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Lecture Dates
https://uebungen.physik.uni-heidelberg.de/vorlesung/20222/1611/lecture

Date Topic
19.10.2022 Introduction and basic definitions
26.10.2022 Accelerating structures
02.11.2022 Accelerator Components
09.11.2022 Optics with magnets (1)
16.11.2022 Optics with magnets (2)
23.11.2022 Equations of motion
30.11.2022 Phase ellipses and magneto-optical system / Transverse beam dynamics
07.12.2022 Transverse beam dynamics, beam stability / Longitudinal beam dynamics
14.12.2023 Phase space and beam cooling (Invitation)
11.01.2023 Space charge and beam-beam dynamics
18.01.2023 Physics at Storage Rings
25.01.2023 Physics at Colliders
01.02.2023 New accelerator technologies
08.02.2023 Student seminar
15.02.2023 reserve
22.02.2023 reserve

Wednesdays, 14:15-16:00
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„Leistungskontrolle“
Accelerator Physics Related Applica2ons

- Particle cancer therapie
- Cosmic rays
- Accelerator Mass Spectrometry

- Accelerator Driven System

- Energy recovery accelerator

- Superheavy elements
- Strongest magnetic field

- Tokamak

- Photon facility

- Isotopes for medicine

- Crystalline beams

WordPress.com
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Summary of the last lecture

2) Production of ion and electron beams 
electron sources
ionization processes

electron-impact ionization
surface ionization
resonant laser ionization

production of highly charged ions
production of radionuclides
production of antiprotons

1) Accelerator types: Synchroton and Betatron 
�E

E
(beam) ⇠ 10�3

Super-EBIT
GSI
ISOLDE

reference particle
betatron oscillations
synchrotron oscillations

Synchrotron principle:

�!

!
= ⌘

�p

p

Separatix
Harmonic number
Buckets
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4 Magnets
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Magnetic fields
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Magnetic Hysteresis
Magnetic hysteresis Iron (Fe):

B  2 T
steel with a few carbon
Small remanence
Small coercivity
Laminated (to reduce Eddy currents)
Coil:
water cooled cupper
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Electromagnets (1)

Coil

„C“ „H“ „Window frame“

1. Dipole magnets – used to bend particle trajectories

Asymmetric
Open-side = 
easy access

Symmetric
Compact
Highest field
homegenity

Compact
Less iron needed to achieve 
fields as in “H“ magnets
+ large apertures possible
- complicated 

Gap

Yoke

for
�B

B
⇠ 10�4

�g

g
 4 µm

if g = 4 cm
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Electromagnets (2)
1. Dipole magnets – used to bend particle trajectories
Static magnetic field

~r⇥ ~H = 0

field

~r⇥ ~B = 0

flux

~B = µ ~H

permeability

I
HdS = H0g +HFelFe = nI

Number of 
windings

µFe >> 1 ) HFe << H0

H0 ⇡ nI

g
) B ⇡ µ0

nI

g

µ0 = 4⇡ · 10�7 Tm

A

Example: nI = 500000A ) B ⇡ 1.57 T
g = 4 cm
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Electromagnets (3)
1. Dipole magnets – used to bend particle trajectories

Problem

B(H) – saturaWon - complicated calculaWons, polynoms of high order
Hysteresis/remanence – reproducibility, stability

Effective length Leff

Le↵ =
1

B0

Z 1

�1
B(s)ds

For dipole: Le↵ ⇡ LFe + 1.3g

(Franging fields)



Lecture 4

Dipole Magnets
H-magnet (BGO-OD experiment)

Imax = 1500 A

g = (1500⇥ 1500) mm2

Z
Bds = 0.9 Tm
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Dipole Magnets
Window frame-magnet (LHCb)
Imax = 5800 A
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Dipole Magnets
C-magnet (ESR)
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Electromagnets (4)
2. Quadrupole magnets– used to focus/defocus the beam

Center: B = 0

~B = �~r�

scalar potential field gradient

�(x, y) = �gxy

g =
@By

@x
=

@Bx

@y
=

B0

a
⇡ 2µ0

nI

a2

flux at the pole tip
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Electromagnets (5)
2. Quadrupole magnets– used to focus/defocus the beam

Lorentz force
~F = q(~v ⇥ ~B)

Fx = �qgx Focusing (y=0)

Fy = qgy Defocusing (x=0)

Like in opWcs
Effective length

Le↵ ⇡ LFe + a
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Quadrupole Magnets

ESRTRIUMF
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Electromagnets (6)
3. Sextupole magnets– used to correct for 
aberations/chromaticity
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Sextupole Magnet

correction of chromaticity

region with dispersion

Φ =−
gs

2 (x2
y−

y
3

3 )
Bx = gs xy

By =
1

2
gs (x

2− y
2)

gs = 6μ
0

n I

a
3

6 - poles

A.Schöning                                                            3                                        Accelerator Physics WS 2015/16

Sextupole Magnet

correction of chromaticity

region with dispersion

Φ =−
gs

2 (x2
y−

y
3

3 )
Bx = gs xy

By =
1

2
gs (x

2− y
2)

gs = 6μ
0

n I

a
3

� = �gs
2

 
x2y � y3

3

!

