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Abstract

In this report we review the important progress made in recent years towards understanding the experimen-
tal data on ultra-high-energy (E & 109 GeV) cosmic rays. We begin with a general survey of the available
data, including a description of the energy spectrum, the nuclear composition, and the distribution of arrival
directions. At this point we also give a synopsis of experimental techniques. After that, we introduce the
fundamentals of cosmic ray acceleration and energy loss during propagation, with a view of discussing the
conjectured nearby sources. Next, we survey the state of the art regarding the high- and ultra-high-energy
cosmic neutrinos which may be produced in association with the observed cosmic rays. These neutrinos
could constitute key messengers identifying currently unknown cosmic accelerators, possibly in the distant
universe, because their propagation is not influenced by background photon or magnetic fields. Subse-
quently, we summarize the phenomenology of cosmic ray air showers. We describe the hadronic interaction
models used to extrapolate results from collider data to ultra-high energies and the main electromagnetic
processes that govern the longitudinal shower evolution. Armed with these two principal shower ingredients
and motivation from the underlying physics, we describe the different methods proposed to distinguish the
primary particle species. In the end, we explore how ultra-high-energy cosmic rays can be used as probes of
beyond standard model physics models.
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1. Introduction

For biological reasons our perception of the Universe is based on the observation of photons, most
trivially by staring at the night-sky with our bare eyes. Conventional astronomy covers many orders of
magnitude in photon wavelengths, from 105 cm radio-waves to 10−16 cm gamma-rays of TeV energy. This
70 octave span in photon frequency allows for a dramatic expansion of our observational capacity beyond
the approximately one octave perceivable by the human eye. Photons are not, however, the only messengers
of astrophysical processes; we can also observe baryonic cosmic rays, neutrinos, and gravitons (glaring as
gravitational waves). On 2017 August 17, the Advanced LIGO and Advanced Virgo gravitational-wave
detectors made their first observation of a binary neutron star merger, with subsequent identification of
transient counterparts across the entire electromagnetic spectrum [1]. On 2017 September 22, the blazar TXS
0506+056 was observed simultaneously in neutrinos and photons [2]. These unprecedented observations
have been hailed as the dawn of a new multi-frequency and multi-messenger era in astronomy.

Baryon astronomy may be feasible for neutral particles or possibly charged particles with energies high
enough to render their trajectories magnetically rigid. Indeed, on 2018 January 18, the Pierre Auger Collab-
oration reported an indication of a possible correlation between nearby starburst galaxies and cosmic rays of
energy > 1010.6GeV, with an a posteriori chance probability in an isotropic cosmic ray sky of 4.2 × 10−5,
corresponding to a 1-sided Gaussian significance of 4σ [3]. Should Mother Nature be so cooperative, the
emission of extremely high energetic particles by starburst galaxies (predicted in the late ’90s [4]) would
become the first statistically ironclad observation of point sources in cosmic rays. Although there may be
some residual skepticism in the broader community about the extreme-energy cosmic ray-starburst connec-
tion, we expect that the very new data and arguments – which we will summarize and clarify in this article
– should soon dispel that skepticism.

The history of cosmic ray studies has witnessed many discoveries central to the progress of high-energy
physics, from the watershed identification of new elementary particles in the early days, to the confirmation
of long-suspected neutrino oscillations. A major recent achievement is establishing the suppression of the
spectrum at the highest energies [5–7], which may be the long-sought Greisen, Zatzepin, and Kuzmin (GZK)
cutoff [8, 9]. The GZK effect is a remarkable example of the profound links between different regimes of
physics, connecting as it does the behavior of the rarest, highest-energy particles in the Cosmos to the
existence of Nature’s most abundant particles – the low energy photons in the relic microwave radiation of
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the Big Bang – while simultaneously demanding the validity of Special Relativity over a mind-boggling
range of scales. Ultra-high-energy (E & 109 GeV) cosmic rays (UHECRs) are the only particles with
energies exceeding those available at terrestrial accelerators. These UHECRs carry about seven orders
of magnitude more energy than the beam of the large hadron collider (LHC). Hence, with UHECRs one
can conduct particle physics measurements in the center-of-mass (c.m.) frame up to about one order of
magnitude higher than the LHC energy reach.

In this review we concentrate on the physics of UHECRs focusing tightly on the interface between
experiment and phenomenology. The layout is as follows. We begin in Sec. 2 with a brief summary of
the most recent observations; guidance is given in the appendices to statistical formulae and significance
tests referred to in the main text. In Sec. 3 we discuss the physics and astrophysics associated with the
search for the UHECR origin. We first summarize the main acceleration mechanisms and then discuss the
energy loss during propagation in the intergalactic space and in the source environment. Subsequently, we
evaluate the multi-messenger relations connecting neutrino, gamma ray, and UHECR observations. In Sec. 4
we focus attention on the general properties and techniques for modeling extensive air showers initiated
when UHECRs interact in the atmosphere. In Sec. 5 we examine how UHECRs can be used as probes
of new physics beyond the highly successful but conceptually incomplete standard model (SM) of weak,
electromagnetic, and strong interactions. Finally, in Sec. 6 we provide evidence-based guidance to set strict
criteria for research and development of future UHECR experiments.

Before proceeding, we pause to present our notation. Unless otherwise stated, we work with natural
(particle physicist’s) Heaviside-Lorentz (HL) units with

~ = c = k = ε0 = µ0 = 1 . (1)

The fine structure constant is α = e2/(4πε0~c) ' 1/137. All SI units can then be expressed in electron Volt
(eV), namely

1 m ' 5.1× 106 eV−1 , 1 s ' 1.5× 1015 eV−1 , 1 kg ' 5.6× 1035 eV , (2)

1 A ' 1244 eV , 1 G ' 1.95× 10−2eV2 , 1 K ' 8.62× 10−5 eV . (3)

Electromagnetic processes in astrophysical environments are often described in terms of Gauss (G) units.
For a comparison of formulas used in the literature, we note some conversion factors: (e2)HL = 4π(e2)G,
(B2)HL = (B2)G/4π, and (E2)HL = (E2)G/4π. To avoid confusion we will present most of the formu-
las in terms of invariant quantities i.e., eB, eE and the fine-structure constant α. Distances are generally
measured in Mpc ' 3.08 × 1022 m. Extreme energies are sometimes expressed in EeV ≡ 109 GeV ≡
1018 eV. The following is a list of additional useful conversion factors: 1 GeV = 1.602 × 10−3 erg,
h = 6.626 × 10−27 erg Hz−1, hc = 1.986 × 10−16 erg cm = 1.986 × 10−8 erg Å, }c = 1.973 ×
10−14 GeV cm, 1 sr = 3.283 × 103 sq deg = 4.255 × 1010 sq arcsec, 1 WB = 10−8 GeV cm−2s−1 sr−1,
and one Jansky or 1 Jy = 10−23 erg cm−2 s−1 Hz−1. The Planck units of mass, length, and time are
MPl = `−1

Pl = t−1
Pl ∼ 1.2 × 1019 GeV. We adopt the usual concordance cosmology of a flat universe

dominated by a cosmological constant, with dark energy density parameter ΩΛ ≈ 0.69 and a cold dark
matter plus baryon component Ωm ≈ 0.31 [10]. The Hubble parameter as a function of redshift z is
given by H2(z) = H2

0 [Ωm(1 + z)3 + ΩΛ], normalized to its value today, H0 = 100h km s−1 Mpc−1, with
h = 0.678(9) [11]. The dependence of the cosmological time with redshift is dz = −dt(1 + z)H(z). This
report will build upon the content of the lecture notes from the 6th CERN-Latin-American School of High-
Energy Physics [12], the whitepaper contribution to the US Snowmass planning process [13], and [14–16].
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2. Experimental observations and searches

2.1. Historical overview

In 1912 Hess carried out a series of pioneering balloon flights during which he measured the levels of
ionizing radiation as high as 5 km above the Earth’s surface [17]. His discovery of increased radiation at high
altitude revealed that we are bombarded by ionizing particles from above. These cosmic ray (CR) particles
are now known to consist primarily of protons, helium, carbon, nitrogen and other heavy ions up to iron.
Measurements of energy and isotropy showed conclusively that one obvious source, the Sun, is not the main
source. Only for CRs with kinetic energy Ekin . 100 MeV, where the solar wind shields protons coming
from outside the solar system, does the Sun dominate the observed proton flux.1 Spacecraft missions far out
into the solar system, well away from the confusing effects of the Earth’s atmosphere and magnetosphere,
confirm that the abundances around 1 GeV are strikingly similar to those found in the ordinary material of the
solar system. Exceptions are the overabundance of elements like lithium, beryllium, and boron, originating
from the spallation of heavier nuclei in the interstellar medium.

Above about 105 GeV, the rate of CR primaries is less than one particle per square meter per year and
direct observation in the upper layers of the atmosphere (balloon or aircraft), or even above (spacecraft) is
inefficient. Only experiments with large apertures and long exposure times can hope to acquire a significant
number of events. Such experiments exploit the atmosphere as a giant calorimeter. The incident cosmic
radiation interacts with the atomic nuclei of air molecules and produces air showers which spread out over
large areas. Already in 1938, Auger concluded from the size of the air showers that the spectrum extends
up to and perhaps beyond 106 GeV [18, 19]. Data collected during 1954 and 1957 at the Agassiz Station of
the Harvard College Observatory provided evidence for primary particles with E ∼ 109 GeV [20]. In 1962,
the array of scintillation detectors at the MIT Volcano Ranch station detected the first UHECR event with an
estimated energy of O(1011 GeV) [21].

In 1964, the cosmic microwave background (CMB) was discovered [22], and shortly thereafter it became
self-evident that the relic photons would make the universe opaque to the propagation UHECRs [8, 9]. The
GZK interactions occur, for example, for protons with energies beyond the photopion production threshold,

Eth =
mπ (2mp +mπ)

4ε
≈ 3.4× 1010

( ε

10−3 eV

)−1

GeV , (4)

where mp (mπ) denotes the proton (pion) mass and ε ∼ 10−3 eV is a typical CMB photon energy. Af-
ter pion production, the proton (or perhaps, instead, a neutron) emerges with at least 50% of the incom-
ing energy. This implies that the nucleon energy changes by an e-folding after a propagation distance
dGZK

68 . (σpγ nγ 〈y〉)−1 ∼ 15 Mpc, where nγ ≈ 410 cm−3 is the number density of the CMB photons,
σpγ > 0.1 mb is the photopion production cross section, 〈y〉 is the average energy fraction (in the lab-
oratory system) lost by a nucleon per interaction, and where the subscript of the GZK distance specifies

1Cosmic rays entering the Solar System have to overcome the outward-flowing solar wind. The energy of incoming cosmic
rays is reduced through interactions with this wind, preventing the lowest energy ones from reaching the Earth. This effect is
known as solar modulation. The Sun has an 11 yr activity cycle, which is echoed in the strength of the solar wind to modulate
cosmic rays. Because of this effect the flux of cosmic rays reaching Earth is anti-correlated with the level of solar activity: when
the solar activity is high and there are lots of sunspots, the flux of cosmic rays at Earth is low, and vice versa. The solar modulation
is visible below about 1 GeV.
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Figure 1: Particles interacting near the top of the atmosphere initiate an electromagnetic and hadronic cascade. Its profile is
shown on the right. The different detection methods are illustrated. Mirrors collect the Cherenkov and nitrogen fluorescent
light, arrays of detectors sample the shower reaching the ground, and underground detectors identify the muon component of the
shower. The number of particles as a function of the amount of atmosphere penetrated by the cascade (X in g cm−2) is known
as the longitudinal profile. The integrated longitudinal profile provides a calorimetric measurement of the energy of the primary
CR, with a relatively small uncertainty due to the correction for energy lost to neutrinos and particles hitting the ground. From
Ref. [14].

the CR energy in EeV units. For heavy nuclei, the giant dipole resonance (GDR) can be excited at simi-
lar total energies and hence, for example, iron nuclei do not survive fragmentation over comparable GZK
distances [23, 24]. Additionally, the survival probability for extremely high energy (≈ 1011 GeV) γ-rays
(propagating on magnetic fields � 10−11 G) to a distance d, p(> d) ≈ exp[−d/6.6 Mpc], becomes less
than 10−4 after traversing a distance of 50 Mpc [15]. All in all, as our horizon shrinks dramatically for
E & 1011 GeV, one would expect a sudden suppression in the energy spectrum if the CR sources follow a
cosmological distribution.

Throughout the past few decades, continuously running monitoring using sophisticated equipment on
high altitude balloons and ingenious installations on the Earth’s surface uncovered a plummeting flux that
goes down from 104 m−2 s−1 at E ∼ 1 GeV to 10−2 km−2 yr−1 at E ∼ 1011 GeV [11]. In recent years,
substantial progress has been made in measuring the extraordinarily low flux at the high energy end of the
spectrum. There are two primary detection methods that have been successfully used in ground-based high
exposure experiments. In the following paragraph we provide a terse overview of these approaches. For an
authoritative review on experimental techniques and historical perspective see [25, 26].

When the incident cosmic radiation interacts with atomic nuclei of air molecules, it produces fluxes of
secondary, tertiary, and subsequent generations of particles. All these particles together create a cascade,
called air shower. As the cascade develops longitudinally the particles become less and less energetic since
the energy of the incoming cosmic ray is redistributed among more and more participants. The transverse
momenta acquired by the secondaries cause the particles to spread laterally as they propagate through the
atmospheric target. Most of the air shower particles excite nitrogen molecules in the atmosphere, which
fluoresce in the ultraviolet (UV). The size of an extensive air shower (EAS) at sea-level depends on the
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primary energy and arrival direction. For showers of UHECRs, the cascade is typically several hundreds of
meters in diameter and contains millions of secondary particles. Secondary electrons and muons produced in
the decay of pions may be observed in scintillation counters or alternatively by the Cherenkov light emitted
in water tanks. The separation of these detectors may range from 10 m to 1 km depending on the CR
energy and the optimal cost-efficiency of the detection array. The shower core and hence arrival direction
can be estimated by the relative arrival time and density of particles in the grid of detectors. The lateral
particle density of the showers can be used to calibrate the primary energy. Another well-established method
of detection (pioneered by the Fly’s Eye experiment [27] and its up-scaled version with high-resolution
dubbed HiRes [28]) involves measurement of the shower longitudinal development (number of particles
versus atmospheric depth, shown schematically in Fig. 1) by sensing the fluorescence light produced via
interactions of the charged particles in the atmosphere. The emitted light is typically in the 300 − 400 nm
UV range to which the atmosphere is quite transparent. Under favorable atmospheric conditions, EASs can
be detected at distances as large as 20 km, about 2 attenuation lengths in a standard desert atmosphere at
ground level. However, observations can only be done on clear moonless nights, resulting in an average
10% duty cycle.

In this review we concentrate on the latest results from the two UHECR experiments currently in opera-
tion: the Telescope Array and the Pierre Auger Observatory to which we will often refer as TA and Auger.
TA has been collecting data since 2007 in Millard County, west central Utah. This facility is located at
39.3◦ N and 112.9◦ W, 1.4 km above sea level (equivalent to 880 g/cm2 of atmospheric depth). The experi-
ment consists of 507 scintillation surface detectors sensitive to muons and electrons [29], and 48 fluorescence
telescopes located in three fluorescence detector stations overlooking the counters [30]. The spacing of the
counters in the surface detector array is 1.2 km and they are placed over an area of approximately 700 km2.

The Pierre Auger Observatory is located on the vast plain of Pampa Amarilla, near the town of Malargüe
in Mendoza Province, Argentina (35.1◦ − 35.5◦ S, 69.6◦ W, and atmospheric depth of 875 g/cm2) [31].
The experiment began collecting data in 2004, with construction of the baseline design completed by 2008.
From January 2004 until December 2016, Auger had collected in excess of 6.7× 104 km2 sr yr in exposure,
significantly more exposure than other cosmic ray observatories combined [32]. Two types of instruments
are employed. Particle detectors on the ground sample air shower fronts as they arrive at the Earth’s surface,
while fluorescence telescopes measure the light produced as air shower particles excite atmospheric nitrogen.

The surface array [33] comprises 1.6 × 103 surface detector (SD) stations, each consisting of a tank
filled with 12 tons of water and instrumented with 3 photomultiplier tubes which detect the Cherenkov light
produced as particles traverse the water. The signals from the photomultipliers are read out with flash analog
to digital converters at 40 MHz and timestamped by a GPS unit, allowing for detailed study of the arrival
time profile of shower particles. The tanks are arranged on a triangular grid with a 1.5 km spacing, covering
about 3 × 103 km2. The surface array operates with close to a 100% duty cycle, and the acceptance for
events above 109.5 GeV is nearly 100%.

The fluorescence detector (FD) system [34] consists of 4 buildings, each housing 6 telescopes which
overlook the surface array. Each telescope employs an 11 m2 segmented mirror to focus the fluorescence
light entering through a 2.2 m diaphragm onto a camera which pixelizes the image using 440 photomultiplier
tubes. The photomultiplier signals are digitized at 10 MHz, providing a time profile of the shower as it
develops in the atmosphere. The FD can be operated only when the sky is dark and clear, and has a duty cycle
of 10-15%. In contrast to the SD acceptance, the acceptance of FD events depends strongly on energy [35],
extending down to about 109 GeV.
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The two detector systems of Auger and TA provide complementary information, as the SD measures the
lateral distribution and time structure of shower particles arriving at the ground, and the FD measures the
longitudinal development of the shower in the atmosphere. A subset of showers is observed simultaneously
by the SD and FD. These “hybrid” events are very precisely measured and provide an invaluable calibration
tool. In particular, the FD allows for a roughly calorimetric measurement of the shower energy since the
amount of fluorescence light generated is proportional to the energy deposited along the shower path; in
contrast, extracting the shower energy via analysis of particle densities at the ground relies on predictions
from hadronic interaction models describing physics at energies beyond those accessible to existing collider
experiments. Hybrid events can therefore be exploited to set a model-independent energy scale for the SD
array, which in turn has access to a greater data sample than the FD due to the greater live time.

In the remainder of the section, we describe recent results from Auger and TA, including measurements
of energy spectrum and UHECR nuclear composition, as well as searches for anisotropy in the CR arrival
directions.

2.2. Measurements of the cosmic ray intensity and its nuclear composition

The (differential) intensity of CRs is defined as the number of particles crossing a unit area dA per unit
time dt and unit solid angle dΩ, with energy within E and E + dE [36],

J(E) =
dN

dA dt dΩ dE
. (5)

Throughout J(> E) =
∫∞
E
dE ′ J(E ′) symbolizes the number of particles with energy > E crossing an unit

area per unit time and unit solid angle. For an isotropic intensity, the flux of particles from one hemisphere
traversing a planar detector is found to be

F(E) =

∫
dΩ J(E) cos θ = J(E)

∫ 2π

0

dφ

∫ π/2

0

dθ sin θ cos θ = πJ(E) , (6)

where θ and φ are the zenith and azimuthal angles, respectively. The (differential) number density of cosmic
rays with velocity v is given by

n(E) =
4π

v
J(E) . (7)

On the whole, the intensity could depend both on the position x of the detector and on its orientation (θ, φ).
The intensity can be related to the CR phase space distribution, f(x,p), by substituting

dN = f(x,p) d3x d3p (8)

into (5), with d3x = dA v dt and d3p = p2 dp dΩ. This leads to

J(x, p, θ, φ) = vp2 dp

dE
f(x,p) = p2 f(x,p) . (9)

The kinetic energy density of CRs can be expressed as

εCR =

∫
dE Ekin n(E) = 4π

∫
dE

Ekin

v
J(E) . (10)
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The energy density of CRs in the local interstellar medium (LIS), i.e. with the intensity in (10) extrapolated
outside the reach of the solar wind, is found to be εCR ≈ 0.8 eV/cm3 [37]. It is of interest to compare this
value with the average energy density: (i) of baryons in the Universe εb ≈ 100 eV/cm3, (ii) of starlight in the
Galactic disc εlight ≈ 5 eV/cm3, (iii) of the Galactic magnetic field εB = B2/2 ≈ 0.6 eV/cm3 (assuming
B ≈ 5 µG). Note that if the LIS energy density of cosmic rays would be taken as a fiducial value for the
entire Universe, then roughly 1% of the energy of all baryons would be in the form of relativistic particles.
This is highly unlikely. Therefore, the preceding estimates seem to indicate that most CRs are accumulated
inside the Milky Way.

Above about 1 GeV, the energy spectrum is observed to fall roughly as a power law; namely, the CR
intensity decreases nearly three orders of magnitude per energy decade, until eventually suffering a strong
suppression aroundEsupp ∼ 1010.6 GeV [11]. Individual experiments cover only a part of these 11 decades in
energy, which means that a common picture needs to be pieced together from many data sets. The database of
charged cosmic rays (CRDB) is a meritorious endeavor which maintains central machine-readable access to
CR data collected by satellite and balloon experiments [38]. Because of their direct detection method, these
experiments provide characterization of the separate elements in terms of their charge Ze, and hence they
report the CR intensity per element. Above about 106 GeV direct detection methods become inefficient and
ground-based experiment take over. Unfortunately, because of the highly indirect method of measurement,
extracting precise information from EASs has proved to be exceedingly difficult, and hence the ability to
discriminate the charge Ze of each CR is lost. The most fundamental problem is that the first generations
of particles in the cascade are subject to large inherent fluctuations and consequently this limits the event-
by-event energy resolution of the experiments. In addition, the c.m. energy of the first few cascade steps
is well beyond any reached in collider experiments. Therefore, one needs to rely on models that attempt to
extrapolate, using different mixtures of theory and phenomenology, our understanding of particle physics.

If the primary cosmic ray is a baryon, the air-shower development is driven by soft QCD interactions,
which are computed from phenomenological models tuned to collider data. Hundreds to thousands of sec-
ondary particles are usually produced at the interaction vertex, many of which also have energies above the
highest accelerator energies [39]. These secondary products are of course intrinsically hadrons. Generally
speaking, by extrapolating final states observed at collider experiments, we can infer that, for pp collisions
at c.m. energy

√
s & 100 TeV, the jet of hadrons contains about 75% pions (including 25% π0’s, in accord

with isospin invariance), 15% kaons, and 10% nucleons [40]. During the shower evolution, the hadrons
propagate through a medium with an increasing density as the altitude decreases and the hadron-air cross
section rises slowly with energy. Therefore, the probability for interacting with air before decay increases
with rising energy. Moreover, the relativistic time dilation increases the decay length by a factor Eh/mh,
where Eh and mh are the energy and mass of the produced hadron. When the π0’s (with a lifetime of
' 8.4×10−17 s) do decay promptly to two photons, they feed the electromagnetic component of the shower.
For other longer-lived mesons, it is instructive to estimate the critical energy at which the chances for inter-
action and decay are equal. For a vertical transversal of the atmosphere, such a critical energy is found to
be: ξπ±c ∼ 115 GeV, ξK±c ∼ 850 GeV, ξK

0
L

c ∼ 210 GeV, ξK
0
S

c ∼ 30 TeV [41]. The dominant K+ branching
ratios are to µ+νµ (64%), to π+π0 (21%), to π+π+π− (6%), and to π+π0π0 (2%), whereas those of the K0

S

are to π+π− (60%), to π0π0 (30%), and for K0
L we have π±e∓νe (40%), π±µ∓νµ (27%), π0π0π0 (19%),

π+π−π0 (12%) [11]. With these figures in mind, to a first approximation it seems reasonable to assume that
in each generation of particles about 25% of the energy is transferred to the electromagnetic shower, and all
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Table 1: Upper limits on the integral photon intensity with a spectrum ∝ E−2
γ and no background subtraction [46].

log10(E0/GeV) log10[Φγ(> E0)/(km−2 sr−1 yr−1)]
9.0 −1.60
9.3 −2.05
9.5 −2.10
9.7 −2.10
10.0 −2.65
10.3 −3.00
10.7 −3.40

hadrons with energy & ξπ
±

c interact rather than decay, continuing to produce the hadronic shower.2 Eventu-
ally, the electromagnetic cascade dissipates around 90% of the primary particle’s energy and the remaining
10% is carried by muons and neutrinos.

As the cascade process develops in the atmosphere, the number of particles in the shower increases
until the energy of the secondary particles is degraded to the level where ionization losses dominate. At
this point the density of particles starts to decline. A well-defined peak in the longitudinal development,
Xmax, occurs where the number of e± in the electromagnetic shower is at its maximum; see Fig. 1. Xmax

increases with primary energy, as more cascade generations are required to degrade the secondary particle
energies. Evaluating Xmax is a fundamental part of many of the composition analyses done when studying
air showers. For showers of a given total energy E, heavier nuclei have smaller Xmax because the shower
is already subdivided into A nucleons when it enters the atmosphere. The average depth of maximum
〈Xmax〉 scales approximately as ln(E/A) [43]. Therefore, since 〈Xmax〉 can be determined directly from the
longitudinal shower profiles measured with a fluorescence detector, the composition can be extracted after
estimating E from the total fluorescence yield. Indeed, the parameter often measured is D10, the rate of
change of 〈Xmax〉 per decade of energy.

