢20

kx =
1� n

⇢20
, ky =

n

⇢20
, h =

1

⇢0
, ↵ =

L

⇢0

For R51, R52 and R56 characteristic solutions for the longitudinal motion shall be used

Rx =

2

64
cos(
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4. Transfer matrix

- Strong-focusing magnet (|n|>>1)

Radius of reference orbit
Bending angle
Effective length

⇢0

↵

L

Major parameters
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4. Transfer matrix
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5. Edge focusing

Transversal direction

4.5 Die Transfermatrix 139

4.5.6 Kantenfokussierung

Wir wollen den Effekt der Kantenfokussierung bei homogenen Ablenkmagne-
ten analytisch erfassen. Dieser Effekt tritt auf, wenn die Sollbahn im feld-
freien Außenraum nicht senkrecht zur Magnetfeldkante verläuft, sondern ein
endlicher Kantenwinkel β zwischen der x-Achse im Außenraum und der Ma-
gnetfeldkante besteht (siehe Abb. 4.9). Dann sieht der Strahl an der Über-
gangsstelle einen Feldgradienten, der bei einem, wie in Abb. 4.9 angedeutet,
positiven Kantenwinkel axial fokussierend und radial defokussierend wirkt.
Entsprechend wirkt ein negativer Kantenwinkel axial defokussierend und ra-
dial fokussierend. Den Effekt der Kantenfokussierung kann man wie bei einer
dünnen Linse durch eine plötzliche Winkeländerung ∆x′ bzw. ∆y′ beschrei-
ben, die proportional zur Ortsabweichung x0 bzw. y0 ist.

Zur Analyse benutzen wir ein feststehendes kartesisches (x,y,z)-Koordi-
natensystem, dessen z-Achse durch die Richtung der Sollbahn im feldfreien
Außenbereich festliegt, und dessen Nullpunkt durch die effektive Feldkante
fixiert ist (siehe Abb. 4.10). Wir betrachten zunächst die radiale Winkelände-
rung ∆x′. Bei einem Teilchen mit einer positiven Ortsabweichung x0 ist die
Bahn im Dipolfeld um ∆z = x0 tanβ kürzer, was einem positiven Winkel-
kick ∆x′

∆x′ =
∆z

ρ0
=

tanβ
ρ0

x0 (4.74)

entspricht. Die gleiche Überlegung gilt für ein Teilchen mit einer negativen
Ortsabweichung, bei der die Bahn im Dipolfeld entsprechend länger ist und
ein negativer Winkelkick entsteht.

Die axiale Winkeländerung ∆y′ ergibt sich aus der Wirkung der radialen
Feldkomponente Bx, die im Randfeld ungleich null ist. Für ein Teilchen mit
der axialen Ortsabweichung y0 im Bereich der Kante (siehe Abb. 4.10) erhalten
wir

∆y′ =
1

B0ρ0

∫
Bxdz . (4.75)

Der Integrationsweg erstreckt sich von einem beliebigen Punkt B im homo-
genen Innenbereich des Magneten bis zu einem beliebigen Punkt C im feld-
freien Außenbereich. Das Integral ergibt sich aus der folgenden, einfachen,

Abb. 4.9. Ablenkmagnet mit Kantenfokussierung

DerivaXons - Hinterberger

A particle on the orbit inside (outside)  of the
reference orbit spends more (less) time in 
magnetic field.
It receives negative (positive) angle Dx‘ 
relative to the reference particle.

�x0 =
�z

⇢0
=

tan(�)

⇢0
x0

Pathlength difference

Axial direction140 4 Ionenoptik mit Magneten

Abb. 4.10. Illustration zur Kantenfokussierung

geometrischen Betrachtung (siehe Abb. 4.10). Das Koordinatensystem (ξ, ζ)
ist gegenüber dem Koordinatensystem (x, z) um den Winkel β gedreht, die
Koordinate ζ steht damit senkrecht zur Feldkante. Für die Komponente Bx

und das Differenzial dz erhalten wir

Bx =

=0︷︸︸︷
Bξ cosβ + Bζ sinβ = Bζ sinβ ,

dz = dζ/ cosβ .

Die Feldkomponente Bξ parallel zur Feldkante ist vernachlässigbar klein (für
eine längs ξ unendlich ausgedehnte Feldkante exakt gleich null). Wir schreiben
nun das Integral in (4.75) in ein Integral längs der Achse ζ um,

∫
Bxdz =

∫ C

B
Bζ sinβ

dζ
cosβ

= tanβ
∫ C

B
Bζdζ . (4.76)

Wir betrachten nun das in Abb. 4.10 dargestellte geschlossene Wegintegral,
das wegen rotB = 0 gleich null sein muss

∫ B

A
Bdr +

∫ C

B
Bdr +

∫ D

C
Bdr +

∫ A

D
Bdr = 0 ,

B0 y0 +
∫ C

B
Bζdζ + 0 + 0 = 0 .

(4.77)

�y0 = � tan(�e↵)

⇢0
y0

�e↵ ⇡ �

beff takes into account the effect of the
extended fringing-field leading to a slightly
smaller angle change Dy‘ 
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Derivations - Hinterberger
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rung ∆x′. Bei einem Teilchen mit einer positiven Ortsabweichung x0 ist die
Bahn im Dipolfeld um ∆z = x0 tanβ kürzer, was einem positiven Winkel-
kick ∆x′

∆x′ =
∆z

ρ0
=

tanβ
ρ0

x0 (4.74)

entspricht. Die gleiche Überlegung gilt für ein Teilchen mit einer negativen
Ortsabweichung, bei der die Bahn im Dipolfeld entsprechend länger ist und
ein negativer Winkelkick entsteht.
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Der Integrationsweg erstreckt sich von einem beliebigen Punkt B im homo-
genen Innenbereich des Magneten bis zu einem beliebigen Punkt C im feld-
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endlicher Kantenwinkel β zwischen der x-Achse im Außenraum und der Ma-
gnetfeldkante besteht (siehe Abb. 4.9). Dann sieht der Strahl an der Über-
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Summary of the lecture

Curvilinear coordinate system

Transfer / transport / R-matrix

Equation of motion with/without dispersion (Hill equations)
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x00 + kxx = 0

y00 + kyy = 0Solution of equation of motion with/without dispersion

Transfer Matrix for
Drift
Qudrupole magnet
Dipole magnet (sector, weak and strong focusing)

Edge focusing