Bx = gsxy

gs = 6µ0
nI

a3

By =
1

2
gs(x

2 � y2)

Le↵ = LFe +
a

2

Mixes x & y planes
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Sextupole 
magnet
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Further multipoles
Multipole expansion – errors, 

e.g., QP poles are not perfectly hyperbolic, mechanical misalignments, ...
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Superconducting magnets
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Superconducting Magnet

14 µm Niob titanium
wires (<4K) embedded
in copper matrix

HERA Magnet B=5T

~ factor 5 stronger
fields with SC
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Superconducting Magnet

14 µm Niob titanium
wires (<4K) embedded
in copper matrix

HERA Magnet B=5T

~ factor 5 stronger
fields with SC

14 um Nb-Ti wires (< 4 K) 
embedded in Cu matrix

MagneWc fields a factor of 
~5 stronger than normal-
conducWng magnets

B  10 T

g  20
T

m

vs
g  100

T

m

B  2 T

Danfysik-SuperPower-Aarhus University (2012)

• Tapes:
– Length: 2.5 km (18 pieces of tapes from 93 m to 172 m)

– Width: 4 mm

– Thickness: 50 µm Hastelloy + 1.5 µm YBCO + 2 x 20 µm copper

+ 2 x 25 µm epoxy-based insulation layer with heat conducting filler

– Current: Ic > 115 A (5 meter-segments ʹ 77 K)

• Cos-theta-like elliptic distribution

2 racetrack coils x 2

7 saddle coils x 2

magnetic length: 250 mm
aperture diameter: 70 mm

2

Siemens (2008)

• 2 saddle coil for rotating machine:
– « Aperture » diameter: 199 mm

– Straight section length: 200 mm (Total length 610 mm)

– Nb of turns per coil: 310

– Tape Ic @ 77 K and 1µV/cm (s.f.) = 98.3 A

– Coil Ic = 50.8 A

– Inductance of coil pair = 81 mH

– Dipole field @ 30 K and 180 A = 0.342 T

5

• Tapes: Bi-2223/Ag (European High Temperature Conductors)
– Length: 330 m per coil

– Width: 4 mm ?

– Thickness: 300 µm with insulation ?
From: C. Lorin, EuCARD, 2nd Annual Meeting
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Superconducting magnets6,6����3URFXUHPHQW�+LJKOLJKWV

)DVW�UDPSHG����7�V��V�F��GLSROH�PDJQHWV���������������������������������������������
6HULHV�SURGXFWLRQ�VWDUWHG�����PRGXOHV�GHOLYHUHG�

6HULHV�SURGXFWLRQ�RI�EXQFK�FRPSUHVVLRQ�
DQG�DFFHOHUDWLRQ�FDYLWLHV�VWDUWHG��

)LUVW�FU\RJHQLF�E\SDVV�OLQH�ZLWK�LQWHJUDWHG�EXV�
EDU�V\VWHP�VKLSSHG�DQG�WHVWHG

$OO�PDLQ�PDJQHWV��DOO�PDLQ�5I�DQG�DOO�
LQMHFWLRQ�GHYLFHV�XQGHU�FRQWUDFW�������
RI�SURFXUHPHQW�PLOHVWRQHV�DFKLHYHG�����
��RI�6,6����YDOXH�XQGHU�FRQWUDFW�

6,6����V�F��TXDGUXSROH�
XQLWV�SURGXFWLRQ�VWDUWHG�DW�
-,15��)26�XQLWV�
VXFFHVVIXOO\�FROG�WHVWHG
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GLAD Magnet

R3B Collaboration, FAIR
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GLAD Magnet
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Fig. 1. Actively shielded racetrack coils combinations. (A)—cross-section, (B)—view of the straight racetracks similar to [6], (C)—idea of tilted racetracks.

solutions look impractical in spite of the simplicity of circular
coils.
On the other hand, the analysis of circular coils showed that

very good reduction of the fringe field may be achieved with
the active shielding technology. For our future study we fully
accepted the idea of using superconducting magnets with active
shielding for R3B LAS. One of the greatest advantage of active
shielding is that, because of absence of iron, the magnet system
is completely linear in current and could be easily scaled.
To move the current lines closer to the beam line for better

efficiency the classic saddle dipoles with bending of the ends
[4] could be used. In this configuration the shielding dipole with
larger diameter could be put around the main dipole that has
smaller diameter [5].
Our analysis showed that it is possible to provide field inte-

gral 5 Tmwith use of cheap and reliable NbTi superconductor
with reasonable safety margin and overall current density (un-
like it was with circular configuration). Shielding characteristics
of the classical dipoles are excellent in the cross-section. Their
design could be made rather rigid and strong if both dipoles are
mechanically linked. On the other hand it is difficult to achieve
low fringe field in upstream direction for the active shielded
classical dipoles. It appeared that low enough fringe field may
be provided only at long distance from the magnet.