Photons penetrate quite deeply into the atmosphere due to decreased secondary multiplicities and sup-
pression of cross sections by the Landau-Pomeranchuk-Migdal (LPM) effect [44, 45]. Indeed, it is rather
easier to distinguish photons from protons and iron than protons and iron are to distinguish from one an-
other. For example, at 1010 GeV, the 〈Xmax〉 for a photon is about 1, 000 g/cm2, while for protons and
iron the numbers are 800 g/cm2 and 700 g/cm2, respectively. Searches for photon primaries have been con-
ducted using both the surface and fluorescence instruments of Auger. While analysis of the fluorescence
data exploits the direct view of shower development, analysis of data from the surface detector relies on
measurement of quantities which are indirectly related to the Xmax, such as the signal risetime at 1000 m
from the shower core and the curvature of the shower front. Presently, the 95% CL upper limits on the
integrated photon intensity, Φγ(> E0), are given in Table 1. Further details on the analysis procedures can
be found in [47–49].

2The electromagnetic shower fraction from pions only is less than 25%, but simulations show that inclusion of other hadronic
resonances brings the electromagnetic shower fraction up to about 25% [42]. Thus, 25% is a reasonable estimate of the energy
transfer to the electromagnetic shower in each generation of particles.
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Figure 2: All-particle flux (black thick solid line), the flux contributed by protons (red line solid line), helium (yellow dashed
line), the oxygen group (green dash-dotted line), and the iron group (blue dotted line). Bands around the model lines show a
variation of one standard deviation. Data points show measurements which were energy-scale adjusted as described in [82]. Error
bars represent combined statistical and systematic uncertainties. Data points of composition measurements from air-showers are
not shown without error bars for clarity. In case of oxygen and iron, both the elemental flux and the group flux are shown; the
smaller intensity without error band is the elemental intensity in each case. The intensity has been corrected for solar modulation
as a function of kinetic energy of the nucleus using the force-field approximation [83] and modulation parameters from the
CRDB [38, 84]. The distinction of kinetic energy and total energy makes no difference for high-energy cosmic rays, but the low
energy results are easier to interpret when kinetic energy is used instead of total energy. Updated from Ref. [82]; courtesy of Hans
Dembinski, Ralph Engel, Anatoli Fedynitch, Tom Gaisser, Felix Riehn, and Todor Stanev.

The Auger Collaboration reported a measurement of the average shower maximum as a function of
energy using FD data [32]. The study is based on 42, 466 events with E > 108.2 GeV, out of which 62
have been detected at E > 1010.5 GeV. The 〈Xmax〉 evolves with energy at a rate of D10 = 79 g/cm2

for E < 109.33±0.02 GeV, and D10 = 26 g/cm2 for E > 109.33±0.02 GeV, in agreement with previous
studies [50, 51]. Predictions of the energy evolution of 〈Xmax〉 from air shower simulations are around
D10 = 60 g/cm2, irrespective of the baryon number A of the primary and the model used to simulate
hadronic interactions [52]. This implies that Auger high-quality, high-statistics data, when interpreted with
existing hadronic event generators, exhibit a strong likelihood for a composition that becomes gradually
lighter in the range 108.2 . E/GeV . 109.33, qualitatively consistent with a transition from a heavy Galactic
composition, to a light extragalactic composition. For E > 109.33±0.02 GeV, the trend is reversed and the
average baryon number increases with energy. Within uncertainties, the data from TA are consistent with
these findings [53–56]. Studies aim to identify the primary particle species using Auger SD data yield results
in agreement with FD observations [57, 58]. An interpretation of the full Xmax distribution in each energy
bin is achieved by fitting a superposition of Xmax-templates obtained from simulations of p-, He-, N- and
Fe-induced air showers to the data.

Combining TA [59] and Auger [87, 88] data with direct measurements from the HEAO satellite [60],
HEN [61], PAMELA [62, 63], AMS-02 [64–66], CREAM-I, II and III [67–70], ACE-CRIS [71, 72], Space-
lab2 [73, 74], as well as air-shower measurements of high-energy CRs from H.E.S.S. [75], ARGO-YBJ [76],
TUNKA [77], IceCube [79], and KASCADE-Grande (KG) [80, 81] a global spline fit (GSF) to the CR spec-
trum was implemented in [82]. The fitted GSF model is shown in Fig. 2; details are given in Appendix A.
The global fit together with the adjusted energy-scales reveals detailed structure in the all-particle flux. The
most salient features are: (i) a steepening of the spectrum, which is known in the cosmic vernacular as the
“knee”, occurring at Eknee ∼ 106.6 GeV; (ii) a less prominent “second knee”, corresponding to a further
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softening, appears at E2knee ∼ 108.0 GeV; (iii) a pronounced hardening of the spectrum, generating the
so-called “ankle” feature, becomes evident at Eankle ∼ 109.7 GeV. The results of the GSF are consistent
with those obtained by the Auger Collaboration through a 5 parameter fit of the UHECR spectrum,

J(E) =


J0

(
E

Eankle

)−γ1

; E ≤ Eankle

J0

(
E

Eankle

)−γ2
[

1 +

(
Eankle

Esupp

)∆γ
][

1 +

(
E

Esupp

)∆γ
]−1

; E > Eankle

, (11)

withEankle = [5.08±0.06(stat.)±0.8(syst.)]×109 GeV,Esupp = [3.9±0.2(stat.)±0.8(syst.)]×1010 GeV,
γ1 = 3.293± 0.002(stat.)± 0.05(syst.), γ2 = 2.53± 0.02(stat.)± 0.1(syst.), and ∆γ = 2.5± 0.1(stat)±
0.4(syst.) [32]. Note that Eankle is about a factor 2.5 higher in energy than the observed break in D10. The
energy E1/2 at which the integral spectrum drops by a factor of two below what would be the expected
with no steepening is E1/2 = [2.26 ± 0.08(stat.) ± 0.4(syst.)] × 1010 GeV. TA and Auger observations
show remarkable agreement, except for a notable discrepancy at E & Esupp. On January 2018, the TA
Collaboration reported evidence for a declination dependence on the high energy end of the spectrum [85],
suggesting that the shape of the spectrum for E & Esupp could carry an imprint of the source density
distribution along the line of sight (which would be different in different directions of the sky) [86]. The
GSF model, however, is built on the assumption that the CR intensity is isotropic and therefore pulled
towards the Auger data points, which have much smaller uncertainties.

The variations of the spectral index γ in the energy spectrum reflect various aspects of cosmic ray
production, source distribution, and propagation. The first and second knee seem to reflect the maxi-
mum energy of Galactic magnetic confinement, which grows linearly in the charge Ze of the nucleus.
A comparison of Eknee and E2knee shows that the spectral structures are separated in energy by a factor
of (E2knee − Eknee)/Eknee ∼ 25. Then, if Eknee is interpreted as the energy at which protons escape the
Galaxy (or “proton knee”), the higher energy break E2knee occurs where we would expect the “iron knee”
according to the idea of rigidity dependent cutoffs in the spectra of individual nuclei [89]. This would imply
that the second knee indicates where the highest-Z CRs escape the Galaxy. It is worthwhile to stress again,
that this picture is in qualitative agreement with Auger measurements of D10, and it is also supported by
measurements of the Telescope Array low-energy extension (TALE) [90].

There are three different models that can explain the ankle in terms of source characteristics and propa-
gation effects. It has been advocated that the ankle feature could be well reproduced by a proton-dominated
power-law spectrum, where the ankle is formed as a dip in the spectrum from the energy loss of protons via
Bethe-Heitler pair production [91, 92]. However, the apparent dominance of heavy nuclei in the vicinity of
1010 GeV is in contradiction with this interpretation of the ankle. A second model explains the ankle as the
superposition of an extragalactic population of UHECR nuclei with hard source spectra ∝ E−1.6 and maxi-
mum energy E ∼ Z×109.7 GeV, and an ad hoc light (p + He) extragalactic component with steep emission
spectra ∝ E−2.7 [93]. A more natural explanation of the entire spectrum and nuclear composition emerges
while accounting for the “post-processing” of UHECRs through photodisintegration in the environment sur-
rounding the source [94–96]. In this model relativistic nuclei accelerated by a central engine to extremely
high energies remain trapped in the turbulent magnetic field of the source environment. Their escape time
decreases faster than the interaction time with increasing energy, so that only the highest energy nuclei can
escape the source unscathed. In effect, the source environment acts as a high-pass filter on the spectrum of
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CRs. All nuclei below the energy filter interact, scattering off the far-infrared photons in the source environ-
ment. These photonuclear interactions produce a steep spectrum of secondary nucleons, which is overtaken
by the harder spectrum of the surviving nucleus fragments above about 109.6 GeV. These overlapping spec-
tra could then carve an ankle-like feature into the source emission spectrum. The spectrum above the ankle
exhibits a progressive transition to heavy nuclei, as the escape of non-interacting nuclei becomes efficient.
Reproducing the data with such a model requires hard spectra ∝ E−1 at the sources. In fact, as shown by
the Auger Collaboration, simultaneously reproducing just the component of the spectrum above the ankle
together with the observed nuclear composition also requires hard spectra at the sources [97].

2.3. Anisotropy searches

There exists “lore” that convinces us that the highest energy CRs observed should exhibit trajectories
which are relatively unperturbed by Galactic and intergalactic magnetic fields. Hence, it is natural to wonder
whether anisotropy begins to emerge at these high energies. Furthermore, if the observed flux suppression is
the GZK effect, there is necessarily some distance, O(100 Mpc), beyond which cosmic rays with energies
near 1011 GeV will not be seen. Since the matter density within about 100 Mpc is not isotropic, this com-
pounds the potential for anisotropy to emerge in the UHECR sample. On the one hand, if the distribution
of arrival directions exhibits a large-scale anisotropy, this could indicate whether or not certain classes of
sources are associated with large-scale structures (such as the Galactic plane, the Galactic halo, or the super-
Galactic plane). On the other hand, if cosmic rays cluster within a small angular region or show directional
alignment with powerful objects, one might be able to associate them with isolated sources in the sky.

The directional exposure ω(n̂) provides the effective time-integrated collecting area for a flux from each
direction of the sky n̂(α, δ), characterized by the right ascension α and the declination δ. For an experiment
at latitude λ, which is fully efficient for particles arriving with zenith angle < θmax and that experiences sta-
ble operation, ω(n̂) actually becomes independent of α when integrating the local-angle-detection efficiency
over full periods of sidereal revolution of the Earth. Full efficiency means that the acceptance depends on
θ only through the reduction in the perpendicular area given by cos θ. The ω dependence on δ relies on
geometrical acceptance terms and is given by

ω(δ) =
S ∆t

2π
(cosλ cos δ sin ζ + ζ sinλ sin δ) , (12)

where S is the surface of the detector array, ∆t is the time of data collection, and

ζ =


0 ; ξ > 1,

π ; ξ < −1,

arccos ξ ; otherwise,
(13)

with ξ ≡ (cos θmax − sinλ sin δ)/(cosλ cos δ) [98].

Before proceeding, we pause to note that there are differences as to how the primary energies are de-
rived at Auger and TA, with systematic uncertainties in the energy scale of the experiments amounting to
about 14% and 21% respectively, corresponding to about 70% uncertainty in the flux above a fixed energy
threshold [99]. Therefore, when combining Auger and TA data to obtain full sky coverage it is necessary
to cross-calibrate the energy scales of the two datasets to avoid introducing a spurious North/South asym-
metry due to an energy scale mismatch. This is accomplished by exploiting the wide declination band
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Fig. 1. Estimated flux of UHECRs above the indicated energy thresholds, averaged over circular moving
windows, in equatorial coordinates. The galactic plane (orange solid), galactic center (orange dot) and super-
galactic plane (white dashed) are also shown.

vector rd =
√

3(a11x̂ + a1−1ŷ + a10ẑ)/a00. The amplitude r corresponds to the anisotropy contrast
of a dipolar flux, and the direction of the vector is given by the two angles of the unit vector d.
The quadrupole, on the other hand, is characterized by the amplitudes (λ+, λ0, λ−) and unit vectors
(q+,q0, q−) which are the eigenvalues and eigenvectors computed from the quadrupole tensor matrix
(see for instance [3] for details on the quadrupole tensor matrix). The eigenvalues are ranked from
the largest to the smallest one and assigned to the vectors (q+,q0, q−) that form the principal axes
coordinate system. The traceless condition of the quadrupole tensor matrix implies that the three
eigenvalues sum to 0 and its symmetry implies that the three eigenvectors are orthogonal. As a result,
only two of the amplitudes are independent, and the orientation of the quadrupole is then described by
the three Euler angles determined from the eigenvectors corresponding to each of the principal axes
and characterizing the orientation of these principal axes with respect to some reference coordinate
system.
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Fig. 2. Estimated dipole (left) and quadrupole (right) moments of the observed directional flux of UHECRs
above ETA = 57 EeV / EAuger = 42 EeV (arrows), compared with the statistical distributions expected from an
isotropic flux (histograms)

The estimated values of r, λ+ and −λ− are 26%, 30% and 33% respectively, well within the
statistical distributions which would be expected assuming an isotropic flux, shown in Fig. 2.
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Figure 3: Estimated intensity of UHECRs above the indicated energy thresholds, averaged over circular moving windows, in
equatorial coordinates. The galactic plane (orange solid), galactic center (orange dot) and super-galactic plane (white dashed) are
also shown. From Ref. [99].

(−16◦ . δ . +45◦) where the two datasets overlap. Regardless of the true arrival direction distribution,
within a region of the sky ∆Ω fully contained in the field of view (FoV) of both observatories, the sum over
observed events

∑
i 1/ω(n̂i) (with ω in km yr units) is an unbiased estimator of

∫
∆Ω

J(> Eth, n̂) dn̂ and
should be the same for both experiments except for statistical fluctuations. Here, J(> Eth, n̂) is the direc-
tional UHECR integrated intensity in km−2 yr−1 sr−1 units. This yardstick is generally adopted to cross-
calibrate the energy scales and to determine Eth,Auger and Eth,TA such that the Auger flux above Eth,Auger

matches the TA flux above Eth,TA [99].3

The observed arrival direction distribution is obtained by convoluting the flux per steradian with the
detector exposure, giving

dN

dΩ
(n̂) = J(> Eth, n̂) ω(n̂) . (14)

The distribution of arrival directions can be exposed through the average directional (integral) intensity
smoothed out at an angular scale Θ,

〈J(> Eth, n̂)〉Θ =
1∫

Θ
dn̂

∫
Θ

dn̂′ f(n̂, n̂′)
1

ω(n̂′)

dN

dn̂′
, (15)

where f(n̂, n̂′) is the top-hat filter function of radius Θ and Eth the threshold energy. For an illustration
of this technique, we consider 602 events collected by Auger from January 2004 to March 2014, with a
total exposure of approximately 6.6 × 104 km2 sr yr, θ ≤ 80◦, and E ≥ 40 EeV, as well as 83 events
collected by TA from May 2008 to May 2015 with a total exposure of about 8.7 × 103 km2 sr yr, θ ≤ 55◦,
and E ≥ 57 EeV. The left panel of Fig. 3 shows the directional intensity of UHECRs recorded by TA
and Auger, with energy above Eth,TA = 57 EeV and Eth,Auger = 42 EeV averaged out at Θ = 20◦. The

3Actually, the region of the sky which is mostly used spans the declination band−12◦ . δ . +42◦. This is because including
directions too close to the edge of the FoV of one of the observatories would result in larger statistical fluctuations due to very
large values of 1/ω(n̂i) near the edge.
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fiducial values for the energy threshold and the smoothing angle were extracted from searches of over-
densities anywhere in the sky by the TA Collaboration [100]. Actually, the selected energy threshold of
57 EeV follows from a prior analysis by the Auger Collaboration [101], which had initially led to capture
an anisotropy with 99% confidence level that was not confirmed by subsequent data [102]. A hot spot is
visible in the direction (α, δ) = (147◦, 43◦) [100], which is found to be the region with the largest intensity.
The right panel of Fig. 3 displays the intensity sky map for higher energy thresholds Eth,TA = 89 EeV and
Eth,Auger = 54 EeV averaged out at Θ = 12◦. This energy threshold and smoothing angle correspond to
the search for local over-densities in Auger data [102]. A clustering of events is visible in the direction
(α, δ) = (198◦,−25◦) [102], which is found to be the region with the largest intensity.

The existence of a signal in a region on-source is judged by the event count number Non originating
from that region. The counts in it are due to the potential source and the background. To estimate the
statistical significance of a measured signal one can compare the number of events Non that are detected in
the on-source region to the number of background events Nbg = ηNoff that are expected in the on-source
region. The number of off-source events, Noff , is estimated through numerical simulations of virtual events
sampled randomly and uniformly in (α, sin δ), with 0 ≤ α ≤ 2π and −π/2 ≤ δ ≤ π/2. The normalization
factor is given by η = N/Nsim, where N is the total number of observed events in the data-sample and
Nsim is the number of virtual events. A widely accepted method for statistically inferring the existence of
a source is the hypothesis test based on maximum likelihood principles. This test statistic (TS) requires the
use of two hypotheses and a statistical description of each of them. The usual approach is to confront the
null hypothesis (events coming only from background; no source present), with its negation (events coming
from background and a source). This method provides the statistical Li-Ma significance for the rejection of
the null (background only) hypothesis,

SLM
1 =

√
2

{
Non ln

[
(1 + η)Non

η(Non +Noff)

]
+Noff ln

[
(1 + η)Noff

Non +Noff

]}1/2

, (16)

which is valid only in the limit of large statistics [103]; see Appendix B for details.

The largest evidence for intermediate-scale (Θ = 20◦) clustering above the statistical expectation was
actually unmasked with Nob = 72 events above Eth,TA = 57 EeV recorded between 2008 May 11 and 2013
May 4 [100]. The Li-Ma significance map of this data-sample is shown in the left panel of Fig. 4. The
maximum excess, characterized by Non = 19, Nsim = 105, Nbg = 4.49, is centered at (α, δ) = (147◦, 43◦)
and has a Li-Ma significance SLM

1,max = 5.1σ. Note that this is not the hot-spot chance probability as the Li-Ma
significance does not take into account random clustering, i.e. the probability of such a hotspot appearing by
chance anywhere in an isotropic sky. To estimate the correction (a.k.a. penalty) factor, the TA Collaboration
generated 106 Monte Carlo data sets each having 72 spatially random events within the experiment field
of view (i.e., reproducing the statistics of the experimental data-sample), assuming a uniform distribution
over the TA surface detector exposure. The maximum SLM

1,max significances were calculated for each Monte
Carlo dataset following the same prescription adopted for the observed data. For 106 simulations, in 365
instances SLM

1,max > 5.1σ, yielding a chance probability to observe the hotspot in an isotropic cosmic-ray sky
of pTA ' 365/106 ' 3.7× 10−4, equivalent to a one-sided Gaussian significance of 3.4σ.

On 2017, the significance and shape of the hot-spot were updated using Nob = 143 events above
Eth,TA = 57 EeV collected through Spring 2017 [104]. Initially the excess search was performed fol-
lowing the original Θ = 20◦ oversampling, but it was apparent from the sky map that the hot-spot became
bigger in radius. The TA Collaboration then made a scan over Θ, limited to 15◦, 20◦, 25◦, 30◦, and 35◦, to
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Figure 4: The Li-Ma significance skymap representing direction-dependent excesses and deficit with respect to the isotropic
background in equatorial coordinates. The left panel corresponds to 5 yr of TA data with E > 57 EeV and with the original 20◦

oversampling (from Ref. [100]). The right panel corresponds to 9 yr of TA data with 25◦ oversampling (from Ref. [104]).

determine the best fit to the data. The maximum significance shows up at Θ = 25◦, with Non = 34 and
Nbg = 13.5. The Li-Ma significance map of this new data-sample is shown in the right panel of Fig. 4.
The hot-spot is now re-centered at (α, δ) = (148◦, 45◦), about 1.5◦ away from the center position found in
the original search. The local (pre-trial) Li-Ma significance is 5.1σ and the global (post-trial) significance is
3.0σ. A Kolmagorov-Smirnov test shows that the rate of arrival of events to the hot-spot is consistent with
the fluctuations expected from a Poisson distribution with a mean of 2.8 events per year. However, the rate
of event arrivals is also inconsistent with chance excess from an isotropic distribution, a Poisson average of
0.9 events per year, at about 2.6σ.

A new interesting development in this direction is that the TA Collaboration has also reported evidence of
an energy dependent intermediate scale anisotropy appearing as a deficit of low energy (1010.20 ≤ E/GeV ≤
1010.75) events followed by an excess of high energy (E ≥ 1010.75 GeV) events in the same region of the sky,
with a maximum local pre-trial significance of 6.2σ [105]. The anisotropy is contained inside a spherical bin
of radius 28◦ centered at (α, δ) = (139◦, 45◦), which is roughly 7◦ away from the center of the hot-spot. The
post-trial probability of this coincidence appearing by chance anywhere on an isotropic sky is found to be
9× 10−5, equivalent to a 3.7σ global significance. This new feature is very suggestive of energy dependent
magnetic deflection of UHECRs.

Spherical harmonic moments are well-suited for capturing anisotropies at any angular scale in the in-
tensity of UHECRs [98]. However, an unambiguous measurement of the full set of spherical harmonic
coefficients requires a full-sky coverage [106–109]. Because of the partial-sky coverage of ground-based
experiments, extraction of the multipolar moments turns out to be nearly impossible without explicit as-
sumptions on the shape of the underlying angular distribution. Under the circumstances, the search for
anisotropies in the distribution of arrival directions is customarily performed through harmonic analyses in
right ascension of the event counting rate, within the declination band defined by the field of view of the
experiment [110]. Note that ground-based facilities which experience stable operation over a period of a
year or more can have a relatively uniform exposure in α. The relevant declination-integrated directional
intensity, which embraces genuine anisotropies δJ(α), can be written as

J(> Eth, α) =
F0

2π
[1 + δJ(α)] , (17)

where F0/(2π) is the isotropic component. Of course, because of changes in the experimental conditions
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small variations of the exposure in sidereal time would be expected. These variations translate into small
variations of the directional exposure in right ascension δω(α), and therefore

ω(α) =

∫
dδ cos δ ω(α, δ) = ω0[1 + δω(α)] , (18)

where ω0 indicates the uniform exposure. The 1-dimensional distribution of arrival directions which is
driven by the right ascension of events, dN/dα, also embraces authentic anisotropies δJ(α), but coupled to
the directional exposure variations, i.e.,

dN

dα
=
F0 ω0

2π
[1 + δω(α)][1 + δJ(α)]

=
F0 ω0

2π
[1 + δω(α)]

[
1 +

∞∑
m=1

am cos(mα) +
∞∑
m=1

bm sin(mα)

]
, (19)

where δJ(α) has been expanded in a Fourier series with coefficients am and bm. Note that the Fourier
coefficients defined by the harmonic decomposition in (19) give a direct measure of the anisotropy in right
ascension relative to the monopole, isotropic flux. Using the basic orthogonality relation of trigonometric
functions it follows that

am =
1

πa0

∫
dα

1 + δω(α)

dN

dα
cos(mα) , (20a)

bm =
1

πa0

∫
dα

1 + δω(α)

dN

dα
sin(mα) , (20b)

with
a0 =

1

2π

∫
dα

1 + δω(α)

dN

dα
. (20c)

The event counting rate dN/dα is the intrinsic estimator of the distribution of arrival directions. The coef-
ficients of the Fourier expansion can be estimated through a representation of the counting rate by a sum of
Dirac functions over the circle, i.e., dN/dα = δ(α, αi). Namely, the estimators âm and b̂m can be calculated
using discrete sums running over the N observed events:

âm =
2

Nα

N∑
i=1

cos(mαi)

1 + δω(αi)
and b̂m =

2

Nα

N∑
i=1

sin(mαi)

1 + δω(αi)
, (21a)

where the coefficient a0 has been estimated as â0 = Nα/(2π), and

Nα =
N∑
i=1

1

1 + δω(αi)
(21b)

indicates the numbers of events that would have been detected should the directional exposure been com-
pletely uniform in α.

The results of the harmonic analysis are generally given using more intuitive geometrical parameters,
such as the amplitude of the harmonic modulation

r̂m =

√
â2
m + b̂2

m , (22)
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and the phase associated to the right ascension of the maximum flux

ϕ̂m = arctan(b̂m/âm) , (23)

defined modulo 2π/m. The probability that an amplitude equal to or larger than r̂m arises from an isotropic
distribution can be safely approximated by the cumulative distribution function of the Rayleigh distribution

p(≥ r̂m) = exp

(
−Nαr̂

2
m

4

)
; (24)

see Appendix C for details. To give a specific example, a vector of lengthNαr̂2
m/4 ≥ 15 would be required

to claim an observation whose probability of arising from random fluctuation was 3× 10−7, equivalent to a
two-sided Gaussian significance 5σ.

Results of numerical simulations, which take into account all three spatial degrees of freedom and the
cosmological time-evolution of the universe (assuming the spatial distribution of sources follows the local
mass distribution) suggest that the arrival directions of UHECRs are expected to have a pronounced dipolar
anisotropy and rather weak higher-order contributions [111]. With this in mind, it is reasonable to assume
that the UHECR flux per steradian is of the form:

J(> Eth, α, δ) =
F0

4π
(1 + k k̂kk · n̂) , (25)

where n̂ and k̂kk respectively denote the unit vector in the direction of an arrival direction and in the direction
of the dipole. In other words, the (differential) intensity in the direction n̂ consists of an isotropic part,
J0 = F0/(4π), modulated by a dipolar component in cos(k̂kk, n̂), and higher order terms are negligible. Here,
k ∈ [0, 1] is the amplitude of the dipole, relative to the monopole. This means one has to derive from the
data three parameters: one amplitude, k, and two angles, k̂kk).

The first harmonic amplitude of the UHECR right ascension distribution can be directly related to k.
Namely, setting m = 1, we can rewrite â1, b̂1 and Nα as:

â1 =
2

Nα

∫ δmax

δmin

dδ

∫ 2π

0

dα cos δ J(> Eth, α, δ) ω(δ) cosα, (26a)

b̂1 =
2

Nα

∫ δmax

δmin

dδ

∫ 2π

0

dα cos δ J(> Eth, α, δ) ω(δ) sinα, (26b)

Nα =

∫ δmax

δmin

dδ

∫ 2π

0

dα cos δ J(> Eth, α, δ) ω(δ) , (26c)

because the effects of the small modulation in α are already accounted for in the Rayleigh analysis [112].
Next, we write the angular dependence in J(> Eth, α, δ) as k̂kk · n̂ = cos δ cos δk cos(α − αk) + sin δ sin δk,
where αk and δk are the right ascension and declination of the apparent origin of the dipole, respectively.
Performing the α integration in (26) it follows that

r̂1 =

∣∣∣∣ Ak⊥
1 +Bk‖

∣∣∣∣ (27a)
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where

A =

∫
dδ ω(δ) cos2 δ∫
dδ ω(δ) cos δ

, B =

∫
dδ ω(δ) cos δ sin δ∫
dδ ω(δ) cos δ

, (27b)

k‖ = k sin δk is the component of the dipole along the Earth rotation axis, and k⊥ = k cos δk is the compo-
nent in the equatorial plane. The coefficients A and B can be estimated from the data as the mean values of
the cosine and the sine of the event declinations: 〈sin δ〉 and 〈cos δ〉. For a dipole amplitude k, the measured
amplitude of the first harmonic in right ascension r̂1 thus depends on the region of the sky observed, which
is essentially a function of the latitude of the observatory λ, and the range of zenith angles considered. In the
case of a small Bk‖ factor, the dipole component in the equatorial plane can be obtained to linear order and
is given by k⊥ ' r̂1/〈cos δ〉, whereas the phase corresponds to the right ascension of the dipole direction
ϕ̂1 = αk [113].

Note that the Rayleigh analysis in right ascension is sensitive only to k⊥. A dipole component in the
direction of the rotation axis of Earth induces no modulation of the flux in right ascension, but does so in the
azimuthal distribution of arrival directions. A non-vanishing value of k‖ leads to a sinusoidal modulation
in azimuth with a maximum toward the northern or the southern direction. Thus, to reconstruct both dipole
components, it is plausible to combine the first-harmonic analysis in α with a similar one in the azimuthal
angle φ (say, measured counterclockwise from the east). The relevant estimators ĉ1 and d̂1 are given by an
expression analogous to (21), but in terms of the azimuth of the arrival direction of the shower rather than in
terms of the right ascension,

ĉ1 =
2

Nφ

N∑
i=1

cosφi
1 + δω(α0

i , φi)
and d̂1 =

2

Nφ

N∑
i=1

sinφi
1 + δω(α0

i , φi)
, (28)

where α0
i is the local sidereal time (for practical reasons chosen so that it is always equal to the right ascen-

sion of the zenith at the center of the experiment), and Nφ =
∑N

i=1[1 + δω(α0
i , φi)]

−1. Writing k̂kk · n̂ as a
function of the local coordinates (θ,φ,α0),

k̂kk · n̂ = sin δk(cos θ sinλ+ sin θ cosλ sinφ) + cos δk cosαk(− sin θ cosφ sinα0 + cos θ

× cosλ cosα0 − sin θ sinλ sinφ cosα0) + cos δk sinαk(sin θ cosφ cosα0 + cos θ

× cosλ sinα0 − sin θ sinλ sinφ sinα0) , (29)

the angular dependence of the intensity in the first harmonic amplitudes in φ can be expressed as

ĉ1 =
2

Nφ

∫ 2π

0

dα0

∫ 2π

0

dφ

∫ θmax

θmin

dθ sin θ cosφJ(> Eth, θ, φ, α
0) = 0, (30)

d̂1 =
2

Nφ

∫ 2π

0

dα0

∫ 2π

0

dφ

∫ θmax

θmin

dθ sin θ sinφJ(> Eth, θ, φ, α0) =
π

Nφ

F0k‖ cosλsin θ, (31)

Nφ =

∫ 2π

0

dα0

∫ 2π

0

dφ

∫ θmax

θmin

dθ sin θ J(> Eth, θ, φ, α0) = πF0(1 + k‖ sinλ cos θ), (32)

where f(θ) ≡
∫ θmax

θmin
dθf(θ) sin θ [114]. The coefficient ĉ1 vanishes as anticipated, while d̂1 is related to k‖

by

d̂1 =
k‖ cosλ〈sin θ〉

1 + k‖ sinλ〈cos θ〉 , (33)
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Figure 5: Sky map in equatorial coordinates using a Hammer projection (left) and Galactic coordinates (right) showing the CR
intensity above 8 EeV smoothed with a 45◦ top-hat function. On the left panel, the Galactic center is marked with an asterisk
and the Galactic plane is shown by a dashed line. On the right panel, the Galactic center is at the origin. The cross indicates
the measured dipole direction; the contours denote the 68% and 95% confidence-level regions. The dipole in the 2MRS galaxy
distribution is indicated. Arrows show the deflections expected for a particular model of the Galactic magnetic field [116–118] on
particles with E/Z = 5 EeV and 2 EeV. From Ref. [115]

where sin θ/1 has been estimated as the mean value of sin θ of the events themselves and likewise cos θ/1 '
〈cos θ〉. Note that for k‖ sinλ〈cos θ〉 � 1, the dipole component along the Earth’s rotation axis can be
obtained to linear order as

k‖ =
d̂1

cosλ〈sin θ〉 , (34)

with tan δk = k‖/k⊥. It is noteworthy that a pure dipole distribution is not possible, because the CR
intensity cannot be negative in half of the sky. A pure dipole deviation from isotropy means a superposition
of monopole and dipole, with the intensity everywhere ≥ 0, as expressed by the Fourier expansion (19).

On November 2017, the Pierre Auger Collaboration reported a significant (> 5σ) large scale hemi-
spherical asymmetry in the arrival directions of UHECR recorded between 1 January 2004 and 31 August
2016, from a total exposure of about 7.68 × 104 km2 sr yr [115]. The mean cosine of the declinations
of the events in the sample is found to be 〈cos δ〉 = 0.78, whereas the mean sine of the zenith angles
of the events is 〈sin θ〉 = 0.65. The Rayleigh analysis of the first harmonic in right ascension of 32,187
events with E ≥ 8 EeV yields r̂1 = 0.047+0.008

−0.007 and ϕ̂1 = (100 ± 10)◦, with a random chance probability
p(≥ r̂1) = 2.6 × 10−8. However, for the 81,701 events recorded with 4 < E/EeV < 8, the amplitude of
the first harmonic is significantly smaller: r̂1 = 0.005+0.006

−0.002. In this energy bin ϕ̂1 = (80 ± 60)◦ and the
probability by chance is p(≥ r̂1) = 0.6. The data analysis in azimuthal angle leads to d̂1 = −0.013± 0.005
in the 4 < E/EeV < 8 energy bin and d̂1 = −0.014 ± 0.008 in the E ≥ 8 EeV bin. The probabilities
that larger or equal absolute values for d̂1 arise from an isotropic distribution are 0.8% and 8%, respectively.
The E ≥ 8 EeV data are well-represented by a dipole with amplitude k = 0.065+0.013

−0.009 pointing in the di-
rection (αk, δk) = (100+10

−10
◦
,−24+12

−13
◦
). In a second study, the Auger Collaboration further scrutinized the

highest-energy bin by splitting it into three energy ranges [119]. They found that the amplitude of the dipole
increases with energy above 4 EeV. The growth can be fitted to a power law with index = 0.79 ± 0.19.
The Auger Collaboration also estimated the quadrupolar components of the anisotropy, which are shown
to be not statistically significant. The dipolar pattern is clearly seen in the flux map in Fig. 5. In Galactic
coordinates, the direction of this dipole is (lk, bk) = (233◦,−13◦). This direction is about 125◦ from the
Galactic center, suggesting that the UHECRs creating the anisotropy have an extragalactic origin.

Because of Liouville’s theorem, the distribution of cosmic rays must be anisotropic outside of the Galaxy
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for an anisotropy to be observed at Earth [120, 121]. An anisotropy cannot arise through deflections of an
originally isotropic flux by a magnetic field. This is because the intensity is constant along any possible CR
trajectory. To get the picture, consider the time evolution of the phase space distribution within t and t+ dt.
The number of particles in an open ball around (x′,p′) at t′ = t + dt is given by dN = f(x′,p′) d3x′ d3p′.
Now, f(x,p) would remain constant if the Jacobian of the (x,p)→ (x′,p′) transformation satisfies

J =
∂(x′,p′)

∂(x,p)
= 1 . (35)

For (35) to stay staunch, it is sufficient to prove that the time-derivative dJ /dt = 0. In other words, the
expansion of J to first-order terms in dt must vanish. The evolution from t to t + dt entails x′ = x + v dt
and p′ = p + F dt, and so

diagJ =

(
1, 1, 1, 1 +

∂Fx
∂px

dt, 1 +
∂Fy
∂py

dt, 1 +
∂Fz
∂pz

dt

)
, (36)

whereas the off-diagonal elements are O(dt). All in all, the expansion of the Jacobian to first order in dt is
given by

J = 1 +

(
∂Fx
∂px

+
∂Fy
∂py

+
∂Fz
∂pz

)
+ · · · , (37)

and therefore since the electromagnetic force satisfies ∇p · F = 0 the phase space distribution is constant
along the CR trajectory [37]. In addition, the magnetic field does not change the magnitude of the cosmic ray
momentum p, and so p2f(x,p) is preserved too. Now, it is straightforward to see from (9) that the intensity
is constant along any possible CR trajectory.

A dipole anisotropy is expected due to the net motion of Earth with respect to the rest frame of UHECR
sources, the so-called Compton-Getting effect [122]. Note that any observer moving relative to the coordi-
nate system in which the distribution of UHECRs is isotropic will observe an anisotropic flux. Let f(x,p)
be the distribution function of UHECRs in the frame S for which the intensity is isotropic, and f(x′,p′) the
one in S ′ associated to the observer frame S moving with velocity u with respect to S. The differentials
d3x and d3p transform opposite under Lorentz transformations and the particle number dN is (of course)
a scalar. Thus, Lorentz invariance implies f(x,p) = f(x′,p′). The particle momentum in the frame S ′ is
related to that in S by a Lorentz transformation

p′ = γu

(
p− p

v
u
)
, (38)

where v ∼ 1 is the UHECR velocity in S. For a non-relativistic motion of the observer, u � 1 and so the
anisotropy induced by the Compton-Getting effect is dominated by the lowest moment: its dipole moment.
In addition, γu ∼ 1, and so an expansion in the small parameter p− p′ = −pu, leads to

f ′(p′) = f(p′)− pu · ∂f
∂p

∣∣∣∣
p=p′

+O(u2) = f(p′)

(
1− u · p

p

∂ ln f

∂ ln p

)
· · · . (39)

From (9) it follows that ln J = 2 ln p+ ln f and so

∂ ln f

∂ ln p
=
∂ ln J

∂ ln p
− 2 =

∂ ln J

∂ lnE

∂ lnE

∂ ln p
− 2 . (40)
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Substituting (40) into (39) and multiplying by p2 one arrives at

J ′(E ′) ' J(E)

[
1 +

(
2− ∂ ln J

∂ lnE

)
u · p
p

]
. (41)

For particles with spectrum J(E) ∝ E−γ , the intensity observed in S ′ is given by

J ′(E ′) ' J(E) [1 + (2 + γ) u cos(û, p̂)] . (42)

Assuming that the sources of UHECRs are on average at rest with respect to the cosmological frame, the
magnitude and direction of the velocity of the solar system u can be inferred from the detection of the dipole
anisotropy in the CMB. This gives u = 369.0 ± 0.9 km/s in the direction (lCMB, bCMB) = (264.00◦ ±
0.03◦, 48.24◦ ± 0.02◦) [123–125]. For γ ' 2.53, the predicted amplitude of the Compton-Getting effect,
k = (2+γ)u, is only 0.56% [126]. This is about an order of magnitude smaller than the amplitude unmasked
by the Pierre Auger Collaboration [115].

We have seen that at energies beyond a certain threshold, the GZK interactions between UHECRs and the
universal photon backgrounds limits the distances that the particles would travel. For He, dGZK

10 ∼ 103 Mpc,
whereas for p and CNO dGZK

10 ∼ 103.3 Mpc [127]. At lower energies the GZK distance increases, e.g.,
for p, dGZK

4 ∼ 103.3 Mpc and for He and CNO is of the order of the Hubble distance. Note that if the
intervening magnetic fields are negligible, then the UHECR horizon would be characterized by the GZK
distance. Hence, since the GZK distance for CR energies at which the dipole has been observed is almost
the Hubble distance, the UHECR dipole axis must be aligned with the CMB dipole (that follows the large-
scale structure dipole matter distribution). Note, however, that both k and (lk, bk) are not compatible with
the CMB dipole [127].

The lifetime of a CR with velocity v ∼ 1 is limited to τGZK
EEeV

∼ dGZKEEeV
/v, where EEeV ≡ E/EeV. The

diffusion of this CR in the extragalactic magnetic field could limit its magnetic horizon to much less than
dGZKEEeV

. For a diffusive propagation in a magnetic field B, the horizon scale is the diffusion distance

dBEEeV
∼
√

6 D min
{
τGZK
EEeV

, tage

}
, (43)

where D is the diffusion coefficient and tage is the age of the source (tage ∼ Hubble time if the source
has always been active) [127]. The diffusion coefficient depends on the rigidity of the particles and on the
strength and coherence length of the magnetic field. For a Kolmogorov turbulence, the diffusion coefficient
can be approximated via a fitting function that accounts for both the resonant and non-resonant diffusion
regimes

D ≈

0.03

(
λ2

MpcEEeV

ZBnG

)1/3

+ 0.5

(
EEeV

ZBnGλ0.5
Mpc

)2
 Mpc2 Myr−1 , (44)

where Ze is the CR charge, BnG is the extragalactic magnetic field strength in nG and λMpc its coherence
length in Mpc [128].4 The diffusive approximation is valid for 6D < v dGZK

EEeV
, or equivalently when dBEEeV

<

4Measurements of the Faraday rotation in the linearly polarized radio emission from distant quasars yield upper limits on the
extragalactic magnetic field strength as a function of the reversal scale [129]. If electron densities follow that of the Lyman-α
forest [130], the average magnitude of the magnetic field receives an upper limit of B ∼ 0.65 nG for reversals on the scale of the
horizon, and B ∼ 1.7 nG for reversal scales on the order of 1 Mpc at the 2σ level [131].
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dGZK
EEeV

. If it takes more than the age of the Universe to enter the diffusion regime, then the propagation
of UHECR becomes quasi-rectilinear. Altogether, the size of the region contributing to the observed CR
intensity (and consequently to the observed anisotropy) is set by the CR horizon [132]

HEEeV
= min

{√
6DτGZK

EEeV
, dGZK

EEeV

}
. (45)

For a homogeneous extragalactic magnetic field, characterized by BnG ≈ 10 and λMpc ≈ 0.2, the CR
horizon shrinks dramatically; e.g. H10 ∼ 100 Mpc for He and H10 ∼ 200 Mpc for CNO and p [127].

Of particular interest here, the distribution of nearby – distanceO(100 Mpc) – galaxies, as mapped by the
2 Micron All-Sky Redshift Survey (2MRS) [133], exhibits a dipolar structure in the direction (l2MRS, b2MRS) =
(251◦ ± 12◦, 37◦ ± 10◦) [134]. If the sources of UHECRs are a subset of these galaxies, then the arrival
direction of CRs at Earth would follow the same structure. Numerical simulations indicate that a mixed-
composition of CRs with E ∼ 10 EeV, propagating in a BnG ∼ 1 field, would create a dipole anisotropy
with an amplitude of about 10% if the source distribution follows that of the 2MRS catalog up to about
100 Mpc [135].5 The dipole of the flux-weighted distribution of infrared-detected galaxies in the 2MRS
catalogue is shown as an open diamond in Fig. 5. The direction of the 2MRS dipole is 55◦ away from
the central direction of the dipole discovered by the Auger Collaboration. To illustrate how the Galactic
magnetic field could influence the observed direction of the 2MRS dipole, the deflected positions of this
dipole as predicted by the Jansson-Farrar (JF) model of the Galactic magnetic field [116–118] are indicated
by arrows in Fig. 5, for two different CR rigidities that are compatible with the composition fractions shown
in Fig. 2. The agreement between the directions of the UHECR and 2MRS dipoles is improved by adopting
these assumptions about the nuclear composition and the deflections in the Galactic magnetic field. Note
that if the UHECR sources are within 100 Mpc and the UHECR dipole is He-dominated, this would imply
an extragalactic magnetic filed strength of O(10 nG) [127].

One way to increase the chance of success in finding out the sources of UHECRs is to check for correla-
tions between CR arrival directions and known candidate astrophysical objects. This is because even if the
distribution of UHECRs is quasi-isotropic, the arrival directions could get stacked around some pre-defined
directions. To calculate a meaningful statistical significance in such an analysis, it is important to define the
search procedure a priori in order to ensure it is not inadvertently devised especially to suit the particular
data set after having studied it. With the aim of avoiding accidental bias on the number of trials performed
in selecting the cuts, the anisotropy analysis scheme must follow a pre-defined process. First an exploratory
data sample should be employed for comparison with various source catalogs and for tests of various cut
choices. The results of this exploratory period should then be used to design prescriptions to be applied
to subsequently gathered data. The Auger Collaboration began the anisotropy searches with a prescription
protocol [136]. However, collecting the rare ultra-high energy events is very expensive in terms of time.
Given that the nominal lifetime of the experiment extends to 2025, the formality of a prescription at this
stage becomes unpractical.

Following the latest report of the Auger Collaboration [3], the ensuing discussion is focussed on the
search for intermediate-scale anisotropies in UHECR arrival directions associated with two prominent groups
of extragalactic sources detected by the Large Area Telescope on board the Fermi Gamma Ray Space Tele-
scope spacecraft (Fermi-LAT): (i) active galactic nuclei (AGNs) that emit γ-rays, so-called “γAGNs” and

5Note, however, that for BnG ∼ 1, the horizon is larger than the extend of the 2MRS catalog. Sources at larger distances
would somewhat lower the anisotropy.

23



(ii) starburst galaxies (SBGs). The γAGN source population is constructed using the 2FHL catalog, which
includes 360 sources detected by Fermi-LAT above 50 GeV [137]. A selection of radio-loud objects within
a 250 Mpc radius reduces the sample to 17 blazars and radio galaxies. Their 0.05 ≤ E/TeV ≤ 2 integral
flux Fγ is used as a proxy for the UHECR flux. Given the distance of these objects, the γ-ray absorption
by the infrared background light can be safely neglected; see Sec. 3.6. The detections of seven SBGs have
been reported using Fermi-LAT data: NGC 253, M82, NGC 4945, NGC 1068 [138], NGC 2146 [139], Arp
220 [140], and Circinus [141]. Their gamma-ray luminosity has been shown to scale almost linearly with
their continuum radio flux Fγ [138], and therefore the continuum emission of SBGs at 1.4 GHz (for which
a larger census exists) is adopted as a proxy for the UHECR flux.6 Among the 63 objects within 250 Mpc
searched for gamma-ray emission in [138], 23 SBGs with a flux larger than 0.3 Jy are selected to define the
working sample.

The UHECR sky is modelled as the sum of an isotropic component plus the anisotropic contribution
(with signal fraction fsig) from the sources. For the anisotropic component, each source is modeled as a
Fisher-Von Mises distribution F(n̂, ŝi; Θ) centered on the coordinates of the source location ŝi, with the
angular width (or search radius Θ) being a free parameter common to all sources.7 Smoothed density maps
are constructed from a superposition of catalog sources, weighted by the electromagnetic flux of the source
Fγ . The smoothed density maps are described by a function F (n̂), such that its value in a given direction n̂
is proportional to the probability of detecting a CR in that direction, according to the model. Collectively,
the probability density map function is given by

F (n̂; fsig,Θ) =
ω(n̂)

C

[
(1− fsig) + fsig

Ncat∑
i=1

Fγ,i w(zi) F(n̂, ŝi; Θ)

]
, (46)

where C is an overall normalization constant that guarantees
∫
F dn̂ = 1, w(zi) is the weight attributed to the

ith source located at zi to account for the attenuation factor because of GZK interactions, and the sum extends
over all sources in the catalog Ncat [145]. Then, the model map depends on two free parameters aimed at
maximizing the degree of correlation with UHECR events: the fraction of all events due to the sources
(anisotropic fraction) and the root-mean-square angular separation between an event and its source (search
radius) in the anisotropic fraction. The search signal fraction fsig controls to what extent a contribution
from the considered astrophysical sources is preferred to over a purely isotropic distribution. The search
radius Θ provides an effective description of CR deflections in the intervening magnetic fields. The fraction
(1 − fsig) parametrizes the isotropic component. Note that this isotropic contribution could originate in
faint unresolved objects absent from the considered catalog, or else account for highly deflected nuclei in
the Galactic B-field. The GZK-weights are evaluated as the fraction of the events produced above a given
energy threshold, which are able to reach the Earth from a source at a redshift z with an energy still above
that same threshold [146]. The weights depend on both the shape of the emission spectra and the nuclear

6TeV γ-ray emission has been observed from M82 [142] and NGC 253 [143].
7The Fisher-Von Mises distribution, F(n̂, ŝ;κ) = κ exp(κ n̂ · ŝ)/(4π sinhκ), is the equivalent of a Gaussian on the sphere S2,

where ŝ ∈ S2 is the mean direction, κ ≥ 0 is the concentration parameter, n̂ ∈ S2 is a random unit vector on the sphere, and the
remaining terms serve to normalize the distribution [144]. The parameter κ controls the concentration of data points n̂j around
the mean direction ŝ, with j = 1, · · ·N . In particular, for κ = 0, F(n̂, ŝ;κ) reduces to the uniform density on S2, whereas as
κ → ∞, F(n̂, ŝ;κ) tends to a point density. The parameters ŝ and κ−1 are analogous to the mean and variance in the Gaussian
distribution. Thus, the search radius is defined as the inverse square root of Fisher’s concentration parameter, viz. κ = Θ−2.
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composition at the sources. They are determined through a fit that simultaneously reproduces Auger data on
the spectrum and composition [97].

The most probable values of the free parameters (fsig and Θ) are estimated using a maximum-likelihood
ratio test, which also quantifies the strength of each model by contrast with isotropy. The likelihood is
defined as the product over the UHECR events of the model density in every UHECR direction

L (fsig,Θ; n̂j) =
N∏
j=1

F (n̂j; fsig,Θ) , (47)

where n̂j is the direction of the jth event and N the number of events in the UHECR data sample [145]. As
aforestated, the TS for deviation from isotropy is the likelihood ratio test, −2 lnλ0, between two nested hy-
potheses: the UHECR sky model and an isotropic model (null hypothesis); see Appendix B for details. Note
that the condition fsig = 0 yields the density map of isotropy, and consequently defines the null hypothesis.
The TS is maximized as a function of two parameters: the search radius and the anisotropic fraction. The
analysis is repeated for a sequence of energy thresholds varying in the range 1010.3 . Eth/GeV . 1010.9.