B. Parallel Race Track Coils
After preliminary considerations listed above as a new

technical concept for the R3B spectrometer we accepted:
racetrack coil technology; active shielding technology and
superconducting coils.
The technological requirements for feasibility of R3B LAS

magnet are: peak field on the conductor lower than 7.5 T; en-
gineering current density lower than 80 A/mm and reasonable
magnet size considering the experimental hall environment, i.e.
a magnet length of about 2 meters.
In order to get proper dipole magnetic field in the central

volume of the LAS as well as a zero field value outside of
the magnet, we dispose symmetrical central and side racetrack
coils [6]. In the two-dimensional cross-section as shown in the
Fig. 1(A) we can distinguish an internal dipole constituted by a
circular disposition of “ ” or “ ” conductors, and surrounded
by external “ ” or “ ” conductors that insure the dipolar trans-
verse active shielding.
The nonconventional racetrack solution, that leads to return

currents in the extremity of both symmetrical side coils and cen-
tral coils [Fig. 1(B)], presents the advantage of a good control of
the longitudinal fringe field after adjustment of the coil lengths,

Fig. 2. Field profiles along the beam for nongraded and graded tilted
racetracks. Tilted graded trapezoidal racetracks provide better field uniformity.

as it was shown by further computations. This is due to the prox-
imity of the return current coil sections to the magnet axis. An-
other advantage for superconducting magnets is the simplicity
of the flat “racetrack” mechanical design. Thus the coil winding
will be simpler and easier than the saddle coils of the classical
dipole design.

C. Tilted Racetrack Coils
The parallel configuration [Fig. 1(A) and (B)] did not allow

getting simultaneously the right values for field integral (i.e.,
bending power) and peak field on the conductor respecting in
the same time the beam size. So we decided to test at this stage
the new idea of tilting the coils. Indeed, it is possible to put
the coils nearer to the geometrical acceptance in applying them
a vertical or horizontal tilt angles as shown in Fig. 1(C). The
results demonstrated better solution than above, but not com-
pletely. The positive points are: a good value for the field inte-
gral along the beam axis, generally good reducing of the fringe
field both transversally and longitudinally and sharp edge at the
entrance and exit face of the magnetic field map.
But there were some disadvantages, such as field distribution

along the axis, with a higher value in the first part of the spec-
trometer as shown in Fig. 2. That leads to hitting the coils by the
proton beam.

D. Tilted Racetrack Coils With Current Grading
In order to get a flat profile of the magnetic field, the novel

idea is to grade the ampere-turns along the beam axis. The cen-

Authorized licensed use limited to: Geselleschaft Fuer Schwerionen-Forschung mbh. Downloaded on November 09,2022 at 07:55:16 UTC from IEEE Xplore.  Restrictions apply. 
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Fig. 1. Actively shielded racetrack coils combinations. (A)—cross-section, (B)—view of the straight racetracks similar to [6], (C)—idea of tilted racetracks.

solutions look impractical in spite of the simplicity of circular
coils.
On the other hand, the analysis of circular coils showed that

very good reduction of the fringe field may be achieved with
the active shielding technology. For our future study we fully
accepted the idea of using superconducting magnets with active
shielding for R3B LAS. One of the greatest advantage of active
shielding is that, because of absence of iron, the magnet system
is completely linear in current and could be easily scaled.
To move the current lines closer to the beam line for better

efficiency the classic saddle dipoles with bending of the ends
[4] could be used. In this configuration the shielding dipole with
larger diameter could be put around the main dipole that has
smaller diameter [5].
Our analysis showed that it is possible to provide field inte-

gral 5 Tmwith use of cheap and reliable NbTi superconductor
with reasonable safety margin and overall current density (un-
like it was with circular configuration). Shielding characteristics
of the classical dipoles are excellent in the cross-section. Their
design could be made rather rigid and strong if both dipoles are
mechanically linked. On the other hand it is difficult to achieve
low fringe field in upstream direction for the active shielded
classical dipoles. It appeared that low enough fringe field may
be provided only at long distance from the magnet.

B. Parallel Race Track Coils
After preliminary considerations listed above as a new

technical concept for the R3B spectrometer we accepted:
racetrack coil technology; active shielding technology and
superconducting coils.
The technological requirements for feasibility of R3B LAS

magnet are: peak field on the conductor lower than 7.5 T; en-
gineering current density lower than 80 A/mm and reasonable
magnet size considering the experimental hall environment, i.e.
a magnet length of about 2 meters.
In order to get proper dipole magnetic field in the central

volume of the LAS as well as a zero field value outside of
the magnet, we dispose symmetrical central and side racetrack
coils [6]. In the two-dimensional cross-section as shown in the
Fig. 1(A) we can distinguish an internal dipole constituted by a
circular disposition of “ ” or “ ” conductors, and surrounded
by external “ ” or “ ” conductors that insure the dipolar trans-
verse active shielding.
The nonconventional racetrack solution, that leads to return

currents in the extremity of both symmetrical side coils and cen-
tral coils [Fig. 1(B)], presents the advantage of a good control of
the longitudinal fringe field after adjustment of the coil lengths,

Fig. 2. Field profiles along the beam for nongraded and graded tilted
racetracks. Tilted graded trapezoidal racetracks provide better field uniformity.

as it was shown by further computations. This is due to the prox-
imity of the return current coil sections to the magnet axis. An-
other advantage for superconducting magnets is the simplicity
of the flat “racetrack” mechanical design. Thus the coil winding
will be simpler and easier than the saddle coils of the classical
dipole design.

C. Tilted Racetrack Coils
The parallel configuration [Fig. 1(A) and (B)] did not allow

getting simultaneously the right values for field integral (i.e.,
bending power) and peak field on the conductor respecting in
the same time the beam size. So we decided to test at this stage
the new idea of tilting the coils. Indeed, it is possible to put
the coils nearer to the geometrical acceptance in applying them
a vertical or horizontal tilt angles as shown in Fig. 1(C). The
results demonstrated better solution than above, but not com-
pletely. The positive points are: a good value for the field inte-
gral along the beam axis, generally good reducing of the fringe
field both transversally and longitudinally and sharp edge at the
entrance and exit face of the magnetic field map.
But there were some disadvantages, such as field distribution

along the axis, with a higher value in the first part of the spec-
trometer as shown in Fig. 2. That leads to hitting the coils by the
proton beam.

D. Tilted Racetrack Coils With Current Grading
In order to get a flat profile of the magnetic field, the novel

idea is to grade the ampere-turns along the beam axis. The cen-
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Fig. 3. View of the TIGRA TRACE (Tilted and Graded Trapezoidal
Racetracks Coils) with the beam trajectories shown.

tral racetrack coil should be graded by the thickness and the side
coil should be graded by the height (see Fig. 3).
Themajor advantage of this design is that the magnet winding

follows in a better way the requested acceptance. Simultane-
ously, it permits to reduce the size of the magnet and minimize
its stored energy.

E. 2D-Optimization and Trapezoidal Shape
To insure the same bending power for the various charged

particles on their different trajectories, we have to build an ho-
mogeneous magnetic field map in the cross-section of the useful
acceptance volume. This allows the better control of the trajec-
tories of particles. This also simplifies the trajectory reconstruc-
tion by use of spectrometry technique.
We performed a two-dimensional analysis of the magnet con-

figuration, at the entrance as well as at the exit cross-section of
the magnet, in terms of size, shape and place of the coils. Our
goals were to create homogeneous transverse field profile in the
central plane of the useful cross-section along with decrease to
the minimum the fringe field outside the magnet. We also like to
obtain the lowest possible and reasonable level of peak field on
the conductor. This led us to the third idea of a trapezoidal shape
of coils simultaneously with tilting and grading of racetracks.

F. TIGRA TRACE (Tilted and Graded Trapezoidal Racetrack
Coils)
The previous analysis led us to the final R3B LAS magnet

design shown in Fig. 3 along with calculated beams configura-
tions. This design provides the best acceptance for the beams by
the coils.
The difficulties and drawbacks of designs considered above

seems to allow no alternative solution to the present TIGRA
TRACE superconducting magnet design as it really appears to
be the “ad hoc” optimized magnet. The field profile shown in
Fig. 2 demonstrates good uniformity along beam trajectory and
therefore good and smooth bending of all beams. The fringe
field is well enough suppressed at the distance 1 m as it is
shown in Fig. 4. The major advantages of the “air core magnet”
are the complete knowledge of the field in full 3-D and perfect

Fig. 4. Field profile for TIGRA TRACE magnet. Outside the colored area
magnetic field is less than 20 mT.

linearity with the current, so that the particle trajectories recon-
struction is easy.

IV. MECHANICAL DESIGN AND COOLING

The R3B LAS superconducting magnet has large sizes, high
magnetic field on the windings and needs relatively high engi-
neering current density. This makes forces in the magnet very
large. Preliminary estimations provided the value 100–300
tons per meter. Therefore, special attention should be paid to
the mechanical design.
Fortunately, the racetrack technology permits to provide

simple and reliable mechanical support structure. Similar
approach was used for ATLAS coils [7] where winding was
embedded in a thick aluminum case. Successful test of B-0
ATLAS prototype confirmed that this approach may be used
for R3B LAS superconducting magnet.
The coil casing will be made of two blocks of aluminum alloy

machined to receive the windings. Thick covers are foreseen to
close the cold mass. This coil casing will be computed to keep
the forces between the different coils with limited deformation
and under acceptable stresses.
The coil casing will be equipped with an aluminum pipe for

indirect helium cooling. This pipe will be glued continuously
andmechanically fixed in special locations. The indirect cooling
will be performed by the thermosiphon technique that was well
studied on the small ATLASmodel coils [8]. The final assembly
of the R3B LAS is shown in Fig. 5.

V. SUPERCONDUCTOR AND QUENCH PROTECTION

The preliminary estimations of the stored energy in the final
magnet design of the R3B magnet shown in Fig. 3 gave us the
stored energy magnitude 20–24 MJ. Engineering current den-
sity 80 A/mm is determined by the magnet design. To provide
this current density in the racetracks cross-sections given super-
conducting filling coefficient must be 25% or non-Sc : Sc ratio
3 : 1.

Authorized licensed use limited to: Geselleschaft Fuer Schwerionen-Forschung mbh. Downloaded on November 09,2022 at 07:55:16 UTC from IEEE Xplore.  Restrictions apply. 
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Summary of the last lecture

2) Production of ion and electron beams 
electron sources
ionization processes

electron-impact ionization
surface ionization
resonant laser ionization

production of highly charged ions
production of radionuclides
production of antiprotons

1) Accelerator types: Synchroton and Betatron 
�E

E
(beam) ⇠ 10�3

Super-EBIT
GSI
ISOLDE

reference particle
betatron oscillations
synchrotron oscillations

Synchrotron principle:

�!