For SBGs, the maximum TS ≡ −2 lnλ0 = 24.9 is obtained with 894 events of E > 39 EeV. This
corresponds to a local p-value of 3 × 10−6, see Fig. B.26. The smearing angle and the anisotropic fraction
corresponding to the best-fit parameters are 13+4

−3
◦ and (10 ± 4)%, respectively. Remarkably, the energy

threshold of largest statistical significance coincides with the observed suppression in the spectrum [32],
implying that when we properly account for the barriers to UHECR propagation in the form of energy
loss mechanisms [8, 9] we obtain a self consistent picture for the observed UHECR horizon. The scan in
energy thresholds comes out with a penalty factor, which was estimated through Monte-Carlo simulations.
The post-trial chance probability in an isotropic cosmic ray sky is 4.2 × 10−5, corresponding to a 1-sided
Gaussian significance of 4σ [3]. For γAGNs, the maximum TS ≡ −2 lnλ0 = 15.2 is obtained with 177
events of E > 60 EeV. The maximum deviation for γAGNs is found at an intermediate angular scale of
Θ = 7+4

−2
◦ with an anisotropic fraction fsig = (7 ± 4)%. Penalizing for the energy scan, the maximum TS

obtained for γAGNs corresponds to a 2.7σ deviation from isotropy.

Because of possible incompleteness of the source-list in [138] near the Galactic plane (|b| < 10◦) and in
the southern sky (δ < 35◦), relevant SBGs could be missing from the selected sample. However, the Auger
Collaboration verified that the conclusions remain unchanged if: (i) one uses all 63 objects listed in [138];
(ii) one uses the catalog given in [147] with 32 SBGs above 0.3 Jy, (iii) one adds the Circinus SBG absent
from (i) and (ii); (iv) one uses only the six SBGs (NGC 253, M82, NGC 4945, NGC 1068, Circinus, NGC
2146) reported in the third Fermi-LAT source catalog (3FGL) [148], and their 1 to 100 GeV integral flux as
a UHECR proxy.

Starburst galaxies provide the most significant indication that UHECRs are not distributed isotropically
on an intermediate angular scale, with an a posteriori chance probability pAuger ' 4.2 × 10−5. As shown
in Fig, 6 the Auger signal is dominated by three nearby starbursts NGC 4945, M83, and NGC 253. In the
bottom panel of Fig. 6 it can be seen that M82 is expected to be one of the dominant starbursts in the full-sky.
Its declination of δ ≈ 70◦ N is outside the exposure of the Auger Observatory, but is covered in the northern
hemisphere by the TA. Thought-provoking, the starburst galaxy M82 is close to the best-fit source position
of the TA hot spot [149–153]. The multiplicative p-value for the two non-correlated observations is

p = pTA ⊗ pAuger = 1.5× 10−8, (48)
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Figure 3. Top to bottom: observed excess map; model excess map; residual map; model flux map, for the best-fit parameters obtained with SBGs above 39 EeV (left)
and γAGNs above 60 EeV (right). The excess maps (best-fit isotropic component subtracted) and residual maps (observed minus model) are smeared at the best-fit
angular scale. The color scale indicates the number of events per smearing beam (see inset). The model flux map corresponds to a uniform full-sky exposure. The
supergalactic plane is shown as a solid gray line. An orange dashed line delimits the field of view of the array.

(FITS files for this figures are available.)
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Figure 6: From top to bottom: (i) observed excess map, (ii) model excess map, (iii) residual map, and (iv) model flux map, for
the best-fit parameters obtained with starburst galaxies above 39 EeV (left) and γAGNs above 60 EeV (right). The excess maps
(best-fit isotropic component subtracted) and residual maps (observed minus model) are smeared at the best-fit angular scale. The
color scale indicates the number of events per smearing beam (see inset). The model flux map corresponds to a uniform full-sky
exposure. The supergalactic plane is shown as a solid gray line. An orange dashed line delimits the field of view of the array.
From Ref. [3]
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yielding a statistical significance & 5σ [154]. However, caution must be exercised in all-sky compar-
isons [155]. Moreover, (48) combines a catalog-based cross-correlated search (Auger) with a blind search
(TA). Therefore, (48) provides a rough estimate of the statistical significance under the strong assumption
that M82 (which is at the border of the excess of TA events) is the only source contributing to the TA
hot-spot. It is clear that new data are needed to confirm the suggested correlation.8

For γAGNs, a compelling concentration of events is observed in the region around the direction of the
nearest active galaxy, Centaurus A (Cen A). A separate analysis [32] shows that the maximum departure
from isotropy occurs for a ring of 15◦ around the object, in which 19 (out of a total of 203) events with
E ≥ 58 EeV are observed compared to an expectation of 6.0 from isotropy. The significance of this excess
can be obtained by penalizing for the scan in energy and angular scale. Performing such a process one
obtains a statistical significance of ∼ 3.1 σ [32]. There are no events coming from less than 15◦ around
M87, which is almost 5 times more distant than Cen A and lies at the core of the Virgo cluster. The Auger
exposure is 3 times smaller for M87 than for Cen A [157]. Using these two rough numbers and assuming
equal luminosity, one expects 75 times fewer events from M87 than from Cen A. Hence, the lack of events
in this region is not completely unexpected.

The Centaurus cluster lies 45 Mpc behind Cen A. An interesting question then is whether some of
the events in the 15◦ circle could come from the Centaurus cluster rather than from Cen A. This does not
appear likely because the Centaurus cluster is farther away than the Virgo cluster and for comparable CR
luminosities one would expect a small fraction of events coming from Virgo [158].

It has been proposed that Fornax A could be the source of the apparent excess above 60 EeV right to the
Galactic South pole in Fig. 6 [159]. However, if the Galactic magnetic field is approximated well by the JF
model [116–118], then Fornax A is unlikely to be the source of the excess because the magnetic field would
deflect UHECRs into a different location near the Galactic equator [160, 161].

The latest search for hot spot anisotropies is a joint effort by the two collaborations considering 840
events recorded by Auger with E > Eth,Auger = 40 EeV and 130 events recorded by TA with E > Eth,TA =
53.2 EeV [162]. The most significant excesses observed in a 20◦ search are at Galactic longitude and
latitude: (l, b) ≈ (303.0◦, 12.9◦) and (l, b) ≈ (162.5◦, 44.4◦), with local Li-Ma statistical significance for the
rejection of the null (background only) hypothesis of 4.7σ and 4.2σ, respectively. The Li-Ma significance
map of this data-sample is shown in Fig. 7.

In addition, the TA Collaboration carried out an independent test of the reported correlation between
the arrival directions of UHECRs and SBGs. The data sample used for this analysis includes CRs with
E > E ′th,TA = 43 EeV detected by TA in a nine year period from May 2008 to May 2017. These data
are compatible with isotropy to within 1.1σ and with Auger result to within 1.4σ, and so the TA Collabora-
tion concluded that with their current statistics they cannot make a statistically significant corroboration or
refutation of the reported possible correlation between UHECRs and SBGs [163]. It is important to stress,
however, that E ′th,TA < Eth,TA. Most importantly, Eth,TA is above the energy at which TA observes the
suppression in the spectrum [164], but E ′th,TA is below. This implies that the data sample of the test carried
out by the TA Collaboration is most likely contaminated from the isotropic background of UHECRs emitted
by far away sources, and consequently this would tend to reduce the significance of any possible correlation
with nearby sources.

8First generation of UHECR observatories also pointed to a starburst origin for the highest energy events [156].
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Figure 7: Skymap in Galactic coordinates of the Li-Ma significances of over-densities in 20◦ radius windows for 840 events
recorded by Auger with E > Eth,Auger and 130 events recorded by TA with E > Eth,TA. The color scale indicates the
significance in units of standard deviations; negative values follow the convention of indicating the (positive) significance of
deficits. Nearby SBGs providing a significant contribution to the UHECR correlation signal of Auger [3] and TA [163] are
indicated by stars. From Ref. [161].

We end with two observations:

• It is important to keep in mind that if a source produces an anisotropy signal at energy E with cos-
mic ray nuclei of charge Ze, it should also produce a similar anisotropy pattern at energies E/Z via
the proton component that is emitted along with the nuclei, given that the trajectory of cosmic rays
within a magnetic field is only rigidity-dependent [165]. Moreover, secondary protons produced dur-
ing propagation could also create an anisotropy pattern in the “low” energy regime [166]. This sets
a constraint on the maximum distance to nucleus-emitting-sources. Making the extreme assumption
that these sources do not emit any protons, the hypothetical source(s) responsible for anisotropies
should lie closer than ∼ 20 to 30, 80 to 100, and 180 to 200 Mpc, if the anisotropy signal is mainly
composed of oxygen, silicon and iron nuclei, respectively [166]. This sets an interesting constraint on
source models of UHECR nuclei and provides a distinctive signal to be tested by future data.
• It is also important to keep in mind that the anisotropies searches discussed above are all a posteriori

studies, so one cannot use them to determine a completely unbiased confidence level for anisotropy as
the number of trials is unknown.

In summary, the inaugural years of data taking at TA and the Pierre Auger Observatory have yielded
a large, high-quality data sample. The enormous area covered by the Auger surface array together with
an excellent fluorescence system and hybrid detection techniques have provided us with large statistics,
good energy resolution, and solid control of systematic uncertainties. Presently, Auger is collecting some
7, 000 km2 sr yr of exposure each year, and is expected to run until 2025. New detector systems are
being deployed, which will lower the energy detection threshold down to 108 GeV [167]. In particular,
the addition of planar plastic scintillator of 4 m2 area to each Cherenkov detector will provide baryonic-

28



sensitive observables for each shower enabling charge-discriminated studies with a duty cycle of nearly
100%. An experimental radio detection program is also co-located with the observatory and shows promis-
ing results [168, 169]. In addition, new surface and fluorescence detectors are planned to be constructed for
the TA×4 experiment to cover 4 times larger area than TA to observe cosmic rays, especially with the high-
est energies using high statistics [170]. As always, the development of new analysis techniques is ongoing,
and interesting new results can be expected.

3. Quest for the origin(s) of UHECRs

3.1. Acceleration processes

3.1.1. Phenomenological considerations

It is most likely that the bulk of the cosmic radiation is a result of some very general magneto-hydrodynamic
(MHD) phenomenon in space which transfers kinetic or magnetic energy into CR energy. The details of
the acceleration process and the maximum attainable energy depend on the particular physical situation
under consideration. There are basically two types of processes that one might invoke. The first type as-
sumes the particles are accelerated directly to very high energy by an extended electric field [171]. This
idea can be traced back to the early ’30s when Swann [172] pointed out that betatron acceleration may
take place in the increasing magnetic field of a sunspot. These so-called “one-shot” mechanisms have
been worked out in greatest detail, and the electric field in question is now generally associated with the
rapid rotation of small, highly magnetized objects such as white dwarfs [173, 174], neutron stars (pul-
sars) [175–179], or black holes [180–182]. Electric field acceleration has the advantage of being fast, but
suffers from the circumstance that the acceleration occurs in astrophysical sites of very high energy density,
where many opportunities for energy loss exist. The second type assumes particles gain energy gradu-
ally through multiple stochastic encounters with moving magnetized plasmas. This idea was pioneered
by Fermi [183, 184]. A variety of astrophysical environments have been suggested as sites of stochas-
tic acceleration, including the interplanetary medium [185, 186], supernova remnants (SNRs) [187–192],
the Galactic disk and halo [193–196], AGNs [197–199], large-scale jets and lobes of giant radio-galaxies
(RG) [200–202], blazars [203–206], gamma-ray bursts (GRBs) [207, 208], starburst superwinds [4, 209],
Galactic microquasar systems [210, 211], and clusters of galaxies [212–214]. Stochastic acceleration has
the disadvantage of being slow, and it is also hard to keep the relativistic particles confined within the Fermi
engine.

The length scale characterizing the propagation of an UHECR of energy E and charge Ze in a magnetic
field B is the Larmor radius

rL =
1√
4πα

E

ZB
= 1.1

1

Z

(
E

109 GeV

)(
B

µG

)−1

kpc ; (49)

a greater Larmor radius implies a less curved trajectory. If the CR energy originates via an acceleration
process, a general estimate of the maximal energy can be obtained by requiring the Larmor radius of the
UHECR to be no larger than the linear size R of the accelerator. This constraint provides a qualitative
criterion to identify potential sources of UHECRs by simply looking at the largest values of the product
BR; namely,

E . Z

(
R

kpc

)(
B

µG

)
× 109 GeV . (50)
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The limitation in energy is conveniently visualized in the “ Hillas plot” [171] shown in Fig. 8, where the
characteristic magnetic field B of candidate cosmic accelerators is plotted against their characteristic size
R. It is striking that the potential accelerators range from neutron stars (for which R ∼ 10 km), up to clus-
ters of galaxies (for which R ∼ 1 Mpc). Exceptions to the limit (50) may occur for astrophysical systems
containing jets which move relativistically in the host-galaxy frame. Such relativistic jets are ubiquitous in
astrophysical systems that contain compact objects, such as blazars, GRBs, and microquasars. The Hillas
criterion is a necessary condition, but not sufficient. An important caveat is that (50) neglects the finite life-
time of the acceleration region and energy loss due to interactions with the environment, such as synchrotron
radiation in the magnetic field and the production of secondary particles. For example, Gpc scale shocks
from structure formation with O (nG) magnetic fields would satisfy the Hillas criterion, but the accelera-
tion at such shocks could be much too slow and consequently subject to large energy loss; see in Fig. 8
intergalactic medium.

Along these lines, in this section we will scrutinize some general constraints on UHECR accelerators.
The essence of these constraints are briefly summarized in the following points [216]:

• geometry – the accelerated particle should need be kept inside the source while being accelerated;
• power – the source should posses the required amount of energy to give it to accelerated particles;
• radiation losses – the energy lost by a particle for radiation in the accelerating field should not exceed

the energy gain;
• interaction losses – the energy lost by a particle in interactions with other particles should not exceed

the energy gain;
• emissivity – the total number (density) and power of sources should be able to provide the observed

UHECR flux;
• accompanying radiation of photons, neutrinos, and low-energy cosmic rays should not exceed the

observed fluxes, both for a given source and for the diffuse background.

3.1.2. Unipolar induction

A neutron star is a compact object of radius R∗ ∼ 10 km, which evolved from the gravitational collapse
of an ordinary massive star of radius R? ∼ 106 km, with a magnetic field B? ∼ 1 G, and a rotation period
P? ∼ 10 − 100 yr, or else from white dwarfs that because of accretion exceeded the Chandrasekhar mass
of 1.4M�, where M� is the solar mass. The conservation of angular momentum, MR2

?Ω? = MR2
∗Ω∗,

and magnetic flux, R2
?B? = R2

∗B∗, entail that when compressed to the size R∗ the rotation period and the
magnetic field of the neutron star are of order P∗ ∼ (R∗/R?)

2P? ∼ (0.01 − 1) s and B∗ ∼ (R∗/R?)
2B? ∼

1012 G = 100 MT, where Ωi = 2π/Pi is the angular velocity. Therefore, according to the Hillas criterion
neutron stars can accelerate CRs to the maximum observed energies.

Neutron-star surfaces are thought to be composed of anisotropic, tightly-bound condensed matter. The
crust of neutron stars extends down to about 1 km below the surface, with densities ranging from a few
g/cm3 on the exterior surface up to nuclear density 1014 g/cm3 in the interior [217]. The outermost layers
of the star are composed of long molecular chains of 56Fe, with axes parallel to the magnetic field. 56Fe ions
can thus be stripped off the surface and be accelerated to extremely-high energies.

The acceleration process is Faraday’s unipolar induction, in which the rotational energy of the highly
conducting plasma surrounding the homogeneously magnetized star is converted into electromagnetic en-
ergy. The electromagnetic force Fem ∼ ZeE acting on a CR of charge Ze and mass m near the neutron star
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Figure 8: The “Hillas plot” for various CR source candidates, (blue areas). Also shown are jet-frame parameters for blazars,
GRBs, and microquasars (purple areas). The corresponding point for the LHC beam is also shown. The straight lines show
the lower limit for accelerators of protons at the knee (Eknee ∼ 106.6 GeV), the ankle (Eankle ∼ 109.7 GeV), and the GZK
suppression (Esupp ∼ 1010.6 GeV). The curve is the upper limit from synchrotron losses and proton interactions in the cosmic
photon background (R � 1 Mpc). The grey area corresponds to astrophysical environments with extremely large magnetic field
energy that would be gravitationally unstable. Here, AGN indicates the unipolar inductor which originates in the rotating accretion
disk around a 108M� black hole; such a disk could draw in magnetic flux with the gas to give a magnetic fieldB ∼ 104 G parallel
to the rotation axis [182]. Blazars and RGs are AGNs that are oriented at different angles [15]. When the galaxy is oriented so
that the jets of energy exiting the black hole are pointed toward Earth the objects is called a blazar. When the Earth is oriented
perpendicular to the jet axis, the full extent of the jets may be seen particularly at low frequencies, giving rise to a morphology
typical of RGs. For blazars and RG lobes, particle acceleration proceeds via Fermi mechanism [201, 202, 205]. From Ref. [215].
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surface turns out to be many orders of magnitude greater than the gravitational force Fg = GMm/R2
∗. This

condition allows us to disregard the electromagnetic field distortion connected with the space curvature in
the vicinity of the neutron star. Therefore, the charges co-rotating with the star only experience the mag-
netic force, which is orthogonal to both the magnetic field and velocity. If unlimited plasma particles can be
supplied into the system the electric charges move freely until the electric force and the magnetic force are
equal and opposite,

E + v ×B = 0 . (51)

The condition (51) simply implies that E · B = 0. In other words, if the plasma surrounding the star is a
perfect conductor, the electric field in the prime coordinate system co-rotating with the star is zero, E′ = 0.

Because of the presence of plasma in the pulsar magnetosphere condition (51) is, with adequate accuracy,
satisfied not only in the interior of the neutron star but also in the whole magnetosphere. It is evident that
the rigid co-rotation becomes impossible at large distances from the rotation axis. Indeed, the plasma rigidly
co-rotates with the star within a zone r < RL limited by the finiteness of the speed of light. The so-called
light cylinder defines the distance from the rotational axis at which a co-rotating particle would reach the
speed of light; namely

RL =
c

Ω∗
, (52)

where for clarity, we have written explicitly the speed of light while defining RL; hereafter we continue
using natural units and we will drop c from our formulae. Note that RL provides a natural scale to define the
magnetosphere boundary. For ordinary pulsars, RL ∼ 103 − 104 km. This implies that the light cylinder is
at distances several thousand times larger than the neutron star radius.

To discuss the generalities of the acceleration mechanism following [218] we consider the simplest
case of a perfectly conducting neutron star rotating with angular velocity Ω∗. The star is endowed with a
magnetic dipole moment aligned with the rotation axis, taken here in the vertical ẑ direction. The magnetic
moment tends to be antiparallel (as opposed to parallel) to its spin angular momentum and has a magnitude
µ = BpR

3
∗/2, where Bp is the magnetic field strength at the pole. In spherical coordinates the components

of the magnetic field are given by

B(r, θ) = Bp

(
R∗
r

)3

cos θ r̂ (53a)

and

B(r, θ) =
Bp

2

(
R∗
r

)3

sin θ θ̂ . (53b)

To first order approximation we can neglect the magnetic field contribution from magnetospheric currents,
such that the magnetic field far from the neutron star surface is dominated by the star’s own dipole field.

As one can see in Fig. 9, some magnetic field lines close inside the light cylinder, while those connected
to the polar region cross it, and the particles moving along them cannot co-rotate. These open field lines
define two polar caps on the stellar surface from which charged particles leaving the star can move along
field lines and escape from the co-rotating magnetosphere by passing through the light cylinder. At the
light cylinder the co-rotating magnetosphere carries one sign of net charge along an equatorial belt and the
opposite sign above and below it. A (centrifugally induced) loss of charged particles out through the light
cylinder would cause E ·B 6= 0. The separatrix is the line dividing the co-rotating magnetosphere from the
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Figure 9: The axisymmetric magnetosphere structure of a neutron star. The rotating homogeneously magnetized star generates a
dipole magnetic field. The open field lines coming out from the magnetic poles cross the light cylinder (dashed line).

open field lines region. The polar cap is defined as the portion of the star surface connected with the open
field lines. The semi-opening angle for a dipolar magnetic field can be approximated by

sin θ0 =

√
R∗
RL

=
√
R∗ Ω∗ , (54)

and so for R∗ = 10 km, (54) leads to θ0 ∼ 0.8◦/
√
P/s [219].

A polar magnetospheric gap is formed that spans the open field lines from the stellar surface. In the gap
E · B 6= 0, although as we have seen the scalar product vanishes essentially everywhere else in the near
magnetosphere. Co-rotation requires a Goldreich-Julian charge density,

ρGJ = ∇ · E = −∇ · (Ω× r×B) = −2Ω ·B + relativistic corrections ∼ BpR
3
∗Ω

3
∗ , (55)

screening E · B [220]. Here, we have used ∇ × (Ω × r) = 2Ω, (52), and (53b). The potential difference
between the pole (p) and the point (c) at the edge of the polar cap (where the first open force line begins) is
given by

∆φ =

∫ c

p

E · ds = −
∫ c

p

(v ×B) · dl = Ω∗ R∗ Bp

∫ c

p

[(ẑ× r̂)× r̂] · dl = R2
∗ Ω∗ Bp

∫ θ0

0

sin θ dθ

= R2
∗ Ω∗ Bp (1− cos θ0) , (56)

where ẑ = cos θ r̂− sin θ θ̂, ẑ× r̂ = sin θ φ̂, (ẑ× r̂)× r̂ = sin θ θ̂, ds = R∗ dθ θ̂, and v = R∗ Ω∗× r̂ is the
velocity on the surface [221]. The integration goes over the contour on the pulsar surface where to a good

33



approximation the magnetic field is constant and in the radial direction, i.e., B ≈ Bpr̂. The gap continually
breaks down (sparking) by forming e+e− pairs on a time scale of a few microseconds. The gap positrons
move out along the open field lines, and the electrons flow to the stellar surface to close the pulsar’s unipolar
generator circuit.

For θ0 � 1, we have sin θ0 ≈ θ0 and because (1− cos θ0) = 2 sin2(θ0/2) we can rewrite (56) as

∆φ =
1

2
Ω∗ Bp R

2
∗ θ

2
0 ∼

1

2
Bp R

3
∗ Ω2
∗ ∼ 6.6× 1019

(
Bp

1013 G

)(
R∗

10 km

)3(
P∗

1 ms

)−2

V . (57)

Provided that particles of charge Ze can experience the total potential drop (57), they will be accelerated to
the energy

E = Ze∆φ , (58)

which corresponds to a maximum achievable particle Lorentz factor of

γacc
max =

Ze

AmN

∆φ = 7× 1010 Z

A

(
Bp

1013 G

)(
R∗

10 km

)3(
P∗

1 ms

)−2

, (59)

where mN ∼ 1 GeV is the nucleon mass and A the nucleus baryon number [176]. The fiducial value
of P∗ adopted in (57) corresponds to the exceptionally fast spinning young pulsars. The majority of pul-
sars are born spinning slower. Indeed, the distribution of pulsar-birth spin periods is Gaussian, centered at
300 ms, with standard deviation of 150 ms [222]. Note that most of the pulsars would accelerate heavy
nuclei up a few 107 GeV. However, the period of a uniformly rotating neutron star could be as low
as P∗ ≈ 0.288 ms [223]. Hence, proto-pulsars spinning initially with P∗ ≈ 40 ms would already reach
E ∼ 109 GeV, which is roughly the maximum energy of Galactic cosmic rays [179].