!
= ⌘

�p

p

Separa[x
Harmonic number
Buckets

3) Magents
dipole magnets
quadrupole magnets (QP)
sextupole magnets 

superconducting magnets
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Ion optics

Linear approximation:
x and y planes can be treated independently

This means that only drift, dipole and quadrupole
magnets are considered

No aberrations, no sextupole and higher-order magnets
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1. Coordinate system

Various definitions exist ! (we adobt here the one from Hinterberger)

Curvilinear system

118 4 Ionenoptik mit Magneten

von Systemen mit unterschiedlichen magnetischen Mittelebenen stets durch
eine entsprechende Rotation des Koordinatensystems zwischen den Systemen
möglich ist. Die zentrale Bahn liegt naturgemäß in der magnetischen Mittele-
bene.

Die momentane Position eines einzelnen Teilchens wird mithilfe eines
ebenen (x, y)-Koordinatensystems beschrieben, das sich entsprechend der
Geschwindigkeit des Teilchens entlang der zentralen Bahn bewegt (siehe
Abb. 4.1). Der Nullpunkt und die Richtung dieses mitbewegten (x, y)-Koordi-
natensystems ist durch die zentrale Bahn festgelegt. Die x-y Ebene ist die soge-
nannte Normalebene zur zentralen Bahn, d. h. die auf der x-y Ebene senkrecht
stehende s-Achse mit dem Einheitsvektor us ist durch den Tangentenvektor
der zentralen Bahn festgelegt. Die x-Achse mit dem Einheitsvektor ux liegt
in der magnetischen Mittelebene und zeigt in Strahlrichtung gesehen nach
links, d. h. bei einer positiven Krümmung der zentralen Bahn in Richtung des
lokalen Krümmungsradius ρ0, wie in Abb. 4.1 angedeutet. Die y-Achse mit
dem Einheitsvektor uy steht senkrecht auf der magnetischen Mittelebene. In
der Differenzialgeometrie werden die Vektoren ux und uy Hauptnormalen-
und Binormalenvektor genannt. Der längs der Sollbahn zurückgelegte Weg s
legt die momentane Position des mitbewegten Koordinatensystems fest. Hier-
bei ist s die Wegstrecke, die von einem beliebigen aber festen Startpunkt O
aus gerechnet wird. Durch die Angabe der Wegstrecke s und der Koordina-
ten (x, y) ist die momentane Position eines einzelnen Teilchens festgelegt. Zur
Beschreibung der Bahnkurve eines Teilchens genügt die Kenntnis des funktio-
nalen Zusammenhangs zwischen (x, y) und s, d. h. die Funktionen x(s) und
y(s) beschreiben die Bahn eines Teilchens relativ zur Sollbahn r0(s)

r(s) = r0(s) + x(s)ux(s) + y(s)uy(s) . (4.1)

Die Größen x bzw. y werden radiale bzw. axiale Ortsabweichung genannt. Bei
großen Strahlführungssystemen und Kreisbeschleunigern ist die magnetische

Abb. 4.1. Standardkoordinatensystem (x, y, s)
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~y

<latexit sha1_base64="barkMNr1rPjNdNz1WhBL/AohQW0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUDbbSbt0swm7m2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WjmSToR3QgecgZNVZqdcfIsqdpr1xxq+4cZJV4OalAjnqv/NXtxyyNUBomqNYdz02Mn1FlOBM4LXVTjQllIzrAjqWSRqj9bH7ulJxZpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3vgZl0lqULLFojAVxMRk9jvpc4XMiIkllClubyVsSBVlxiZUsiF4yy+vkuZF1buqug+XldptHkcRTuAUzsGDa6jBPdShAQxG8Ayv8OYkzovz7nwsWgtOPnMMf+B8/gCzNY/O</latexit>

~x
- parWcle direcWon

- bending plane

- upwards
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118 4 Ionenoptik mit Magneten

von Systemen mit unterschiedlichen magnetischen Mittelebenen stets durch
eine entsprechende Rotation des Koordinatensystems zwischen den Systemen
möglich ist. Die zentrale Bahn liegt naturgemäß in der magnetischen Mittele-
bene.

Die momentane Position eines einzelnen Teilchens wird mithilfe eines
ebenen (x, y)-Koordinatensystems beschrieben, das sich entsprechend der
Geschwindigkeit des Teilchens entlang der zentralen Bahn bewegt (siehe
Abb. 4.1). Der Nullpunkt und die Richtung dieses mitbewegten (x, y)-Koordi-
natensystems ist durch die zentrale Bahn festgelegt. Die x-y Ebene ist die soge-
nannte Normalebene zur zentralen Bahn, d. h. die auf der x-y Ebene senkrecht
stehende s-Achse mit dem Einheitsvektor us ist durch den Tangentenvektor
der zentralen Bahn festgelegt. Die x-Achse mit dem Einheitsvektor ux liegt
in der magnetischen Mittelebene und zeigt in Strahlrichtung gesehen nach
links, d. h. bei einer positiven Krümmung der zentralen Bahn in Richtung des
lokalen Krümmungsradius ρ0, wie in Abb. 4.1 angedeutet. Die y-Achse mit
dem Einheitsvektor uy steht senkrecht auf der magnetischen Mittelebene. In
der Differenzialgeometrie werden die Vektoren ux und uy Hauptnormalen-
und Binormalenvektor genannt. Der längs der Sollbahn zurückgelegte Weg s
legt die momentane Position des mitbewegten Koordinatensystems fest. Hier-
bei ist s die Wegstrecke, die von einem beliebigen aber festen Startpunkt O
aus gerechnet wird. Durch die Angabe der Wegstrecke s und der Koordina-
ten (x, y) ist die momentane Position eines einzelnen Teilchens festgelegt. Zur
Beschreibung der Bahnkurve eines Teilchens genügt die Kenntnis des funktio-
nalen Zusammenhangs zwischen (x, y) und s, d. h. die Funktionen x(s) und
y(s) beschreiben die Bahn eines Teilchens relativ zur Sollbahn r0(s)

r(s) = r0(s) + x(s)ux(s) + y(s)uy(s) . (4.1)