In the real world, the maximum CR energy within the corotating region will be limited by energy loss.
For example, within the potential drop the charged particles follow the curved magnetic field lines and so
emit curvature-radiation photons. The energy loss rate or total power radiated away by a single cosmic ray
is [224]

− dE

dt
=

2

3

Z2e2

r2
c

γ4 , (60)

where rc is the curvature radius of the magnetic field lines. Acceleration gains are balanced by radiative
losses,

γ̇ =
Ze ∆φ

AmN

2π

ξP∗
− 8π2

3P 2
∗

Z2e2

AmN

γ4 , (61)

where we have assumed that the total potential drop is available for particle acceleration over a gap of length
ξRL and that rc ∼ RL. In the absence of other damping mechanisms, the radiation reaction limit turns out
to be,

γrad
max =

(
3πBpR

3
∗

2ZeP∗ξ

)1/4

∼ 1.1× 108

(
Z

26

)−1/4

ξ−1/4

(
Bp

1013 G

)1/4(
P∗

1 ms

)−1/4(
R∗

10 km

)3/4

. (62)

The actual maximum energy that particles can reach at any time within the corotating magnetosphere is
found to be

γmax = min
{
γacc

max, γ
rad
max

}
. (63)
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Before proceeding we note that γrad
max has a very weak dependence on the fraction ξ of RL over which the

gap extends, with R∗/RL < ξ < 1. However, the acceleration time to a given energy is strongly dependent
on the unknown ξ; namely,

γ̇−1 =
AmNγ

Ze ∆φ

ξP∗
2π

= 5× 10−6 s
( γ

109

) ( A
56

) (
Z

26

)−1 (
Bp

1013 G

)−1 (
R∗

10 km

)−3 (
P∗

1ms

)3

ξ . (64)

Note that for newly-born fast spinning pulsars,

R∗
RL

∼ 0.2

(
R∗

10 km

)(
P∗

1 ms

)−1

, (65)

suggesting that ξ = O(1) and consequently that the gap cannot be far from the star surface.

UHECR nuclei could also suffer photodisintegration in the thermal radiation fields generated by the
star and on the source environment. We will discuss these phenomena in detail in Sec. 3.4. We advance
that for the most reasonable range of neutron star surface temperatures (T < 107 K), a large fraction of
nuclei survive complete photo-disintegration in the hostile environment sustained by the thermal radiation
field from the star [225]. However, the apparently inconsequential photo-disintegration losses could still be
enough to produce a mixed nuclear composition at the source, with a non-negligible CNO component.

The spectrum of accelerated UHECRs is determined by the evolution of the rotational frequency. As the
star spins down, the energy of the particles decreases. The total fluence of UHECRs between energy E and
E + dE is found to be

dN

dE
=
dN

dt

dt

dΩ∗

dΩ∗
dE

dE , (66)

where Ṅ = nGJπRLc and nGJ = ρGJ/(Ze) [176]. It is easily seen that when the effect of the magnetosphere
is taken into account the spin-down luminosity of the pulsar can be well approximated by IΩ∗Ω̇∗ = µ2Ω4

∗,
where I ∼ 2

5
MR2

∗ ∼ 1045 g/cm2 is the moment of inertia [226]. Finally, by differentiating (58) it follows
that dE/dΩ∗ = 2E/Ω∗. Therefore, (66) can be rewritten as

dN

dE
∼ πI

ZeµE
, (67)

which explicitly shows that the total fluence of UHECRs accelerated in the neutron star magnetosphere
yields a very hard spectrum ∝ E−1 [176]. Recall that simultaneously reproducing Auger data on the spec-
trum together with the observed nuclear composition requires hard source spectra [97].

Faraday’s dynamo may also operate in the vicinity of a spinning super-massive black hole. The Blandford-
Znajek model [180, 181] permits a direct calculation of the potential drop in polar cap regions of black hole
magnetospheres, and can explain acceleration of UHECR nuclei with choice of parameters [227–229]. How-
ever, photo-nuclear interactions on the ambient photon fields surrounding the accelerator present formidable
challenges for the model [230].

3.1.3. Fermi acceleration at shock waves

In his original analysis of the late ’40s, Fermi [183] considered the scattering of CRs on moving magne-
tized clouds. A sketch of one of these encounters is shown in Fig. 10. Consider a CR entering into a single
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Figure 10: A sketch of 2nd order Fermi acceleration by scattering off magnetic clouds.

cloud with energy Ei and incident angle θi with the cloud’s direction undergoing diffuse scattering on the
irregularities in the magnetic field. After diffusing inside the cloud, the particle’s average motion coincides
with that of the gas cloud. The energy gain by the particle, which emerges at an angle θf with energy Ef ,
can be obtained by applying Lorentz transformations between the laboratory frame (unprimed) and the cloud
frame (primed). In the rest frame of the moving cloud, the CR particle has a total initial energy

E ′i = γcloudEi (1− ucloud cos θi) , (68)

where γcloud and ucloud are the Lorentz factor and velocity of the cloud, respectively. In the frame of the
cloud we expect no change in energy (E ′i = E ′f ), because all the scatterings inside the cloud are due only to
motion in the magnetic field (so-called collisionless scattering).9 There is elastic scattering between the CR
and the cloud as a whole, which is much more massive than the CR. Transforming to the laboratory frame
we find that the energy of the particle after its encounter with the cloud is

Ef = γcloudE
′
f (1 + ucloud cos θf ) . (69)

The fractional energy change in the laboratory frame is then

∆E

E
=
Ef − Ei
Ei

=
1− ucloud cos θi + ucloud cos θf − u2

cloud cos θi cos θf
1− u2

cloud

− 1 . (70)

To determine the average energy gain one must obtain the average values of cos θi and cos θf . Inside the
cloud, the CR scatters off magnetic irregularities many times and its direction becomes randomized, so that

9In collision-dominated plasmas, particle-particle collisions drive the plasma to thermal equilibrium. If an individual particle
gets more energy than average, it will immediately transfer energy via collisions to slower particles. Scatterings are inelastic. In
collisionless plasmas, individual charged particles interact with the background magnetic field. Scatterings are nearly elastic.
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〈cos θf〉 = 0. The average value of cos θi depends on the rate at which CRs collide with clouds at different
angles. The collisionless scattered particle will gain energy in a head-on collision (θi > π/2) and lose energy
by tail-end (θi < π/2) scattering. The net increase of its energy is a statistical effect. The average value of
cos θi depends on the relative velocity between the cloud and the particle. The probability P per unit solid
angle Ω of having a collision at angle θi is proportional to (v − ucloud cos θi), where v is the CR speed. In
the ultrarelativistic limit, i.e., v ∼ 1 (as seen in the laboratory frame),

dP

dΩi

∝ (1− ucloud cos θi) , (71)

so

〈cos θi〉 =

{∫ π

0

cos θi
dP

dΩi

}
/

{∫ π

0

dP

dΩi

dΩi

}
= −ucloud

3
. (72)

Now, inserting (72) into (70), one obtains for ucloud � 1,

〈∆E〉
E

=
1 + u2

cloud/3

1− u2
cloud

− 1 ≈ 4

3
u2

cloud . (73)

Note that 〈∆E〉/E ∝ u2
cloud, so even though the average magnetic field may vanish, there can still be a net

transfer of the macroscopic kinetic energy from the moving cloud to the particle. However, the average en-
ergy gain is very small, because u2

cloud � 1. This acceleration process is very similar to a thermodynamical
system of two gases, which tries to come into thermal equilibrium [231]. Correspondingly, the spectrum of
CRs should follow a thermal spectrum which might be in conflict with the observed power-law.

By the mid ’50s, Fermi realized that a more efficient acceleration process may occur when particles
scatter back and forth between two ends of a contracting magnetic bottle, as the particles would gain energy
at every scattering [184]. Ever since the late ’70s it became clear that a simple version of this acceleration
process may occur in the vicinity of magnetized collisionless plasma shocks occurring in astrophysical
environments [232–239]. These shocks originate in the sudden change of density ρ, temperature T , and
pressure P that decelerate a supersonic flow. Before proceeding, we pause to introduce some notation. The
state of a system in (local) thermodynamic equilibrium may be defined by any two intensive variables, such
as T , P , the specific volume v ≡ ρ−1, the internal energy per unit mass ε, or the entropy per unit mass s. The
first law of thermodynamics may be stated that in going from state 1 to state 2, the change in internal energy
per unit mass must equal the sum of the heat added per unit mass q to the work done per unit mass on the
system, dε = Tds− Pdv. This relation is valid for both reversible and irreversible processes. Any process
in an open system which does not exchange heat with the environment is said to be adiabatic. If the process
is furthermore reversible, it follows that δq = 0 in each infinitesimal step, so that the δs = δq/T = 0. The
specific entropy must in other words stay constant in any reversible, adiabatic process. Such a process is for
this reason called isentropic. The sound speed is defined as

c2
s =

(
∂P

∂ρ

)∣∣∣∣
s

=
γP

ρ
, (74)

where the derivative is taken isentropically so that Pρ−γ = constant, with γ the adiabatic index. The value of
the adiabatic index is γ = 5/3 for monatomic gases, γ = 7/5 for diatomic gases, γ = 9/7 for three-atomic
gases with non-static bindings, and γ = 4/3 for a relativistic gas.
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Figure 11: A sketch of a perpendicular shock.

Hereafter we assume that: (i) the gas density is low enough so particle-particle collisions are rare, and
(ii) the gas passing through the shock is not dissociated, i.e., both the mass of a gas molecule and the
adiabatic index remain unchanged. Then changes occur in ρ, T , P , and velocity. For simplicity, throughout
we consider magnetized plasmas near a perpendicular shock, i.e. one in which the propagation direction
of the shock is aligned with the incident magnetic field. The description of the plasma and fields near a
parallel shock is considerably more complicated than that of a perpendicular shock and can be found in
e.g., [240, 241]. At this stage, it is worthwhile to point out that despite the fact we cannot describe the way
that the fluid behaves inside the shock (say, in a few mean free paths of the shock), we can portray how the
fluid conditions differ from side to side of the shock, i.e., as a result of shock passing. We will show that this
characterization is sufficient for the purpose of modeling UHECR acceleration.

Consider a propagating supersonic flow. In the rest frame of the shock, unshocked gas moving faster than
its sound speed approaches the shock from the right direction. The preshock conditions are characterized by
T1, P1, ρ1, u1, whereas the postshock conditions are described by T2, P2, ρ2, u2. For a steady shock, the
mass contained in the cylinder shown in Fig. 11 is constant. This implies that the mass flux into the shock is
the same as the mass flux out,

ρ1 u1 = ρ2 u2 . (75)

The momentum density contained in the cylinder is also constant. Thus, the net pressure force on the
cylinder plus the net momentum flux into the cylinder must be zero, yielding

(P1 dA− P2 dA) + (ρ1 u
2
1 dA− ρ2 u

2
2 dA) = 0 , (76)

or equivalently
P1 + ρ1 u

2
1 = P2 + ρ2 u

2
2 . (77)

Finally, the energy contained in the cylinder is a constant. Therefore, the net flow of energy into the cylinder
plus the work done on a gas in the cylinder is equal to zero. This leads to[

u1

(
ρ1 ε1 +

1

2
ρ1 u

2
1

)
dA− u2

(
ρ2 ε2 +

1

2
ρ2 u

2
2

)
dA

]
+ (P1 u1 − P2 u2) dA = 0 , (78)

or equivalently,

u1

[
P1 + ρ1

(
ε1 +

1

2
ρ1 u

2
1

)]
= u2

[
P2 + ρ2

(
ε2 +

1

2
ρ2 u

2
2

)]
. (79)
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Substituting (75) into (79) it follows that

ε1 +
1

2
u2

1 +
P1

ρ1

= ε2 +
1

2
u2

2 +
P2

ρ2

. (80)

Equations (75), (77), and (80) are the well-known Rankine-Hugoniot (RH) relations. Substituting (74) in
(77) and (80) we obtain.

u1

(
1 +

c2
s,1

γ u2
1

)
= u2

(
1 +

c2
s,2

γ u2
2

)
. (81a)

and
1

2
u2

1 +
c2
s,1

γ − 1
=

1

2
u2

2 +
c2
s,2

γ − 1
. (81b)

It is easily seen that the entropy per unit mass of the matter entering the shock is lower than that of the gas
leaving the shock: the shock produces a great disorganization of the gas.

The dimensionless number that characterizes the strength of a shock is the Mach number, the ratio of the
unshocked gas speed to the upstream sound speed,

M =
u1

cs,1
=

(
ρ1u

2
1

γP1

)1/2

. (82)

Given thatM > 1, it is straightforward to see that ρ2 > ρ1 (shocks compress), u2 < u1 (shocks decelerate),
P2 > P1 (shocks increase pressure), and T2 > T1 (shocks heat). The latter may seem surprising, given that
the shock is considered to be adiabatic: although the process has been adiabatic, in that δq/dt = 0, the gas
has changed its adiabat; its entropy has increased as a consequence of the shock converting kinetic energy
into thermal, internal energy.10 The total energy of the post-shock gas is lower (in the shock rest frame)
because of the work done on the gas by viscosity and pressure in the shock. It is this aspect of the shock that
causes irreversibility, thus defining an “arrow of time.”

The compression ratio achieved by the shock is defined by

ζ =
ρ2

ρ1

=
u1

u2

, (83)

so that ψ = ζ−1 is the inverse compression ratio, and therefore u1 = cs,1M and u2 = cs,1ψM. Substituting
these expressions in (81) leads to(

1 +
1

γ ψM2

)
= ψ

(
1 +

c2
s,2

c2
s,1

1

γ ψM2

)
(84a)

and
1

2
M2 +

1

γ − 1
=

1

2
ψ2M2 +

1

γ − 1

c2
s,2

c2
s,1

, (84b)

10A shock converts supersonic gas into denser, slower moving, higher pressure, subsonic gas. It increases the specific entropy
of the gas. In another terminology, a shock shifts gas to a higher adiabat. An adiabat is a locus of constant entropy (T ∝ ργ−1) in
the density-temperature plane. Gas can move adiabatically along an adiabat, while changes in entropy move it from one adiabat
to another.
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which can be rewritten as two expressions for c2
s,2/c

2
s,1; namely,

c2
s,2

c2
s,1

= ψ + γψM2(1− ψ) = 1 +
γ − 1

2
M2(1− ψ2) . (85)

Combining these two expressions yields an equation for ψ

(ψ − 1) + γψM2(1− ψ)− γ − 1

2
M2(ψ + 1) = 0 . (86)

Note that if ψ = 1 there is no shock as ρ1 = ρ2, u1 = u2, and P1 = P2. Thus,

1− γψM2 +
γ − 1

2
M2(ψ + 1) = 0 (87)

yielding

ψ =
γ − 1

γ + 1
+

2

γ + 1

1

M2
. (88)

We can now substitute (88) into (75), (77), and (80) to rewrite the RH jump conditions in a more useful form

ρ1

ρ2

=
u2

u1

=
γ − 1

γ + 1
+

2

γ + 1

1

M2
, (89a)

P2

P1

=
2γ

γ + 1
M2 − γ − 1

γ + 1
, (89b)

and
T2

T1

=
c2
s,2

c2
s,1

=
P2

P1

ρ1

ρ2

=

(
2γ

γ + 1
M2 − γ − 1

γ + 1

)(
γ − 1

γ + 1
+

2

1 + γ

1

M2

)
. (89c)

Note that the thermodynamics variables depend on the Mach number of the upstream gasM and the adi-
abatic index γ, which specify the way that energy is shared between the internal energy and the kinetic
flow. For a very strong shock,M → ∞, yielding ζ → (γ + 1)/(γ − 1) and P2/P1 → ∞. Note also that
γ → 1 gives the maximum compression ratio, for which ρ2/ρ1 →M2 and T1 → T2, but P2/P1 can become
arbitrarily large.

Suppose that a strong (nonrelativistic) shock wave propagates through the plasma as sketched in the
left panel of Fig. 12. In the frame stationary with respect to the shock, the upstream flow approaches with
speed u1 and the downstream flow recedes with speed u2. The RH conservation relations imply that the
upstream velocity u1 (ahead of the shock) is much higher than the downstream velocity u2 (behind the
shock). Therefore, when measured in the upstream rest frame, the quantity u = u1 − u2 is the speed of
the shocked fluid and u1 = ushock is the speed of the shock. In the primed frame stationary with respect
to the downstream fluid, u2 = ushock and u = u1 − u2 is the speed of the upstream fluid. Hence, because
of the converging flow – whichever side of the shock you are on, if you are moving with the plasma, the
plasma on the other side of the shock is approaching you with velocity u – to first order there are only
head-on collisions for particles crossing the shock front; see Fig. 12. The acceleration process, although
stochastic, always leads to a gain in energy. In order to work out the energy gain per shock crossing, we
can visualize magnetic irregularities on either side of the shock as clouds of magnetized plasma of Fermi’s
original theory. As one can see in Fig. 12 there is an asymmetry because upstream particles always return to
the shock, whereas downstream particles may be advected and never come back to the shock.
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Figure 12: Different perspectives of 1st order Fermi acceleration by scattering off a plasma shock.

θ
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v

upstream downstream

Figure 13: Properties of CRs undergoing diffusive shock acceleration. The number density of accelerated particles close to the
shock is isotropic, dn1,2 = n1,2 dΩ/(4π). The rate at which particles cross the shock is proportional to v cos θ, with 0 < θ < π/2.
The number of particles between θ and θ+dθ is proportional to sin θ dθ. The differential probability for an ultra-relativistic (v ' c)
particle to cross the shock is dP ∝ sin θ cos θ dθ.
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Consider an upstream particle that has initial energy E and initial momentum p. The particle “sees”
the downstream flow with a velocity u = u1 − u2 and a Lorentz factor γu. To determine the energy of the
particle in the downstream rest frame we perform a Lorentz transformation

E ′ = γu(E + u p cos θ) , (90)

where θ is the incident angle; see Fig. 13. Now, assume that the shock is non-relativistic (i.e., γu ∼ 1)
and that the particle is relativistic (i.e., E = p). Under these conditions the energy gain per half-cycle (say,
upstream→ downstream) is

δE

E
= u cos θ . (91)

Assuming that the particles upstream and downstream of the shock are rapidly isotropized by magnetic field
irregularities, the distribution function for particles crossing the shock is f(θ) ∝ sin θ cos θ; see Fig. 13.
The total probability must equal unity,

∫ π/2
0

f(θ)dθ = 1, and so the normalized differential probability for a
particle to cross the shock is found to be,

dP = 2 sin θ cos θ dθ . (92)

The average gain per half-cycle 〈δE〉/E is (91) averaged over the differential probability distribution (92)

〈δE〉
E

= 2u

∫ π/2

0

dθ cos2 θ sin θ =
2

3
u . (93)

Now, it is straightforward to see that 〈δE〉/E|up→down = 〈δE〉/E|down→up, and therefore for a full cycle up
→ down and down→ up the energy gain is

〈∆E〉
E

=
4

3
u =

4

3
(u1 − u2) . (94)

Note this is first order in u, and is therefore more efficient than Fermi’s original mechanism.

An attractive feature of Fermi acceleration is its prediction of a power-law flux of CRs. Consider a test-
particle with momentum p in the rest frame of the upstream fluid. The particle’s momentum distribution
is isotropic in the fluid rest frame. For pitch angles π/2 < θi < π relative to the shock velocity vector
the particle enters the downstream region and has on average the relative momentum p[1 + 2(u1 − u2)/3].
Subsequent diffusion in the downstream region ‘re-isotropizes’ the particle’s momentum distribution in the
fluid rest frame. As the particle diffuses back into the upstream region (for pitch angles 0 < θf < π/2) it
has gained an average momentum of 〈∆p〉/p ' 4(u1 − u2)/3. This means that the momentum gain of a
particle per time is proportional to its momentum,

ṗ = p/tgain . (95)

On the other hand, the loss of particles from the acceleration region is proportional to the CR distribution
function

ḟ = −f/tloss . (96)

Therefore, taking the ratio (95)/(96) we first obtain

df/dp = −αf/p , (97)
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and after integration f(p) ∝ p−α, with α = tgain/tloss. If the acceleration cycle across the shock takes
the time ∆t we have already identified ∆t/tgain = 〈∆p〉/p ' 4(u1 − u2)/3. Now, ∆t/tloss represents the
probability that the particle leaves the accelerator after each cycle. This is given by

∆t

tloss

' Rout

Rin

, (98)

where Rin is the number of particles per unit time (rate) that begins a cycle and Rout is the number of
particles per unit time that leaves the system. The rate at which CRs cross from upstream to downstream is
given by the projection of the isotropic CR flux onto the plane shock front

Rin(up→ down) =

∫
up→down

dn1 v cos θ =
v n1

4π

∫ 2π

0

dφ

∫ 1

0

d cos θ =
1

4
v n1 , (99)

see Fig. 13. The particle lost rate (advected) downstream is Rout = n2u2, and so taking v ' c

Riout

Rin

=
4n1u2

n2

= 4u1 � 1 , (100)

showing that most of the particles perform many cycles. Putting all this together,

α ' 3u1

u1 − u2

=
3 ζ

ζ − 1
. (101)

The differential energy spectrum dN/dE ∝ E−γ is related to the phase space distribution in momentum
space by dN = 4πp2f(p)dp and hence γ = α− 2.

All in all, the steepness of the power-law spectrum at the sources depends on the shock compression ratio
via the adiabatic index. The different regions of the parameter space can be easily visualized with a simple
phenomenological argument [242]. Consider an expanding shell that magnetically confines UHECRs. As-
suming that the CRs are isotropically distributed in the shell, the number of escaping particles is proportional
to the volume. The shell width expands as δr ∝ r. This implies that the volume of the plasma increases as
V ∝ r3 and the total energy scales as U ∝ V −(γ−1) ∝ r−3(γ−1). Now, using the scaling of the volume and the
total energy we can derive the scaling of the magnetic field inside the plasma B ∝

√
U/V ∝ r−3γ/2. If we

further assume that the energy of a single particle in the plasma scales in the same way as the total energy of
the plasma, then the Larmor radius of the particle changes with time (or radius) as rL ∝ E/B ∝ r−3(γ−2)/2.
For a relativistic gas, γ = 4/3 yielding rL ∝ r, and so the ratio rL/δr is constant. This means that a relativis-
tic gas provides a critical balance for stability between losses and escape. For γ > 4/3, the adiabatic energy
loss is faster than the escape, and the particles are more strongly confined for larger radii. For γ < 4/3, the
Larmor radius increases faster than the particles lose energy, and the particles are getting less confined at
larger radii. For a monoatomic gas, ζ = 4 and the spectral index becomes γ = 2. For a three-atomic gas
with non-static bindings ζ = 8, yielding a hard source spectrum with spectral index γ = 1.4.

The acceleration time scale is given by(
1

E

dE

dt

)−1

=
tcycle

〈∆E〉/E , (102)

where tcycle is the cycle time for one back-and-forth encounter. Diffusion takes place in the presence of
advection at speed u2 in the downstream direction. The characteristic distance a CR diffuses in time tD
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is lD =
√
D2tD where D2 is the diffusion coefficient in the downstream region. The distance advected in

this time is simply u2tD. If
√
D2tD � u2tD the CR has a very high probability of returning to the shock,

whereas if
√
D2tD � u2tD the CR has a very high probability of never returning to the shock (i.e. it has

effectively escaped downstream). So, we set
√
D2tD = u2tD to characterized the diffusion time tD = D2/u

2
2

and define a distance lD = D2/u2 downstream of the shock which is effectively a boundary between the
region closer to the shock where the particles will usually return to the shock and the region farther from
the shock in which the particles will usually be advected downstream never to return. There are n2D2/u2

particles per unit area of shock between the shock and this boundary. Dividing this by Rin(down→ up) we
obtain the average time spent downstream before returning to the shock

t2 ≈
4

v

D2

u2

. (103)

Now, we must consider the other half of the cycle, after the CR has crossed the shock from downstream to
upstream until it returns to the shock. In this case we can define a boundary at a distance D1/u1 upstream
of the shock such that nearly all particles upstream of this boundary have never encountered the shock,
and nearly all the particles between this boundary and the shock have diffused there from the shock. Then
dividing the number of particles per unit area of shock between the shock and this boundary, n1D1/u1, by
Rin(up→ down) we obtain the average time spent upstream before returning to the shock

t1 ≈
4

v

D1

u1

, (104)

and hence the time for a full cycle is

tcycle ≈
4

v

(
D1

u1

+
D2

u2

)
. (105)

To proceed we must estimate the diffusion coefficient, which can be interpreted as

D =
1

3
λD v , (106)

where v is the particle velocity and λD the diffusion mean free path. The diffusion length cannot be smaller
than the Larmor radius because energetic particles cannot respond to irregularities in the magnetic field
smaller that the particle gyroradius [237]. The minimum diffusion coefficient, which gives the maximum
possible acceleration rate, corresponds to the Bohm diffusion limit. Substituting (49) into (106) gives

Dmin =
rLv

3
∼ 1

3

E v

Z
√

4π αB
. (107)

Taking D1 = D2 = Dmin in (105), and inserting the output into (102) yields an expression for the acceler-
ation rate, which does not depend on the CR energy because tcycle ∝ E. Assuming that the acceleration is
continuous, the constraint due to the finite lifetime τ of the shock yields,

E . κ(ζ) Z
√

4π α B u2
1 τ , (108)

where κ(ζ) = 3/20 for a monoatomic classic gas [243], and κ(ζ) = 1/12 for a three atomic gas with
non-static bindings [209]. At this stage, it is worthwhile to remind the reader that in the preceding discus-
sion it was implicitly assumed that the magnetic field is parallel to the shock normal. Injecting additional
hypotheses into the model may reduce [195, 244] or increase [245, 246] the maximum achievable energy.
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For a relativistic outflow, with γu ≡ (1 − u2
1)−1/2 � 1, the calculation is somewhat more complicated,

because the CR is allowed to be accelerated only over a fraction of the characteristic length of the accelerator,
which is comparable to R/γu [207, 247]. To visualize this, one must realize that as the plasma expands, its
magnetic field decreases, and consequently the time available for acceleration corresponds to the time of
expansion from R to, say, 2R. In the observer frame this time is R/u1, while in the plasma rest frame it is
R/(γuu1). Therefore, a CR moving with the magnetized plasma can only be accelerated over a transverse
distance ∼ R/γu. This shows that the maximal energy is also inversely proportional to the Lorentz factor,

E . κ(ζ) Z
√

4π α B
u1

γu
R . (109)

When a GRB erupts, the internal plasma is accelerated to ultra-relativistic velocities, making GRBs pre-
mium astrophysical sites to explore how relativistic collisionless shocks can accelerate UHECRs [207, 208].
For typical source parameters, the plasma is opaque to the propagation of UHECR nuclei [250], and so it
appears that these powerful compact objects would only accelerate protons up to ultra-high energies; see,
however, [251–255].