Die Größen x bzw. y werden radiale bzw. axiale Ortsabweichung genannt. Bei
großen Strahlführungssystemen und Kreisbeschleunigern ist die magnetische

Abb. 4.1. Standardkoordinatensystem (x, y, s)

Coordinate system is defined on the reference/nominal/Sollbahn
trajectory!

<latexit sha1_base64="VGTidI2g2X8qcDWxUY1pZG3gO7A=">AAACHHicbZDLSsNAFIYnXmu9RV26GSxCRSiJF3QjFN24rGAv0IYwmU7boZNJmJmUhtAHceOruHGhiBsXgm/jJA2orQdm+Oc753Dm/F7IqFSW9WUsLC4tr6wW1orrG5tb2+bObkMGkcCkjgMWiJaHJGGUk7qiipFWKAjyPUaa3vAmzTdHREga8HsVh8TxUZ/THsVIaeSap6Isj646I4IT4VoT/Tge6ysDkTvOQPwD4hS4ZsmqWF nAeWHnogTyqLnmR6cb4MgnXGGGpGzbVqicBAlFMSOTYieSJER4iPqkrSVHPpFOki03gYeadGEvEPpwBTP6uyNBvpSx7+lKH6mBnM2l8L9cO1K9SyehPIwU4Xg6qBcxqAKYOgW7VBCsWKwFwoLqv0I8QAJhpf0sahPs2ZXnReOkYp9XrLuzUvU6t6MA9sEBKAMbXIAquAU1UAcYPIAn8AJejUfj2Xgz3qelC0beswf+hPH5DbqQoIs=</latexit>

r(s) = ~r0(s) + x(s) ~ux(s) + y(s) ~uy(s)
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- metric
<latexit sha1_base64="Ajlz13pAYjBdcuBIhCeLQyWWO3g=">AAACG3icbZDLSsNAFIYnXmu9RV26GSxCpVCSouhGKLpxWcFeoA1hMpm2QycXZialIeQ93Pgqblwo4kpw4ds4TaNo64FhPv7/HGbO74SMCmkYn9rS8srq2npho7i5tb2zq+/tt0QQcUyaOGAB7zhIEEZ90pRUMtIJOUGew0jbGV1P/faYcEED/07GIbE8NPBpn2IklWTrNbc3Jjjh6WV2R6k9cSeVb47d+IdF2awMJyeusPWSUTWygotg5lACeTVs/b3nBjjyiC8xQ0J0TSOUVoK4pJiRtNiLBAkRHqEB6Sr0kUeElWS7pfBYKS7sB1wdX8JM/T2RIE+I2HNUp4fkUMx7U/E/rxvJ/oWVUD+MJPHx7KF+xKAM4DQo6FJOsGSxAoQ5VX+FeIg4wlLFWVQhmPMrL0KrVjXPqsbtaal+lcdRAIfgCJSBCc5BHdyABmgCDO7BI3gGL9qD9qS9am+z1iUtnzkAf0r7+AKOWqJR</latexit>

d~r = ~uxdx+ ~uydy + ~us(1 + hx)ds
<latexit sha1_base64="xf/QlPUU1iGXP6d72FqThauYWX8=">AAAB+3icbVBNS8NAEJ34WetXrUcvwSJ4KokoehGKXjxWsB/QhLDZbpqlm92wuxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzwpRRpR3n21pZXVvf2KxsVbd3dvf2awf1rhKZxKSDBROyHyJFGOWko6lmpJ9KgpKQkV44vp36vUciFRX8QU9S4idoxGlEMdJGCmr1+NqLJMK5W+SejEXgFEGt4TSdGexl4pakASXaQe3LGwqcJYRrzJBSA9dJtZ8jqSlmpKh6mSIpwmM0IgNDOUqI8vPZ7YV9YpShHQlpimt7pv6eyFGi1CQJTWeCdKwWvan4nzfIdHTl55SnmSYczxdFGbO1sKdB2EMqCdZsYgjCkppbbRwjE4U2cVVNCO7iy8uke9Z0L5rO/XmjdVPGUYEjOIZTcOESWnAHbegAhid4hld4swrrxXq3PuatK1Y5cwh/YH3+AN/MlFU=</latexit>

h =
1

⇢0 Curvature of nominal trajectory

<latexit sha1_base64="qkC9ihSjVoEoVXM7BVLiNeqQhCQ="></latexit>

h(s) =
1

⇢0(s)
=

q

p0
By(x = 0, y = 0, s) =

q

p0
Bo(s)

Momentum of reference particle

Charge of reference particle
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- Deviation of a particle in 3 dimensions

Early particle

<latexit sha1_base64="owgizBECqW0kszvVyopU8jgtvlk=">AAACB3icbZDLSsNAFIYnXmu9RV0KMlgEF1ISUXRZ1IXLCvYCbSiT6aQdOpmEmRMxlrpy46u4caGIW1/BnW/jtA2orT8MfPznHM6c348F1+A4X9bM7Nz8wmJuKb+8srq2bm9sVnWUKMoqNBKRqvtEM8ElqwAHweqxYiT0Bav5vfNhvXbDlOaRvIY0Zl5IOpIHnBIwVsveaV4wAQTfHuD7DNMfvGvZBafojISnwc2ggDKVW/Znsx3RJGQSqCBaN1wnBq9PFHAq2CDfTDSLCe2RDmsYlCRk2uuP7hjgPeO0cRAp8yTgkft7ok9CrdPQN50hga6erA3N/2qNBIJTr89lnACTdLwoSASGCA9DwW2uGAWRGiBUcfNXTLtEEQomurwJwZ08eRqqh0X3uOhcHRVKZ1kcObSNdtE+ctEJKqFLVEYVRNEDekIv6NV6tJ6tN+t93DpjZTNb6I+sj2/ikZgM</latexit>

�x, �y, �z

<latexit sha1_base64="zysJO2K1maRSCWrvn4723rSP/SM=">AAACDXicbVC7SgNBFL0bXzG+Vi1tBqNgIWFXFC2DWlhGMA9IlmV2MpsMmX0wMyuuIX6Ajb9iY6GIrb2df+MkWSQmHhg495x7uXOPF3MmlWV9G7m5+YXFpfxyYWV1bX3D3NyqySgRhFZJxCPR8LCknIW0qpjitBELigOP07rXuxj69VsqJIvCG5XG1AlwJ2Q+I1hpyTX3WpeUK4xi9+4QPfwW6WRx75pFq2SNgGaJnZEiZKi45lerHZEkoKEiHEvZtK1YOX0sFCOcDgqtRNIYkx7u0KamIQ6odPqjawZoXytt5EdCv1ChkTo50ceBlGng6c4Aq66c9obif14zUf6Z02dhnCgakvEiP+FIRWgYDWozQYniqSaYCKb/ikgXC0yUDrCgQ7CnT54ltaOSfVKyro+L5fMsjjzswC4cgA2nUIYrqEAVCDzCM7zCm/FkvBjvxse4NWdkM9vwB8bnD7c4mrU=</latexit>

�px, �py, �pz

- in space

- in momentum
6 parameters

<latexit sha1_base64="rF53WesD4ldhKXhK1b8KEU+rplA=">AAACFXicbVDLSgMxFM34rPU16tJNsAguSpkRRRcuirpwWcE+oB2GTJppQzOZkGTEsdSPcOOvuHGhiFvBnX9j2g5SW08InHvOvST3BIJRpR3n25qbX1hcWs6t5FfX1jc27a3tmooTiUkVxyyWjQApwignVU01Iw0hCYoCRupB72Lo12+JVDTmNzoVxItQh9OQYqSN5NvF1iVhGkHh3xXhw2+RThb38Mwc4Tu+XXBKzghwlrgZKYAMFd/+arVjnESEa8yQUk3XEdrrI6kpZmSQbyWKCIR7qEOahnIUEeX1R1sN4L5R2jCMpblcw5E6OdFHkVJpFJjOCOmumvaG4n9eM9HhqdenXCSacDx+KEwY1DEcRgTbVBKsWWoIwpKav0LcRRJhbYLMmxDc6ZVnSe2w5B6XnOujQvk8iyMHdsEeOAAuOAFlcAUqoAoweATP4BW8WU/Wi/VufYxb56xsZgf8gfX5AxZGnNw=</latexit>

�px, �py, �pz << p0
<latexit sha1_base64="ikjXLVoQlTidjjT+qGyPllfilZI="></latexit>

x0 =
dx

ds
=

�px
p0

, y0 =
dy

ds
=

�py
p0

, l = �v0(t� t0)

<latexit sha1_base64="qD+5wsm4VjdfST1OWPgzReWQcxE=">AAAB/nicbVDLSgNBEJyNrxhfq+LJy2AQPIVZUfQgEvTiMYp5QLIss5PZZMjsg5leJSwBf8WLB0W8+h3e/BsnyR40saChqOqmu8tPpNBAyLdVWFhcWl4prpbW1jc2t+ztnYaOU8V4ncUyVi2fai5FxOsgQPJWojgNfcmb/uB67DcfuNIiju5hmHA3pL1IBIJRMJJn78EFeAR37kSvD1Sp+BHLS+LZZVIhE+B54uSkjHLUPPur041ZGvIImKRatx2SgJtRBYJJPip1Us0Tyga0x9uGRjTk2s0m54/woVG6OIiVqQjwRP09kdFQ62Hom86QQl/PemPxP6+dQnDuZiJKUuARmy4KUokhxuMscFcozkAODaFMCXMrZn2qKAOTWMmE4My+PE8axxXntEJuT8rVqzyOItpHB+gIOegMVdENqqE6YihDz+gVvVlP1ov1bn1MWwtWPrOL/sD6/AHwWZTT</latexit>