For the generic case of acceleration in an outflow, one can compare (109) with the magnetic luminosity
LB to set a lower bound on the luminosity that a source must posses to accelerate UHECRs. Namely, the
magnetic field carries with it an energy density B2/2 and the flow carries with it an energy flux > vB2/2 so
(109) sets a lower limit on the rate

LB >
1

8πα

1

κ2(ζ)

γ2
u

u1

E2
p ∼ 1042 1

κ2(ζ)

γ2
u

u1

(
Ep

1010GeV

)2

erg/s (110)

at which the energy must carried by the outflowing plasma to accelerate a nucleus to a given rigidity
Ep [159]. The Poynting luminosity of the accelerator [207, 247, 248] is found to be a factor of 2 larger [249].
Only the brightest AGNs and GRBs are known to satisfy the (110) power requirement while reaching
Ep ∼ 1010 GeV [207, 256, 257]. We will see in Sec. 3.3, however, that there are ways to escape this
constraint.

3.2. Energy loss

3.2.1. Interaction rate of UHECRs on photon fields

Thus far we have considered acceleration processes in astrophysical environments without paying at-
tention to the CR energy loss through interactions with the source’s photon backgrounds. Moreover, as
UHECRs propagate en route to Earth they also lose energy scattering off the pervasive radiation fields per-
meating the universe. Before we estimate the UHECR mean free path of these collisions we review some
basic phenomenology of collider physics.

For both an incident beam on a fixed target or two colliding beams, the interaction rate R is proportional
to the number density of particles n1 and n2 that approach each other with a certain relative velocity. The
natural definition of the relativistic invariant flux is

F = (J1 · J2) vrel , (111)

where
Ji = (ni, nivi) = n0

i (γi, γivi) = n0
i ui , (112)
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is a 4-vector current (i = 1, 2), and where n0
i is the number density in the rest frame and ui the 4-velocity

ui = γi(1,vi), with u2
i = 1 and γi the Lorentz factor [258]. One can check by inspection that this expression

is a Lorentz scalar. For massless particles, the velocity vector becomes the unitary vector in the direction of
propagation and if at least one massless particle is involved in the collision then vrel = 1, yielding

F = J1 · J2 = n1n2(1− v1 · v2) . (113)

For two massless particles, the flux can be rewritten as F = n1n2 (1− cos θ), where θ is the angle between
the 3-momenta k̂1 and k̂2 of the incoming particles. For collisions of a massless with a massive particle, the
incident flux is found to be F = n1n2(1 − v2 cos θ). The physical quantity that gives the intrinsic quantum
probability for an interaction is the cross section, defined by the ratio σ = R/F .

The interaction rate for a highly relativistic (v ∼ 1) cosmic ray (with baryon number A and energy
E = γA GeV) propagating through an isotropic photon background with energy ε and spectrum n(ε),
normalized so that the total number of photons in a box is

∫
n(ε) dε, can be derived assuming one of the

densities in the scattering process collapses into a delta function,

R =
1

4π

∫ ∞
0

dε n(ε)

∫
dΩ σ(ε′) (1− cos θ) =

1

2

∫ ∞
0

dε n(ε)

∫ +1

−1

d cos θ σ(ε′) (1− cos θ)

=
1

2γ2

∫ ∞
0

dε

ε2
n(ε)

∫ 2γε

0

dε′ ε′
2
σ(ε′) , (114)

where σ(ε′) is the cross section for UHECR interaction with a photon of energy ε′ in the rest frame of the
CR [23]. The Mandelstam invariant,

s = m2 + 2mε′ = m2 + 2(Eε− k · p) , (115)

relates quantities in the rest frame of the UHECR and the CMB frame, respectively. This leads to

ε′ =
Eε− k · p

m
=
E

m
ε(1− p

E
cos θ) = γε(1− v cos θ) (116)

and
dε′ = −γ ε v d cos θ , (117)

where m = A GeV, k = ε, p/E = v.

We begin discussing the energy loss by considering UHECR collisions with the pervasive photon back-
grounds permeating the universe. After that, when we discuss the potential classes of sources which are
able to emit UHECRs in our cosmic backyard, we will address the limitation of CR collisions with thermal
photons inside the acceleration region.

3.2.2. Opacity of the CMB to UHECR protons

On the way to Earth, UHECR protons degrade their energy through Bethe-Heitler (BH) pair production
and photopion production, each successively dominating as the proton energy increases. The fractional
energy loss due to interactions with the universal photon fields at a redshift z = 0 is determined by the
integral of the proton energy loss per collision multiplied by the probability per unit time for a proton
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collision in an isotropic gas of photons [259]. Introducing the inelasticity in (114), this integral can be
explicitly written as

− 1

E

dE

dt
=

1

2γ2

∑
j

∫ ∞
0

dε nj(ε)
1

ε2

∫ ∞
0

dε′ 〈y(ε′)〉j σj(ε′) ε′ Θ(2γε− ε′)

=
1

2γ2

∑
j

∫ ∞
0

dε′ 〈y(ε′)〉j σj(ε′) ε′
∫ ∞
ε′
2γ

dε nj(ε)
1

ε2
(118)

where ε′ is the photon energy in the rest frame of the nucleon, 〈y(ε′)〉j is the average fraction of the energy
lost by the nucleon for the jth reaction channel, nj(ε)dε stands for the number density of photons with
energy between ε and ε + dε, σj(ε′) is the total cross section of the jth interaction channel, and γ is the
Lorentz factor of the nucleon. The sum is carried out over all relevant channels: pγ → pe+e−, pγ → π0p,
pγ → π+n, pγ → multi-πp, and pγ → multi-πn.

Pair production and photopion production processes are only of importance for interactions with the
CMB (collisions with optical and infrared photons give a negligible contribution) [260, 261]. For interactions
with the CMB, the photon density is that of a Planck spectrum

n(ε) = (ε/π)2
[
eε/T − 1

]−1
, (119)

and so the fractional energy loss is given by

− 1

E

dE

dt
= − T

2π2γ2

∫ ∞
ε′th

dε′ σj(ε
′) 〈y(ε′)〉j ε′ ln

[
1− e−ε′/(2γT )

]
, (120)

where ε′th is the threshold energy in the rest frame of the nucleon and T = 2.7255(6) K [262] .

For E . 109 GeV, the BH pair production process proceeds through the “high-energy” photons on
the tail of the Planck distribution. Hence, the inelasticity and the cross section can be approximated by
their values at threshold; i.e., 〈y〉 = 2me/mp and σ(ε′) = π

12
α r2

0 (ε′/me − 2)3, where α is the fine
structure constant, r0 is the classical radius of the electron, me and mp the mass of the electron and the
proton [260, 261]. This leads to

− 1

E

dE

dt
=

16

π

me

mp

α r2
0 T

3

(
γT

me

)2

exp

(
−me

γT

)
. (121)

At higher energies, say E & 1010 GeV, the characteristic time for the energy loss due to pair production is
−E/(dE/dt) ≈ 5 × 109 yr [263, 264], and the photopion production processes pγ → pπ0 and pγ → π+n
give the main contribution to proton energy loss. The cross sections of these processes are well known and
the kinematics is simple.

Photopion production turns on at a photon energy in the proton rest frame of 145 MeV with a strongly in-
creasing cross section at the ∆(1232) resonance, which decays into the one pion channels π+n and π0p. With
increasing energy, heavier baryon resonances occur and the proton (or instead a neutron) might reappear
only after successive decays of resonances [265]. The most important channel of this kind is pγ → ∆++π−

with intermediate ∆++ states leading finally to ∆++ → pπ+. ∆++ examples in this category are the
∆(1620) and ∆(1700) resonances. The cross section in this region can be described by either a sum or
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a product of Breit-Wigner distributions over the main resonances produced in pγ collisions considering
final states with pions, kaons, and a single nucleon: πN , ππN and KΛ (Λ → Nπ) [11]. At high ener-
gies, 3.0 GeV < ε′ < 183 GeV, the CERN-HERA and COMPAS Groups have made a fit to the pγ cross
section [266]. The parameterization is

σ(ε′) = A+B ln2

(
ε′

GeV

)
+ C ln

(
ε′

GeV

)
mb , (122)

where A = 0.147± 0.001, B = 0.0022± 0.0001, and C = −0.0170± 0.0007.

We turn now to the kinematics of proton-photon interactions. The inelasticity 〈y〉 depends not only on
the outgoing particles but also on the kinematics of the final state. Nevertheless, averaging over final state
kinematics leads to a good approximation of 〈y〉. The c.m. system quantities (denoted by ∗) are determined
from the relativistic invariance of the square of the total 4-momentum pµp

µ of the proton-photon system.
From (115), this invariance leads to the relation

s = (ε∗ + E∗)2 = m2
p + 2mpε

′. (123)

The c.m. system energies of the particles are uniquely determined by conservation of energy and momentum.
For pγ →→ pπ, the mean energy of the outgoing proton and pion are given by

〈Ep∗〉 =
(s+m2

p −m2
π)

2
√
s

(124a)

and

〈Eπ∗〉 =
(s+m2

π −m2
p)

2
√
s

, (124b)

or in the lab frame by

〈Ep〉 = γc.m.

(s+m2
p −m2

π)

2
√
s

=
E (s+m2

p −m2
π)

2 s
(125a)

and

〈Eπ〉 = γc.m.

(s+m2
π −m2

p)

2
√
s

=
E (s+m2

π −m2
p)

2 s
, (125b)

where γc.m. = (E+ ε)/
√
s ' E/

√
s is the Lorentz factor between the c.m. and lab frames [259]. The mean

inelasticity is given by

〈y(ε′)〉 = 1− 〈Ep〉
E

=
1

2

(
1 +

m2
π −m2

p

m2
p + 2mpε′

)
. (126)

It is well established experimentally that at very high energies (
√
s & 3 GeV) the incoming particles lose

only one-half their energy via pion photoproduction independently of the number of pions produced, i.e.,
〈y〉 ∼ 1/2 [267]. This leading particle effect is consistent with (126).

Numerical integration of (120) is carried out taking into account the aforementioned resonance decays
and the production of multipion final states at high c.m. energies. For

√
s < 2 GeV, a χ2 fit of the numerical

results, using the exponential behavior

− 1

E

dE

dt
= A exp[−B/E] (127)
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Figure 14: Energy attenuation length of protons in the intergalactic medium. The solid-lines indicate the results from the contin-
uous energy loss approximation, whereas the dashed-lines correspond to the results of a Monte Carlo simulation [264]. Note that
after a distance of ∼ 100 Mpc, or propagation time ∼ 3× 108 yr, the mean energy is essentially independent of the initial energy
of the protons, with a critical energy around 1020 eV. From Ref. [271].

derived in [261] approximating both the cross section and the fractional energy loss by their threshold values,
gives

A = (3.66± 0.08)× 10−8 yr−1 and B = (2.87± 0.03)× 1011 GeV , (128)

with χ2/dof = 3.9/10 [268, 269]. The fractional energy loss due to production of multipion final states at
higher c.m. energies (

√
s & 3 GeV) is roughly a constant,

− 1

E

dE

dt
= C = (2.42± 0.03)× 10−8 yr−1 . (129)

From the values determined for the fractional energy loss, it is straightforward to compute the energy degra-
dation of UHECRs in terms of their flight time. This is given by,

A t − Ei (B/E) + Ei (B/E0) = 0 , for 1010 GeV . E . 1012 GeV , (130)

and
E(t) = E0 exp[−C t ] , for E & 1012 GeV , (131)

where Ei(x) is the exponential integral [270]. In Fig. 14 we show the proton energy degradation as a
function of the mean flight distance. It is evident from this figure that the CR energy degradation resulting
from the preceding semi-analytic calculation within the context of a continuous energy loss approximation
is consistent with that obtained through numerical simulations [264]. Note that independent of the initial
energy, the mean energy values approach 1011 GeV after the proton propagates a distance of about 100 Mpc.
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3.2.3. Photonuclear interactions

The relevant mechanisms for the energy loss that extremely high energy nuclei suffer during their trip
to Earth are: Compton interactions, pair production in the field of the nucleus, photodisintegration, and
hadron photoproduction. The Compton interactions have no threshold energy. In the nucleus rest-frame,
pair production has a threshold at ∼ 1 MeV, photodisintegration is particularly important at the peak of the
GDR (15 to 25 MeV), and photomeson production has a threshold energy of ∼ 145 MeV.

Compton interactions result in only a negligibly small energy loss for the nucleus given by

− dE

dt
=
Z4

A2
εγ

(
E

Amp

)2

eV s−1 (132)

where εγ is the energy density of the ambient photon field in eV cm−3 [24]. The energy loss rate due to
photopair production is Z2/A times higher than for a proton of the same Lorentz factor [272], whereas the
energy loss rate due to photomeson production remains roughly the same. The latter is true because the
cross section for photomeson production by nuclei is proportional to the baryon number A [273], while the
inelasticity is proportional to 1/A. However, it is photodisintegration rather than photopair and photomeson
production that determines the energetics of UHECR nuclei. During this process some fragments of the
nuclei are released, mostly single neutrons and protons [274, 275]. Experimental data of photonuclear
interactions are consistent with a two-step process: photoabsorption by the nucleus to form a compound
state, followed by a statistical decay process involving the emission of one or more nucleons, followed by
immediate photo-emission from the excited daughter nuclei. For brevity, we label the photonuclear process
Aiγ → A∗fN , followed by A∗f → Af + γ-ray as “A∗.” In the energy region which extends from threshold
for single-nucleon emission ∼ 10 MeV up to ∼ 30 MeV the GDR dominates the A∗ process. The GDR
typically de-excites by the statistical emission of a single nucleon. Above the GDR region, and up to the
photo-pion production threshold, the non-resonant A∗ processes provide a much smaller cross section with
a relatively flat dependence on energy. The photodisintegration cross section for all the different nuclear
species has been obtained through a direct fit to data [24, 276, 277]; the associated uncertainties have been
studied in [278].

For A > 4 the cross section for losing one nucleon can be described by a Breit-Wigner form

σA(ε′) =


σ0

ε′2 Γ2

(ε2
0 − ε′2)2 + ε′2 Γ2

for ε′ ≤ 30 MeV

A

8
mb for ε′ > 30 MeV

, (133)

where Γ = 8 MeV is the width, ε0 = 42.65A−0.21 MeV is the central value of the GDR energy band, and
σ0 = 1.45 A mb is the normalization [279]. The GDR cross section can be safely approximated by the
single pole of the narrow-width approximation (NWA),

σA(ε′) = $ δ(ε′ − ε0) , (134)

where $ = π σ0 Γ/2; the factor of 1/2 is introduced to match the integral (i.e. total cross section) of the
Breit-Wigner and the delta function [280].

For A ≤ 4, the photodisintegration cross section can be described by the shifted log-normal distribution,

σA(ε′) = σ0 exp

{
− ln2 [(ε′ − ε′th)/(ε0 − ε′th)]

2Γ2

}
, (135)
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Table 2: Parameters of the photo-disintegration cross-section.

A σ0 (mb) ε0 (MeV) ε′th (MeV) Γ $ (mb MeV)
4 3.22± 0.05 26.6± 0.4 20.1± 0.4 0.94± 0.08 77± 3
3 1.82± 0.05 15.3± 0.4 5.1± 0.2 0.93± 0.04 67± 2
2 2.60± 0.09 3.87± 0.09 2.42± 0.05 1.48± 0.04 42.2± 0.4
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Figure 15: The scaling functions x2| ln(1− e−x)|, proportional to the photodisintegration rate in (140). Adapted from [282].

where ε0 is the central value of the GDR energy band (with threshold ε′th), σ0 is the cross section at ε = ε0,
and Γ is a measurement of the dispersion around ε0; the cross section parameters are given in Table 2 [281].
For analytical order of magnitude estimates, the cross section can take the form (134) of the NWA, with
$ =

√
2π σ0 Γ (ε0 − ε′th) eΓ2/2.

The general formula for the inverse photodisintegration mean-free-path (mfp) for a highly relativistic
nucleus with energy E = γA GeV propagating through an isotropic photon background with energy ε and
spectrum n(ε) is given by

λ−1(A) =
1

2γ2

∫ ∞
0

n(ε)

ε2
dε

∫ 2γε

ε′th

ε′σ(ε′) dε′ , (136)

where ε′th is the GDR energy threshold. Note that λ(A) = τ(A) is also the mean survival time, so λ−1(A) is
also the photodisintegration rate per nucleusR(A) given in (114). The outer integral running over ε ∈ [0,∞)
can be splitted into two parts, ε ∈ [0, ε′th/(2γ]) and ε ∈ [ε′th/(2γ),∞), and so (136) can be rewritten as

λ−1(A) =
1

2γ2

∫ ε′th
2γ

0

n(ε)

ε2
dε

∫ 2γε

ε′th

ε′σ(ε′) dε′ +
1

2γ2

∫ ∞
ε′
th
2γ

n(ε)

ε2
dε

∫ 2γε

ε′th

ε′σ(ε′) dε′ . (137)

Note that the first term has no contribution to λ−1(A), because since ε ∈ [0, ε′th/(2γ)] the upper limit of the
integral over dε′ remains always below the cross section energy threshold, i.e., 0 ≤ 2γε ≤ ε′th.
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Inserting (134) into (137) the integral over dε′ becomes∫ 2γε

ε′th

ε′ σ(ε′) dε′ =

∫ +∞

−∞
Θ(ε′ − ε′th) Θ(2γε− ε′) ε′ σ(ε′) dε′

= $

∫ +∞

−∞
Θ(ε′ − ε′th) Θ(2γε− ε′) ε′ δ(ε′ − ε0) dε′ = $Θ(2γε− ε0) ε0 , (138)

because Θ(ε0 − ε′th) = 1 for ε0 > ε′th. This means that in the NWA the reciprocal mfp is given by

λ−1(A) =
$ ε0

2γ2

∫ ∞
ε′
th
2γ

n(ε)

ε2
Θ(2γε− ε0) dε =

$ ε0

2γ2

∫ ∞
ε0
2γ

n(ε)

ε2
dε (139)

because (2γε − ε0) > 0 for ε > ε0/(2γ). For a nucleus passing through a region where the photon density
is described by a Bose-Einstein distribution (119), the photodisintegration rate is given by

λ−1
BE(A) ≈ $ ε0 T

2γ2π2

∣∣ln (1− e−ε0/2γT )∣∣ =
2 $ T 3

π2ε0

x2
∣∣ln (1− e−x)∣∣ , (140)

where we have defined a dimensionless scaling variable x ≡ ε0/(2 γ T ). From the pre-factor, we learn
that for A > 4 the peak of λ−1

BE(A) scales in A as σ0/ε0 ∼ A1.21, and the value of γ at the peak scales as
ε0 ∼ A−0.21. The scaling function x2 | ln(1 − e−x)| is shown in Fig. 15. Approximations to the | ln | term
yield e−x for x > 2, and | lnx| for x � 1. Thus, the exponential suppression of the process appears for
ε0 > 4γT , and the small x region presents a mfp that scales as x2 | lnx|. The peak region provides the
smallest inverse mfp, and so this region dominates the A∗-process. In the peak region, x is of order one,
which implies that 2γ T ∼ ε0. When this latter relation between the nuclei boost and the ambient photon
temperature is met, then the photo-disintegration rate is optimized.

In Fig. 16 we show the nucleus mfp from a numerical integration of (136) using precise cross section
curves fitted to data for single-nucleon and multi-nucleon emission. For the nitrogen, silicon, and iron
calculations we adopted a numerical integration of “TALYS-1.6 (restored)” cross sections (as described in
Appendix A of [283]), using the optical and infrared backgrounds estimated in [284], as well as the CMB
Planckian spectrum. For helium, we used the fit to photodisintegration cross section data of [281]. For iron
nuclei, ε0 ∼ 18 MeV, and since the CMB temperature is T ∼ 0.2348 meV the maximum of the scaling
function x ∼ 1 corresponds to a Lorentz factor γ ∼ 1010.6. The critical value of the scaling function, x < 2,
implies that interactions with the CMB are exponentially suppressed for γ < 1010.3. These phenomenologi-
cal estimates are visible in Fig. 16. Actually, for 109 . γ . 109.5 interactions with the infrared background
dominate the A∗-rate for iron nuclei, and the approximation given in (140) breaks down. This corresponds
to E . 1011.2 GeV.

For 2× 10−3 < ε/eV < 0.8, the spectral density of the cosmic infrared background can be parametrized
by [285]

n(ε) ' 1.1× 10−4
( ε

eV

)−2.5

cm−3 eV−1 . (141)

A comparison of this parametrization and the estimate of n(ε) given in [284] is shown in Fig. 17. Substitution
of (141) into (139) leads to the mfp of a nucleus scattering off the infrared photons

λ−1(A) ≈ $ ε0

2γ2

∫ εmax

ε0
2γ

n(ε)

ε2
dε ∼ 8.4× 1020

(
σ0

cm2

) (
Γ

eV

) (
ε0

eV

)−2.5

γ1.5 Mpc−1 , (142)
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Figure 16: Photodisintegration mfp on the CMB and EBL as a function of the Lorentz factor γ (left) and nucleus energy E
(right). The horizontal dashed lines indicate the distance to nearby starbursts and radio-galaxies. This figure is courtesy of Jorge
Fernandez Soriano.

where εmax = 0.8 eV. Note that εmin = 2 × 10−3 eV sets an upper bound on the nucleus Lorentz factor,
γ < ε0/(2εmin). For an iron nucleus, this translates to γ < 4.5× 109 or equivalently E < 1011.4 GeV.

At this stage it is worthwhile to point out that since the Lorentz factor is conserved in the photodisinte-
gration process, the surviving fragmentAf sees the photons of the thermal background at the same energy of
the parent nucleus Ai. This implies that Af would never reach the GDR threshold and the A∗ process must
continue until the primary nucleus photodisintegrates completely. In contrast, the BH pair production and
photopion production processes, involve the creation of new particles that carry off energy, yielding baryons
with energies ever closer to the photopion or pair production thresholds. This implies that if UHECRs are
dominantly protons and the observed suppression originates in the GZK interactions, then an enhancement
of the flux (visible as a bump in the spectrum) would occur before the GZK cutoff as a consequence of the
pile-up of energy degraded protons recoiling down from higher energies and ending up approximately below
threshold to undergo further photoproduction reactions [286, 287]. Although nuclei undergoing photodisin-
tegration never reach the threshold of the GDR, a bump in the spectrum would be expected, too [288]. The
source of the bump originates in a distinct property of the photodisintegration process: after the same prop-
agation distance, the surviving fragments of two identical nuclei of baryon number A emitted with different
energies can reach the Earth with the same energy, but different baryon number. Therefore, the observation
of a bump in the spectrum (just before the cutoff) will be a clear indication that GZK interactions are at play.