t < t0 ) l > 0<latexit sha1_base64="JNIg516+0iA9SLKuHQNs8OfYXCI=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCG0siim6EohuXFewDmhAmk0k7dDIZZiZCCXXjr7hxoYhb/8Kdf+OkzUJbD9zL4Zx7mbknFIwq7Tjf1sLi0vLKamWtur6xubVt7+y2VZpJTFo4ZanshkgRRjlpaaoZ6QpJUBIy0gmHN4XfeSBS0ZTf65EgfoL6nMYUI22kwN73IsI0uvJiiXAuTkTgjPOiBXbNqTsTwHnilqQGSjQD+8uLUpwlhGvMkFI91xHaz5HUFDMyrnqZIgLhIeqTnqEcJUT5+eSCMTwySgTjVJriGk7U3xs5SpQaJaGZTJAeqFmvEP/zepmOL/2ccpFpwvH0oThjUKewiANGVBKs2cgQhCU1f4V4gEwW2oRWNSG4syfPk/Zp3T2vO3dntcZ1GUcFHIBDcAxccAEa4BY0QQtg8AiewSt4s56sF+vd+piOLljlzh74A+vzB0U8lsU=</latexit>

� =
p� p0
p0

- momentum deviation
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- Deviation of a particle in 3 dimensions

Relative coordinates of each particle can be described with a six-dimensional vector
<latexit sha1_base64="GSPsj/3wWLt16aQAalYgZZVY8fw="></latexit>

x(s) =

0

BBBBBB@

x
x0

y
y0

l
�

1

CCCCCCA
=

0

BBBBBB@

radial orbit deviation
radial direction deviation

axial orbit deviation
axial direction deviation
longitudinal deviation

longitudinal momentum deviation

1

CCCCCCA

<latexit sha1_base64="FxhzoJH8s8PoiCTeUN0j5OM5iDk=">AAACAnicdVDLSgMxFM34rPU16krcBIvoopSkqG13RTcuK9gHtKVkMmkbmnmQZKRlaN34K25cKOLWr3Dn35hpK6joIeEezrmX5B4nFFxphD6shcWl5ZXV1Fp6fWNza9ve2a2pIJKUVWkgAtlwiGKC+6yquRasEUpGPEewujO4TPz6LZOKB/6NHoWs7ZGez7ucEm2kjr0/zE6Gx9nJyBxTRHbScpnQBIqOnUE5hBDGGCYEF86RIaVSMY+LECeWQQbMUenY7y03oJHHfE0FUaqJUajbMZGaU8HG6VakWEjogPRY01CfeEy14+kKY3hkFBd2A2mur+FU/T4RE0+pkeeYTo/ovvrtJeJfXjPS3WI75n4YaebT2UPdSEAdwCQP6HLJqBYjQwiV3PwV0j6RhGqTWtqE8LUp/J/U8jl8lkPXp5nyxTyOFDgAh+AEYFAAZXAFKqAKKLgDD+AJPFv31qP1Yr3OWhes+cwe+AHr7RNNY5a/</latexit>

x, x0, y, y0, l, �lSince are small units are [mm], [mrad], [promil] 
<latexit sha1_base64="kPdISfAsLr0WaNCoYpKLaezo2+A=">AAAB8nicdVBNSwMxEM36WetX1aOXYBE8laSobW9FLx6r2A9oS8mm2TY0u1mSWaWU/gwvHhTx6q/x5r8x21ZQ0QcDj/dmmJnnx0paIOTDW1peWV1bz2xkN7e2d3Zze/sNqxPDRZ1rpU3LZ1YoGYk6SFCiFRvBQl+Jpj+6TP3mnTBW6ugWxrHohmwQyUByBk5qd27kYAjMGH3fy+VJgRBCKcUpoaVz4kilUi7SMqap5ZBHC9R6ufdOX/MkFBFwxaxtUxJDd8IMSK7ENNtJrIgZH7GBaDsasVDY7mR28hQfO6WPA21cRYBn6veJCQutHYe+6wwZDO1vLxX/8toJBOXuREZxAiLi80VBojBonP6P+9IIDmrsCONGulsxHzLDOLiUsi6Er0/x/6RRLNCzArk+zVcvFnFk0CE6QieIohKqoitUQ3XEkUYP6Ak9e+A9ei/e67x1yVvMHKAf8N4+Ad9jkac=</latexit>)

<latexit sha1_base64="i+pBrmfacGN1Xyo5cjlAaUNyOls=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiuKozouhGKLpxWcFeoB1KJpNpQ5PMkGSEMoxrN76KGxeKuPUF3Pk2pu0UtPWHwJf/nENyfj9mVGnH+bYKS8srq2vF9dLG5tb2jr2711RRIjFp4IhFsu0jRRgVpKGpZqQdS4K4z0jLH16P6617IhWNxJ0excTjqC9oSDHSxurZZfch7UoOuURBdjm78Ox4hhns2RWn6kwEF8HNoQJy1Xv2VzeIcMKJ0JghpTquE2svRVJTzEhW6iaKxAgPUZ90DArEifLSyS4ZPDROAMNImiM0nLi/J1LElRpx33RypAdqvjY2/6t1Eh1eeCkVcaKJwNOHwoRBHcFxMDCgkmDNRgYQltT8FeIBkghrE1/JhODOr7wIzZOqe1Z1bk8rtas8jiI4AGVwBFxwDmrgBtRBA2DwCJ7BK3iznqwX6936mLYWrHxmH/yR9fkDMfeagA==</latexit>

1 mrad = 1 mm/1 m