During the A∗ process, production of e+e− pairs tend to reduce the nucleus Lorentz factor and mitigate
the rate of photodisintegration. For 1010.5 . E/GeV . 1011.5 and propagation distances . 50 Mpc,
the effect of e+e− pair and photopion production can be safely neglected [263]. One sees in Fig. 16 that
for E > Esupp, the interaction mfp decreases rapidly with increasing energy, and increases rapidly with
increasing nuclear composition:

• at E = 1010.7 GeV, the mfp for ionized helium (4He) is about 3 Mpc, while at 1010.9 GeV it is nil;
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Figure 17: Comparison of the density of infrared photons as parametrized in (141) and estimated in [284].

• at E = 1010.9 GeV, the mfp for ionized nitrogen (14N) is about 4 Mpc, while at 1011 GeV it is nil;
• at E = 1011.1 GeV, the mfp for ionized silicon (28Si) is about 2.5 Mpc, while at 1011.2 GeV it is nil;
• etcetera, until finally we reach ionized iron (56Fe) where the mfp at E = 1011.3 GeV is about 3 Mpc,

while at 1010.4 GeV it too is nil.

Altogether, the nearby Universe behaves as a cosmic mass spectrometer [154]. From sources at increasing
distance, fewer and heavier nuclei at highest energies are expected to reach Earth. The main features in the
energy evolution of the abundance of various nuclear species on Earth can be summarized as follows:

• the contribution of 4He should decrease with rising energy and then essentially disappear above about
1010.8 GeV;
• on average, only species heavier than 14N can contribute to the observed flux on Earth above 1011 GeV,

with nuclear species lighter than 28Si highly suppressed at 1011.2 GeV;
• the mean flux of iron nuclei becomes suppressed somewhat below 1011.4 GeV.

The three considerations enumerated above are similar to those obtained assuming a continuous source
distribution, with cutoff at about 3 Mpc [289–291].

In the limit of small deflections (expected for nG field strength [131]) the typical deflection of UHECRs
in the extragalactic magnetic field can be estimated to be

δθextragalactic ≈ 1.5◦Z

√
d

3.8 Mpc

λ

0.1 Mpc

(
B

nG

) (
E

1010 GeV

)−1

, (143)

where d is the source distance, Z is the charge of the UHECR in units of the proton charge, and λ the
magnetic field coherence length [292, 293]. It is then reasonably to assume that extragalactic deflections
would generally be much smaller than those arising from the Galactic magnetic field.

The Galactic magnetic field is not well constrained by current data, but if we adopt our benchmark JF
model [116–118] typical values of the deflections of UHECRs crossing the Galaxy are

δθGalactic ∼ 10◦ Z

(
E

1010 GeV

)−1

, (144)
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depending on the direction considered [294]. When the average magnetic field deflection is combined with
the energy loss during propagation shown in Fig. 16 one can anticipate that the energy dependence of the
hot-spot contour produced by a pure-proton source would be different from that of a source emitting a mixed
composition of nuclei [154]. The difference can be easily pictured when considering the main properties
characterizing the acceleration and propagation of a nucleus of charge Ze and baryon number A: (i) the
maximum energy of acceleration capability of the sources grows linearly in Z, (ii) the energy loss per
distance traveled decreases with increasing A, and (iii) the bending of the cosmic ray decreases as Z/E with
rising energy. This implies that the pointing of UHECR nuclei to their nearest extragalactic sources would
only be expected for 1010.6 . E/GeV . 1011. Actually, the less deflected 4He nuclei could only contribute
to the anisotropy hot-spot if E . 1010.8 GeV. In contrast, sources of UHECR protons exhibit anisotropy
patterns which become denser and compressed with rising energy. An intuitive description with analogy
to the peeling of an onion, which portrays the hot-spot differences, is as follows: while peeling a hot-spot
produced by a pure-proton source one would be probing higher and higher energies, whereas when peeling a
hot-spot produced by source that emits a mixed-composition of nuclei one would be probing lower and lower
energies. When effects of the regular component of the Galactic magnetic field are included, the the hot-
spots are elongated depending on their location in the sky [161]. Stock-still the variation in (shape and size)
of the expected “squeezed onion layers” provides a powerful discriminator of the baryonic composition.

A point worth recalling at this juncture is that the TS scan over the threshold energy in the most recent
Auger anisotropy analysis gives a maximum signal for SBGs when considering UHECRs with E > 39 EeV
and for γAGNs when considering UHECRs with E > 60 EeV [3]. Then the previous considerations on the
energy dependence of the hot-spot contour allows one to speculate that γAGNs are most likely associated
with pure-proton sources, while SBGs are more likely sources emitting a mixed composition of nuclei.

3.3. Plausible sources in our cosmic backyard

3.3.1. γAGNs

AGNs are composed of an accretion disk around a central super-massive black hole and are sometimes
associated with jets terminating in lobes, which can be detected in radio. One can classify these objects
into two categories: radio-quiet AGN with no prominent radio emission nor jets, and radio-loud objects
presenting jets. All of the AGNs with MeV-GeV-TeV γ-ray emission identified so far are radio-loud galaxies.

Fanaroff-Riley II (FRII) galaxies [295] are a sub-class of radio-loud sources. Localized regions of intense
synchrotron emission, known as hot-spots, are observed within their lobes. These regions are presumably
produced when the bulk kinetic energy of the jets ejected by a central active nucleus is reconverted into
relativistic particles and turbulent fields at a working surface in the head of the jets [296]. Specifically, the
speed uhead ≈ ujet [1 + (ne/njet)

1/2]−1, with which the head of a jet advances into the intergalactic medium
of particle density ne can be obtained by balancing the momentum flux in the jet against the momentum
flux of the surrounding medium; where njet and ujet are the particle density and the velocity of the jet flow,
respectively (for relativistic corrections, see [297]). For ne ≥ njet, ujet > uhead so that that the jet decelerates.
The result is the formation of a strong collisionless shock, which is responsible for particle reacceleration
and magnetic field amplification [298]. The acceleration of particles up to ultrarelativistic energies in the
hot-spots is the result of repeated scattering back and forth across the shock front, similar to that discussed
in Sec. 3.1.3. The particle deflection in this mechanism is dominated by the turbulent magnetic field with
wavelength k equal to the Larmor radius of the particle concerned [238]. A self-consistent (although possibly
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not unique) specification of the turbulence is to assume that the energy density per unit of wave number of
MHD turbulence is of the Kolmogorov type, I(k) ∝ k−5/3, just as for hydrodynamical turbulence [299].
With this in mind, to order of magnitude accuracy using effective quantities averaged over upstream (jet)
and downstream (hot-spot) conditions (considering that downstream counts a fraction of 4/5) the acceleration
timescale at a shock front is found to be(

1

E

dE

dt

)−1

∼ 20 DK(E)

u2
jet

, (145)

where

DK(E) =
2

π %

(
E

ZeB

)1/3

R2/3 (146)

is the Kolmogorov diffusion coefficient, % is the ratio of turbulent to ambient magnetic energy density in
the region of the shock (of radius R), and B is the total magnetic field strength [201]. Note that (145)
follows from (94), (102), and (105) taking a strong shock with compression ratio ζ = 4 (corresponding to
ujet = uhead/4) and D1 = D2 = DK . On the basis of the discussion given in Sec. 3.2.3, it is reasonable to
set Z = 1 for γAGNs.

The acceleration process will be efficient as long as the energy losses by synchrotron radiation and/or
pion-producing interactions do not become dominant. The synchrotron loss time for protons is given by

−
(

1

E

dE

dt

)−1

∼ 6 πm3
p c

σT m2
e γ B

2
, (147)

where σT is the Thomson cross section and and γ = E/mp is Lorentz factor [36, 200].

For typical hot-spot conditions, the number density of photons per unit energy interval follows a power-
law spectrum

n(ε) =

{
(Nr/εr) (ε/εr)

−2 εr ≤ ε ≤ εg
0 otherwise

(148)

where Nr is the normalization constant and εr and εg correspond to radio and gamma rays energies, re-
spectively [200]. Straightforward substitution of (148) into (118) leads to the fractional energy loss due to
photopion production

−
(

1

E

dE

dt

)−1

=
4

3
Nr

εr
ε′th
γ

∫ ∞
1

〈y(xε′th)〉 σ(xε′th)x−2dx ∼ 2

3
a γ

[ 〈σγp〉
ln (εg/εr)

](
B2

mp

)
, (149)

where

a =
Nr εr ln(εg/εr)

B2/2
(150)

is the ratio of photon to magnetic energy density,∫ ∞
1

〈y(xε′th)〉 σ(xε′th)x−2dx ∼ mπ

mp

〈σγp〉 ∼ 900
mπ

mp

µb , (151)

and ε′th = mπ [200]. The time scale of the energy loss for protons, including synchrotron and photon
interaction losses, can be approximated by

−
(

1

E

dE

dt

)−1

∼ 2

3

m4
p

σT m2
e B

2 (1 + Aa)
E−1 , (152)
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where

A =
〈σγp〉
σT

(mp/me)
2

ln(εg/εr)
≈ 1.6× 105 〈σγp〉

σT

≈ 200 . (153)

gives a measure of the relative strength of γp interactions versus the synchrotron emission. Note that
pγ → π+n involves the creation of ultrarelativistic neutrons that can readily escape the system and pro-
vide a directional signal for nearby sources [300, 301]. The maximum attainable energy can be obtained by
balancing the energy gains and losses [302]

E = 1.4× 1016

(
B

µG

)−5/4

u
3/2
jet %3/4

(
R

kpc

)−1/2

(1 + Aa)−3/4 GeV , (154)

It is of interest to apply the acceleration conditions to the nearest γAGN. It is this that we now turn to study.

As the closest radio-loud galaxy to Earth, Cen A (identified at optical frequencies with the galaxy NGC
5128) is the perfect cosmic laboratory to study the physical processes responsible for UHECR accelera-
tion. Radio observations at different wavelengths have revealed a rather complex morphology of this FRI
source [303]. It comprises a compact core, a jet (with subluminal proper motions ujet ∼ 0.5 [304]) also
visible at X-ray frequencies, a weak counter-jet, two inner lobes, a kpc-scale middle lobe, and two giant
outer lobes. The jet would be responsible for the formation of the northern inner and middle lobes when in-
teracting with the interstellar and intergalactic media, respectively. There appears to be a compact structure
in the northern lobe, at the extrapolated end of the jet. This structure resembles the hot-spots such as those
existing at the extremities of FRII galaxies. However, at Cen A it lies at the side of the lobe rather than at
the most distant northern edge, and the brightness contrast (hot-spot to lobe) is not as extreme [305].

EGRET observations of the γ-ray flux for energies > 100 MeV allow an estimate Lγ ∼ 1041 erg s−1 for
Cen A [306]. This value of Lγ is consistent with an earlier observation of photons in the TeV-range during a
period of elevatedX-ray activity [307], and is considerably smaller than the estimated bolometric luminosity
Lbol ∼ 1043erg s−1 [303]. During the first 3-months of science operation, the Fermi-LAT confirmed the
EGRET detection of Cen A [308, 309]. Besides, data from H.E.S.S. have confirmed Cen A as a TeV γ-ray
emitting source [310]. Extrapolating the spectrum measured by Fermi-LAT in the GeV regime to very-
high energies roughly matches the H.E.S.S. spectrum [311]. Data from Fermi-LAT established that a large
fraction (> 1/2) of the total > 100 MeV emission from Cen A emanates from the lobes [312]. However, a
combined analysis of H.E.S.S. and Fermi data shows that the very-high energy γ-ray emission comes from
the core of Cen A with 12σ significance [313].

Estimates of the radio spectral index of synchrotron emission in the hot-spot and the observed degree
of linear polarization in the same region suggests that the ratio of turbulent to ambient magnetic energy
density in the region of the shock is % ∼ 0.4 [202]. The broadband radio-to-X-ray jet emission yields an
equipartition magnetic field B ∼ 100 µG [314].11 The radio-visible size of the hot-spot can be directly
measured from the large scale map R ' 2 kpc [315]. The actual size can be larger because of uncertainties
in the angular projection of this region along the line of sight.12 Substituting these fiducial values in (50)

11The usual way to estimate the magnetic field strength in a radio source is to minimize its total energy. The condition of
minimum energy is obtained when the contributions of the magnetic field and the relativistic particles are approximately equal
(equipartition condition). The corresponding B-field is commonly referred to as the equipartition magnetic field.

12For example, an explanation of the apparent absence of a counter-jet in Cen A via relativistic beaming suggests that the angle
of the visible jet axis with respect to the line of sight is at most 36◦ [305], which could lead to a doubling of the hot-spot radius. It
should be remarked that for a distance of 3.4 Mpc, the extent of the entire source has a reasonable size even with this small angle.
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and (154) it is easily seen that if the ratio of photon to magnetic energy density a . 0.4, it is plausible that
Cen A can accelerate protons up to the maximum observed energies: Ep,max ∼ 1011 GeV.

In order to ascertain the capability of Cen A to accelerate UHECR protons up to 1011 GeV one must
crosscheck the lower limit on the rate at which the energy is carried by the out-flowing plasma (110), which
must be provided by the source. The minimum total power of the jets inflating the giant lobes of Cen A is
estimated to be ≈ 8× 1043 erg/s [205]. This argument provides a conservative upper limit for the magnetic
field in the jet with kpc-scale radius, B . 50 µG, and through (50) leads to E . 1010.7 GeV. The jet power
required to maintain these extreme B values of O(µG) and R of O(kpc) can be reached during flaring
intervals [205]. Acceleration of UHECR protons up to somewhat beyond 1011 GeV is therefore in principle
possible during powerful episodes of jet activity.

Alternatively, shear acceleration [316] could help push proton energies up to and beyond 50 EeV [317].
The limb-brightening in the X-ray jet together with the longitudinal magnetic field polarization in the large
scale jet might be indicative of internal jet stratification, i.e. a fast spine surrounded by slower moving layers.
Energetic particles scattered across such a shear flow can sample the kinetic difference in the flow and will
naturally experience an additional increase in energy. In particular, protons that diffuse from the inner shock
region into the outer shear layers charge-exchange to produce neutrons with E ∼ 1011 GeV, which would
escape the source. Finally, it has been noted that the jet powers in local radio galaxies could feasibly have
been different in the past [159]. Indeed, there seems to be evidence in Cen A for enhanced activity within
the last ∼ 100 Myr [318, 319]. Altogether, one can conclude that Cen A and other nearby radiogalaxies
(like M87 and Fornax A) can accelerate protons up to about 1011 GeV.

We cannot go without noticing that AGN flares resulting from the tidal disruption of a star or from a
disk instability also meet the UHECR acceleration requirements [320]. Interestingly, such tidal disruption
events can generate the luminosity required to account for the full-sky UHECR intensity [321], and may
accommodate the intermediate scale anisotropies which seem to be emerging in TA and Auger data [152].
However, it is not clear whether they can accommodate the observed mixed composition, which appears to
dominate the UHECR intensity above the ankle [322–324].

3.3.2. SBGs

Starbursts are galaxies (sometimes, the term also refers only to particular regions of galaxies) undergo-
ing a large-scale star formation episode. The universal fast star formation in starburst galaxies is directly
correlated with the efficient ejection of gas, which is the fuel for star formation. This happenstance generates
a galactic-scale superwind, which is powered by the momentum and energy injected by massive stars in the
form of supernovae, stellar winds, and radiation [325, 326]. Multi-wavelength observations seem to indicate
that these superwinds are genuinely multi-phase: with hot, warm, cold, and relativistic (cosmic rays) phases.
These observations also suggest a pervasive development of the hot (T ∼ 107 K) and warm diffuse ionized
(T ∼ 104 K) phases. Namely, experiment shows that the hot and warm large-scale supersonic outflows
escalate along the rotation axis of the disk to the outer halo area in the form of local chimneys. Such a su-
personic outflow, however, does not extend indefinitely. As the superwind expands adiabatically out beyond
the confines of the starburst region, its density decreases. At a certain radial distance the pressure would
become too small to further support a supersonic flow. Whenever the flow is slowed down to subsonic speed
a termination shock stops the superwind. The shocked gas continues as a subsonic flow. The termination
shock would remain in steady state as long as the starburst lasts. This set up clearly provides a profitable
arena for acceleration of UHECRs [4].
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Because of the high prevalence of supernovae, starbursts should possess a large density of newly-born
pulsars [327]. Due to their important rotational and magnetic energy reservoirs these young neutron stars,
with their metal-rich surfaces, have been explored as a potential engine for UHECR acceleration [176–178].
As we discussed already in Sec. 3.1.2, the combination of the fast star rotation and its strong magnetic field
can induce large potential differences in the out-flowing relativistic plasma for UHECR acceleration.

There are numerous indications that long GRBs are extreme supernova events, which arise from the death
of massive stars [328]. Starburst galaxies are characterized by high star-formation rates per unit area, of the
order of 15 to 20 M� yr−1 kpc−2 [325]. This is up to several hundred times larger than the characteristic
value normally found in gas-rich galaxies like the Milky Way. The observed supernova rate in starbursts is
also higher than average, and so it seems only natural to expect a high rate of long GRBs too [329, 330].
However, the star formation rates per unit stellar mass of GRB host galaxies are found to be higher than
for typical nearby starburst galaxies [331]. Moreover, stronger and stronger experimental evidence has
been accumulating that implies GRB hosts are low mass irregular galaxies and have low metallicity, see
e.g. [332–334]. Altogether, this makes the GBR� (metal-rich) starburst connection highly unlikely.13

The acceleration of particles in starburst galaxies may alternatively proceed in a two-stage process [4].
First, ions are diffusively accelerated at single SNRs within the nuclear region of the galaxy. Energies
up to about 50 PeV can be achieved in this stage [336]. Collective plasma motions force the CR gas to
stream along from the starburst region. Some nuclei then escape through the disk in opposite directions
along the symmetry axis of the system and experience supplementary acceleration at the terminal shock
of the galactic-scale superwind. To picture the specifics of diffuse shock acceleration in SBGs, consider a
spherical cavity where core-collapse supernovae and stellar winds inject kinetic energy. This kinetic energy
then thermalizes and drives a super-heated outflow that escapes the sphere. To a first approximation we
ignore gravity, radiative cooling, and other effects [337]. In this approximation energy conservation leads to
the asymptotic speed of the outflow

u∞ ≈
√

2Ėsw

Ṁsw

∼ 103

√
ε

β
km s−1 , (155)

where Ėsw and Ṁsw are respectively the energy and mass injection rates inside the spherical volume of
the starburst region, and where β is the mass loading factor, i.e. the ratio of the mass injection rate to the
star formation rate. In the second rendition we have scaled the energy injection rate expected from core-
collapse supernovae considering a thermalization efficiency ε. For this order of magnitude calculation, we
have assumed that in total a 100M� star injects O(1051 erg) into its surroundings during the wind phase.

As the cavity expands adiabatically a strong shock front is formed on the contact surface with the cold
gas in the halo. At the region where this occurs, the inward ram pressure is balanced by the pressure inside
the halo, Phalo. A point worth noting at this juncture is that the difference in pressure between the disk and
the halo manifestly breaks the symmetry, and so the outflowing fluid which escapes from the starburst region
features back-to-back chimneys with conic profiles. Rather than considering a spherical shock we assume
the outflow cones fill a solid angle Ω, and hence the ram pressure at radius r is found to be

Pram =
ρsw u

2
∞

2
=

ṗsw

2Ω r2
=
Ṁsw u∞
2Ω r2

=

√
2 Ėsw Ṁsw

2Ω r2
, (156)

13Similar considerations apply to hypernova host galaxies [335].
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where ρsw = Ṁsw/(Ωu∞r2) is the density of the outflow and ṗsw = Ṁsw u∞ is the asymptotic momentum
injection rate of the superwind [338]. The agitated superwind gas inside the shock is in pressure equilibrium
with the outside gas at a radius

Rsh ∼
√
Ṁsw u∞
2Ω Phalo

. (157)

In (156) and (157) it was implicitly assumed that the magnetic field is parallel to the shock normal. Recall
that for a flow-aligned field, the fluid motion decouples from the field. The termination shock is a steady-
state feature, present even if the starburst wind has always been active.

To develop some sense of the orders of magnitude involved, we assume that the prominent M82 typifies
the nearby starburst population. For a standard Kroupa initial mass function [339], our archetypal starburst
has a star formation rate ∼ 10M� yr−1 and a radius of about 400 pc.14 Hard X-ray observations provide
direct observational evidence for a hot-fluid phase. The inferred gas temperature range is 107.5 . T/K .
107.9, the thermalization efficiency 0.3 . ε . 1, and the mass loading factor 0.2 . β . 0.6. Substituting
for ε and β into (155) we obtain 1.4 × 103 . u∞/(km s−1) . 2.2 × 103 [340]. The warm fluid has been
observed through nebular line and continuum emission in the vacuum ultraviolet, as well as through mid-
and far-infrared fine-structure line emission excitations [341–344]. High-resolution spectroscopic studies
seem to indicate that the warm (T ∼ 104 K) gas has emission-line ratios consistent with a mixture of photo-
ionized gas by radiation leaking out of the starburst and shock-heated by the outflowing superwind fluid
generated within the starburst [345]. The kinematics of this gas, after correcting for line-of-sight effects,
yields an outflow speed of the warm ionized fluid of roughly 600 km s−1. The velocity field, however,
shows rapid acceleration of the gas from the starburst itself out to a radius of about 600 pc, beyond which
the flow speed is roughly constant. The inferred speed from cold and warm molecular and atomic gas
observations [346, 347] is significantly smaller than those observed from the warm ionized phase. This is
also the case for the starburst galaxy NGC 253: ALMA observations of CO emission imply a mass loading
factor of at least 1 to 3 [348]. However, it is important to stress that the emission from the molecular and
atomic gas most likely traces the interaction of the superwind with detached relatively denser ambient gas
clouds [325], and as such it is not the best gauge to characterize the overall properties of the superwind
plasma [349]. (See [244] for a different perspective.) Herein, we adopt the properties of the hot gas detected
in hard X-rays to determine the shock terminal velocity. We take an outflow rate of Ṁsw ∼ 3M� yr−1, which
is roughly 30% of the star-formation rate (β ∼ 0.3), yielding Ėsw ∼ 3× 1042 erg s−1 [325]. For Ω ∼ π, this
leads to u∞ ∼ 1.8× 103 km s−1 and Rsh ∼ 8 kpc, where we have taken Phalo ∼ 10−14 erg cm−3 [350].

Radio continuum and polarization observations of M82 provide an estimate of the magnetic field strength
in the core region of 98 µG and in the halo of 24 µG; averaging the magnetic field strength over the whole
galaxy results in a mean equipartition field strength of 35 µG [351]. Comparable field strengths have been
estimated for NGC 253 [352–355] and other starbursts [356]. Actually, the field strengths could be higher
if the cosmic rays are not in equipartition with the magnetic field [357–359]. If this were the case, e.g., the
magnetic field strength in M82 and NGC 253 could be as high as 300 µG [360–362].

The duration of the starburst phenomenon is subject to large uncertainties. The most commonly cited
timescale for a starburst is 5 to 10 Myr, comparable to the lifetime of massive stars [363–365]. However,
it has been suggested that the starburst phenomenon can be a longer and more global event than related by

14The initial mass function is an empirical function that describes the distribution of initial masses for a population of stars.
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the lifetime of individual massive stars or pockets of intense star formation [366–368]. In this alternative
viewpoint the short duration timescales are instead interpreted as a measure of the flickering created by
currently active pockets of star formation that move around the galaxy. Measuring the characteristics of just
one of these flickers reveals much about an individual star formation region but of course does not measure
the totality of the starburst phenomenon in the galaxy. If starbursts are indeed a global phenomenon, then
the events are longer than the lifecycle of any currently observable massive star or area of intense star
formation and the bursts are not instantaneous. An observation that measures currently observable star
formation activity will therefore only measure the flickering associated with a starburst pocket and not the
entire phenomenon. This aspect, frequently denied or not yet sufficiently emphasized, may bring still another
rewarding dimension to the problem at hand.

A measurement of the starburst phenomenon in twenty nearby galaxies from direct evaluation of their
star formation histories reconstructed using archival Hubble Space Telescope observations suggests the av-
erage duration of a starburst is between 450 and 650 Myr [368].

Since the large-scale terminal shock is far from the starburst region, the photon field energy density in
the acceleration region drops to values of the order of the CMB. Now, for E . 1011 GeV and Z & 10, the
energy attenuation length & 30 Mpc [290]. Therefore, we will restrict ourselves to τ . 100 Myr. This
duration range is in good agreement with the overall star formation history of M82 [369, 370] and NGC
253 [371, 372], and it is also consistent with the upper limit on the starburst age of these galaxies derived
in [373].

In toto, substituting u∞ ∼ 1.8× 103 km s−1, B ∼ 300 µG, and τ ∼ 40 Myr into (108) we obtain [209]

E . Z 1010 GeV . (158)

Note that (158) is consistent with the Hillas criterion [171], as the maximum energy of confined baryons at
a shock distance of Rsh is found to be

E . 109 Z

(
B

µG

) (
Rsh

kpc

)
GeV . (159)

To accommodate a hard emission spectrum, as required by Auger data, the maximum energy at the accel-
erator is driven by UHECR leakage from the boundaries of the shock (a.k.a. direct escape [242]), which
corresponds to κ(ζ) = 1/12 [209].

Note, however, that starburst large-scale superwinds struggle to meet the power constraint (110), be-
cause Ėsw < 1043 erg s−1 and they have low shock velocities (< 103.5 km s−1) [159]. Amplified magnetic
fields close to the shock, as observed in supernova remnants [374–376], may offer a window to escape this
constraint. Theoretical studies seem to indicate that streaming CRs may excite MHD turbulence, at least
in principle, to amplify the magnetic field by orders of magnitude from its initial seed value [377–380].
Even though many complex, highly nonlinear microscopic processes remain to be explored, there is the
possibility that non-linear interactions between CRs and the magnetic field could provide a peculiar scheme
where the CRs themselves provide the magnetic field necessary for their acceleration to ultra-high energies.
Whichever point of view one may find more convincing, it seems most conservative at this point to depend
on experiment (if possible) to resolve the issue.

Superwinds of galactic-scale have also been observed in the other nearby SBGs contributing to the
UHECR correlation signal of Auger [3] and TA [163]. Indeed, it has long been suspected that the ob-
served properties of NGC 4945 can best be understood in the framework of a starburst-driven superwind
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scenario [381]. NGC 4945 also hosts of a very peculiar X-ray-luminous AGN that is probably heavily ob-
scured along all lines of sight [382, 383]. Despite the fact this galaxy has an X-ray and H nuclear outflow
cone similar to NGC 253, it is lacking in diffuse X-ray or H emission when compared to a starburst of the
same total galactic bolometric luminosity, logLX,tot/Lbol = −4.25 [384]. However, the AGN may dom-
inate Lbol. If we assume that the diffuse X-ray emission is due to a starburst-driven wind alone, then the
starburst must only account for 20% of Lbol. In general, the large-scale soft X-ray emission in starburst
composite galaxies is consistent with a purely-starburst origin [385–387]. Thus, for a given total bolometric
luminosity it appears that supernovae are more effective at driving galactic-scale winds than AGN [388].
This does not imply that AGN-driven galactic winds do not exist. There clearly are galaxies with AGN but
lacking starbursts that have galactic-scale (i.e. of order 10 kpc) outflows [389, 390], but their local space
density is lower than typical starburst superwind galaxies. Evidence for a galactic-scale superwind has also
been observed in NGC 1068 [391], M83 [392, 393], and Circinus [394, 395].

In the TA search for correlations of UHECRs and SBGs, IC 342 provides the second relative source
contribution weighted by the directional exposure, whereas M82 provides the leading contribution to the
correlation signal [163]. IC 342 is a late-type spiral galaxy and is located at a distance of about 4 Mpc,
though derived distances have varied between 2 Mpc and 4 Mpc [396–399]. This discrepancy arises because
IC 342 is located close to the galactic disk, and so its light is dimmed by the Milky Way’s intervening clouds.
The discrepancy in derived distances to IC 342 must be kept in mind when discussing distance-dependent
quantities. High-resolution interferometric observations of the CO and HCN molecules seem to indicate
that stellar winds and/or supernova shocks originating in the central starburst region are pushing outward the
in-falling molecular gas [400]. X-ray observations with the ROSAT High Resolution Imager support this
picture, suggesting that IC 342 may be a starburst galaxy early in its development [401].

3.4. Fitting simultaneously the UHECR spectrum and its nuclear composition

Thus far we have concentrated in semi-analytical calculations to elucidate the underlying phenomenol-
ogy. Given that Auger has been taking high-quality data for over a decade, at this stage it becomes necessary
to resort to numerical simulations to acquire enough theoretical precision to interpret the data. The subse-
quent discussion is based on the ideas developed in [94] to simultaneously fit the UHECR spectrum and its
nuclear composition, including effects during CR propagation on the source environment and on the trip to
Earth.

The flux and nuclear composition of UHECRs depend on the cosmic distribution of their sources. As
our knowledge of source distributions and properties is limited, it is common practice to assume spatially
homogeneous and isotropic CR emissions, and compute a mean spectrum based on this assumption. In
reality, of course, this assumption cannot be correct, especially at the highest energies where the GZK
effect severely limits the number of sources visible to us [402]. It is always interesting to quantify the
possible deviation from the mean prediction based on the knowledge we do have on the source density
and the possible distance to the closest source populations. This next statistical moment beyond the mean
prediction is referred to as the ensemble fluctuation [403]. It depends on, and thus provides information
on, the distribution of discrete local sources, source composition, and energy losses during propagation.
This ensemble fluctuation in the energy spectrum is one manifestation of the cosmic variance, which should
also appear directly through eventual identification of nearby source populations. In fact, once statistics
become sufficiently large, it will be interesting to try to identify the ensemble fluctuations in the energy
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spectrum [404]. For simplicity, herein consideration will be given to a minimal model (i.e. minimal number
of free parameters in the fit) adopting the canonical hypothesis of a uniform source distribution.

The number of UHECR per unit volume and energy in the present universe is equal to the number of par-
ticles accumulated during the entire history of the universe and is comprised of both primary particles emitted
by the sources and secondaries produced in the photodisintegration process. The co-moving space density
of CRs (7) of mass A from a population of uniformly distributed sources with (possibly age-dependent)
emission rate per volume Q(E ′, A′, t) is given by

n(E,A,A′) ≡ dN

dE dV
=

∫ ∞
E

∫ tH

0

dPAA′(E
′, E, t)

dE
Q(E ′, A′, t) ξ(t) dE ′ dt , (160)

where the variable t characterizes a particular age of the universe and tH indicates its present age, and where
dPAA′/dE is the expectation value for the number of nuclei of mass A in the energy interval (E,E + dE)
which derive from a parent of mass A′ and energy E ′ emitted at time t. Here, ξ(t) is the ratio of the
product of co-moving source density and Q(E ′, A′, t), relative to the value of that product today. A semi-
analytical approximation of dPAA′/dE indicates that not only the LO single nucleon emission [408], but
also NLO corrections from two-nucleon emission are relevant to interpret the high-quality data [409]. Note
that dPAA′/dE includes propagation effects both at the source environment and on the way to Earth.

Two additional assumptions will be exercised to fit the data. Firstly, that the UHECR emission rate
is the same for all sources and the spectrum and composition is independent of the age of the universe,
so that evolution of the volumetric emission rate with cosmological time can be described by an overall
source evolution factor, ξ(t). The cosmological evolution of the source density per co-moving volume is
parametrized as

ns(z) = n0 ξ(z) (161)

with ξ(z = 0) = 1. The evolution of sources follows the star formation rate with

ξ(z) =
(1 + z)a

1 + [(1 + z)/b]c
(162)

where a = 3.26 ± 0.21, b = 2.59 ± 0.14, and c = 5.68 ± 0.19 [405]. Secondly, that the emission rate is
fairly well described by a power-law spectrum. Under these very general assumptions the source emission
rate per volume takes the form

Q(E ′, A′) = Q0

(
E ′

E0

)−γ
exp

(
− E ′

Z ′Emax
p

)
, (163)

where Emax
p is the maximal energy of emitted protons, i.e., maximum rigidity of the accelerator, Z ′ is the

nucleus’ atomic number, E0 is some reference energy, and

Q0 =

 ṅ0
dNA′
dE′

∣∣∣
E′=E0

, for bursting sources

n0
dNA′
dE′dt

∣∣∣
E′=E0

, for steady sources
, (164)

and where ṅ0 is the number of bursts per unit volume per unit time and dNA′/dE
′ is the spectrum of

particles produced by each burst, or for a steady source n0 is the number density of sources at z = 0, and
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Q0 ≡ dNA′/dE
′dt is the UHECR production rate per unit energy per source. The cosmic ray power density

above a certain energy E ′min is given by

ε̇CR(> Emin) =

∫ ∞
E′min

E ′Q(E ′, A′) dE ′ = Q0

∫ ∞
E′min

E ′
(
E ′

E0

)−γ
exp

(
− E ′

Z ′Emax
p

)
dE ′

= Z ′Emax
p

(
Z ′Emax

p

E0

)−γ+1 ∫ ∞
E′min/(Z

′Emax
p )

t−γ+1e−t dt

= Q0E
2
0

(
Z ′Emax

p

E0

)−γ+2

Γ

(
−γ + 2,

E ′min

Z ′Emax
p

)
, (165)

where Γ(x) denotes the upper incomplete gamma function.

For a given spectrum of injected nuclei of mass A′, the space density of cosmic rays at Earth with energy
E and mass A is given by (160). For an isotropic arrival direction distribution the relation between the
spectrum and the cosmic ray density follows from (7) and is given by

J(E,A,A′) ≡ dN

dE dA dt dΩ
=

1

4π
n(E,A,A′) , (166)

Note that discretization of (160) allows a numerical treatment of the problem. For details of the discretization
procedure, see [94].

Before discussing the results of the fit, we pause to discuss some interesting phenomenological aspects
of the source environment. To visualize the high-pass filter mechanism advertised in Sec. 2.2, envision a
source in which the escape and interaction times are both power laws in energy,

τesc = a (E/E0)δ and τint = b (E/E0)ζ . (167)

Thus, a fraction
ηesc(E) = (1 + τesc/τint)

−1 =
[
1 +R0 (E/E0)δ−ζ

]−1
(168)

of the particles escape without interaction and the rest interact before escaping, so ηint = 1 − ηesc, with
R0 = a/b the ratio of the escape and interaction time at reference energy E0. Note that ηesc and ηint depend
only on the ratio of the escape and interaction times, but not on the absolute value of either of them. When
δ > ζ , the source environment acts as a low-pass filter on the particles injected from the accelerator, leading
to a cutoff in the escaping spectrum at high energies. This situation is typical of leaky box models of
diffuse acceleration at time-independent shocks [410, 411] where δ > 0 because the higher the energy of
the particle, the longer it needs to stay in the accelerator to reach its energy. By contrast, if the escape time
decreases with energy, as in the case of diffusion in turbulent magnetic fields outside the accelerator, then it
is possible to have δ < ζ leading to a high-pass filter on the energy spectrum of injected nuclei: the lower the
energy, the more time the nuclei have to interact before escaping, leading to a hardening of the spectrum and
lightening of the composition of nuclei escaping the region surrounding the source. The spallated nucleons
have energies of E/A; these nucleons are most abundant at low energies and have a steeper spectrum than
the parent nuclei. Thus, the high-pass filter leads naturally to an ankle-like feature separating the nucleonic
fragments from the remaining nuclei. The normalization and slope of the spectrum of spallated nucleons
relative to that of the primary nuclei is determined by how thoroughly the primary nuclei are disintegrated,
which is governed by the ratio of escape and interaction lengths of the most abundant primaries.
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To obtain a more realistic treatment of the interaction time, one must specify the shape of the spectrum
of the target photons. The simple representative photon background of non-thermal emission adopted here
is a broken power-law,

n(ε) = n∗

{
(ε/ε∗)α ε < ε∗

(ε/ε∗)β otherwise
, (169)

where ε is the photon energy and the maximum of the number density is at an energy of ε∗ [410]. For such
peaky photon spectra, the interaction time does not have the simple representation of (167) but it does have
a rather universal structure. Substituting (169) into (139) yields:

1

τint(E)
=

1

τb

{
(Eb/E)β+1 E ≤ Eb
(1− β)/(1− α)

[
(Eb/E)α+1 − (Eb/E)2]+ (Eb/E)2 E > Eb

, (170)

where

τb =
Eb (1− β)

c$ Amp n∗
and Eb =

ε0 A mp

2ε∗
. (171)

In the NWA the photopion production cross section can be described by (134) with the following parameters:
σ0 ' 0.5A mb, Γ = 150 MeV, and ε0 = (m2

∆ −m2
p)/(2mp) ' 340 MeV [11].

As can be seen in Fig. 18 the folding of a single resonance in the NWA with a broken power-law spectrum
leads to a “V” shape curve for τint in a log-log plot for both photo-disintegration (top panel) and photopion
production (middle panel). Combining both processes in the NWA yields an interaction time with a “W”
shape, while numerical integration of (136) using precise cross section curves fitted to data (including the
plateau for multi-pion production) softens the “W” to what we shall refer to as an “L” shape for brevity, as
shown in the bottom panel of Fig. 18. As evident from Fig. 18, below the inflection point for photodisinte-
gration Eb, the NWA provides a good representation of the data, while from the full numerical integration
in the high-energy region τint is roughly constant. Hence we can write an approximate representation of the
interaction time

τint(E) ≈ τb

{
(E/Eb)

β+1 E ≤ Eb
1 E > Eb

. (172)

Returning to the discussion of τint, now (167) with (172) together yield the fraction of nuclei which escape
without interaction in a peaky photon spectrum. It is straightforward to see that if δ < 0 and the interaction
time is described by an L-shaped curve, then ηesc has the properties of a high-pass filter. These conclusions
do not depend on the exact shape of the photon spectrum. As one can guess from Fig. 15, if the photon
density is assumed to follow a black body spectrum, then each interaction time in the NWA would have a
V shape and the total interaction time would flatten to an L-curve as well, modulated by the cross section
plateau of multi-pion production [94].

Motivated by the energy dependence of the diffusion coefficient for propagation in a turbulent magnetic
field, one can model τesc as a power law in rigidity E/Z,

τesc = τ0(EZ−1/E0)δ. (173)

Since only the ratio of escape and interaction times matters, and the {E,A,Z} dependence of this ratio
is entirely determined once the spectral index of the escape time δ is specified, the remaining freedom in
characterizing the source environment can be encoded by specifying the ratio of escape to interaction time
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Figure 18: Interaction times of 28Si in a broken power-law photon field with parameters α = 3/2, β = −1 and ε∗ = 0.11 eV.
Top panel: photo-disintegration, middle panel: photo-pion production, bottom panel: sum of the two processes. The results of
numerical integration using detailed cross sections are shown as thick solid lines, while those of the NWA are displayed with thin
dashed lines. From Ref. [94].

for a particular choice of {E,A,Z}, say at E = 1010 GeV for iron nuclei, denoted RFe
10. In application

to a particular source candidate, RFe
10 depends on the density of photons and the properties of the turbulent

magnetic field that delays the escape of the UHECRs from the environment of their source.

Figure 19 shows a comparison of the extragalactic all-particle spectrum (obtained by combining contri-
butions from photodisintegration in the source environment and on the way to Earth) with both the Auger
measured flux above 108.5 GeV [412] and the mean and variance of the distribution of the logarithm of
the baryon number on top of the atmosphere, 〈lnA〉 and V (lnA) [51, 412, 413]. The source spectra are
modelled using a mixed composition, which follows the abundances of Galactic nuclei at a nucleus en-
ergy of 1 TeV. The corresponding nucleus fractions are: 0.365, 0.309, 0.044, 0.077, 0.019, 0.039, 0.039,
0.0096, 0.014, 0.084 for H, He, C, O,Ne, Mg, Si, S, Ar+Ca, Fe, respectively. The best fit values of the
free parameters are: (i) the power law index of the injected nuclei γ = 1.25 ± 0.02, (ii) the cutoff rigidity
log(Emax

p /GeV) = 9.60 ± 0.01, (iii) the power law index of the escape length δ = −1.01 ± 0.03, (iv) the

66



lg(E/eV)
17.5 18 18.5 19 19.5 20 20.5

 d
N/

dl
gE

/d
t [

a.
u.

]
0

 n -110

1

10

   injected

lg(E/eV)
17.5 18 18.5 19 19.5 20 20.5

 d
N/

dl
gE

/d
t [

a.
u.

]
0

 n -110

1

10

210
 injected

 2≤ A ≤1  6≤ A ≤3  19≤ A ≤7  39≤ A ≤20  56≤ A ≤40 

lg(E/eV)
17.5 18 18.5 19 19.5 20 20.5

]
-1

 y
r

-1
 s

r
-2

 k
m

2
 J

(E
) [

eV
3 E

0

20

40

60

80

100

120

140

3610×

  2≤ A ≤1  6≤ A ≤3  19≤ A ≤7  39≤ A ≤20  56≤ A ≤40 galactic (A=56)

Auger 2013 prel.

lg(E/eV)
17.5 18 18.5 19 19.5 20 20.5

  [
a.

u.
]

τ
c 

-910

-810

-710

-610

-510

-410 interaction
escape

0.02± = -1.25
inj
γ

0.01±/eV) = 18.6 p
max

lg(E
0.02±) = 2.57 Fe19

esc
lg(R

0.03± = -1.01escδ

0.01± = 0.686galf
0.02± = -3.71

gal
γ

lg(fphot) = 0.00
=-2β=1.5, α = 0.09 eV, 0ε

σ) = -1 
max

(Xsys = +0.1, n
sys

lgE∆

/ndf = 244.504/602χ

spec: 120.825/30, lnA: 84.6523/18, VLnA: 39.0268/18

evolution: SFR2, IRB: Gilmore12

f(1)  = 3.6e-01
f(4)  = 3.1e-01
f(12)= 4.5e-02
f(16)= 7.7e-02
f(20)= 1.9e-02
f(24)= 3.9e-02
f(28)= 3.9e-02
f(32)= 9.6e-03
f(40)= 1.4e-02
f(56)= 8.4e-02

 = 1.5e+4517.5ε  yr3Mpc
erg

lg(E/eV)
18 18.5 19 19.5

〉
ln

 A
〈

0

0.5

1

1.5

2

2.5

3

3.5

4

  Auger 2014 + EPOS-LHC

lg(E/eV)
18 18.5 19 19.5

V(
ln

 A
)

0

0.5

1

1.5

2

2.5

3

3.5

4

lg(E/eV)
17.5 18 18.5 19 19.5 20 20.5

 d
N/

dl
gE

/d
t [

a.
u.

]
0

 n -110

1

10

   injected

lg(E/eV)
17.5 18 18.5 19 19.5 20 20.5

 d
N/

dl
gE

/d
t [

a.
u.

]
0

 n -110

1

10

210
 injected

 2≤ A ≤1  6≤ A ≤3  19≤ A ≤7  39≤ A ≤20  56≤ A ≤40 

lg(E/eV)
17.5 18 18.5 19 19.5 20 20.5

]
-1

 y
r

-1
 s

r
-2

 k
m

2
 J

(E
) [

eV
3 E

0

20

40

60

80

100

120

140

3610×

  2≤ A ≤1  6≤ A ≤3  19≤ A ≤7  39≤ A ≤20  56≤ A ≤40 galactic (A=56)

Auger 2013 prel.

lg(E/eV)
17.5 18 18.5 19 19.5 20 20.5

  [
a.

u.
]

τ
c 

-910

-810

-710

-610

-510

-410 interaction
escape

0.02± = -1.25
inj
γ

0.01±/eV) = 18.6 p
max

lg(E
0.02±) = 2.57 Fe19

esc
lg(R

0.03± = -1.01escδ

0.01± = 0.686galf
0.02± = -3.71

gal
γ

lg(fphot) = 0.00
=-2β=1.5, α = 0.09 eV, 0ε

σ) = -1 
max

(Xsys = +0.1, n
sys

lgE∆

/ndf = 244.504/602χ

spec: 120.825/30, lnA: 84.6523/18, VLnA: 39.0268/18

evolution: SFR2, IRB: Gilmore12

f(1)  = 3.6e-01
f(4)  = 3.1e-01
f(12)= 4.5e-02
f(16)= 7.7e-02
f(20)= 1.9e-02
f(24)= 3.9e-02
f(28)= 3.9e-02
f(32)= 9.6e-03
f(40)= 1.4e-02
f(56)= 8.4e-02

 = 1.5e+4517.5ε  yr3Mpc
erg

lg(E/eV)
18 18.5 19 19.5

〉
ln

 A
〈

0

0.5

1

1.5

2

2.5

3

3.5

4

  Auger 2014 + EPOS-LHC

lg(E/eV)
18 18.5 19 19.5

V(
ln

 A
)

0

0.5

1

1.5

2

2.5

3

3.5

4

log(E/eV)

log(E/eV)

hln
A
i

V
(l

n
A

)

E
3
J
(E

)
(e

V
2
k
m

�
2
sr

�
1
y
r�

1
)

Figure 19: Spectrum and composition at Earth produced by a distribution of sources endowed with a high-pass filter. The data
points are from the Pierre Auger Observatory [51, 412] shifted by plus one sigma of systematic uncertainty for the energy scale and
minus one sigma for theXmax scale. Error bars denote the statistical uncertainties and the shaded boxes illustrate the experimental
systematic uncertainties of the composition. The composition estimates are based on an interpretation of air shower data with the
EPOS-LHC event generator [414]. From Ref. [94].

ratio of interaction and escape time log(RFe
10) = 2.57 ± 0.02, (v) the flux fraction of Galactic cosmic rays

f = 0.686 ± 0.01, and (vi) the power law index index of the Galactic cosmic ray spectrum ∝ E−γgal , as-
sumed to be dominated by iron nuclei: γgal = 3.71 ± 0.02 [94]. The energy of maximum of the photon
field density was fixed at ε∗ = 0.09 eV. Substituting the corresponding fit parameters in (165) one infers a
comoving volumetric energy injection rate in CRs at z = 0 of

ε̇CR(> 108.5 GeV) = 1.5× 1045 erg Mpc−3 yr−1 . (174)

There is a good overall agreement between the model and the data. The shape of the spectrum is described
well, including the ankle and the flux suppression. The model also qualitatively reproduces the increase of
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the average logarithmic mass with energy and the decrease of its variance. GRBs [415], SBGs [416], and
AGNs [417] have been proposed as astrophysical sites that can accommodate a high-pass filter.

Alternative evolutions of the source luminosity density can be described by the simple one-parameter
functional form

ξ(z) =

{
(1 + z)m z < z0

(1 + z0)m exp (−(z − z0)) otherwise
, (175)

with z0 = 2 and m ranging from −4 to +4. m = 0 yields a uniform source luminosity distribution,
m = +4 corresponds to a strong evolution similar to the one of AGNs [418, 419], and negative values
result in sources that are most abundant or most luminous within the low-redshift universe [420]. One
interesting source class for which the number of objects increases at low redshifts are low-luminosity γ-
ray BL Lacertae (BL Lac) objects.15 While Fermi measurements have revealed that the number density
of bright BL Lacs peaks at a fairly high redshift of z ' 1.2, the more numerous low-luminosity (Lγ <
1044 erg s−1) and high-synchrotron peaked members of this population exhibit negative source evolution,
and thus are overwhelmingly distributed at low redshifts [421]. The resulting variations on the fit parameters
that simultaneously accommodate the shape of the UHECR spectrum and its nuclear composition are as
follows [94]:

• γ = 2 gives a poor description of the data for m & 0, but is a viable choice for closeby sources;
• for positive values of m, a fixed value of γ = 1 gives a similar fit quality as the freely floating γ, but

the latter converges to values larger than 1 for source evolutions with m > 2;
• for the “traditional” source evolutions with m ≥ 0 and fixed γ = 1, most of the parameters exhibit

only a minor variation with m, with the exception of the power-law index of the escape time δ and the
power density ε̇CR(> 108.5 GeV).

This implies that the fit to Auger data does not critically depend on the choice of the source evolution, but
that for a given choice of m one can constrain the allowed values of γ, δ and ε̇CR(> 108.5 GeV).

3.5. Impact of ν and γ-ray observations on UHECR models

In the late ’90s, Waxman and Bahcall (WB) envisioned the CR engines as machines where protons are
accelerated and (possibly) permanently confined by the magnetic fields of the acceleration region [422]. The
production of neutrons and pions and subsequent decay produces neutrinos, γ-rays, and CRs. If the neutrino-
emitting source also produces high- or ultra-high-energy CRs, then pion production must be the principal
agent for the high energy cutoff on the proton spectrum. Conversely, since the protons must undergo suf-
ficient acceleration, inelastic pion production needs to be small below the cutoff energy; consequently, the
plasma must be optically thin. Since the interaction time for protons is greatly increased over that of neutrons
due to magnetic confinement, the neutrons escape before interacting, and on decay give rise to the observed
CR flux. The foregoing can be summarized as three conditions on the characteristic nucleon interaction time
scale τint; the neutron decay lifetime τn; the characteristic cycle time of confinement τcycle; and the total
proton confinement time τconf : (i) τint � τcycle; (ii) τn > τcycle; (iii) τint � τconf . The first condition

15From the viewpoint of AGN classification, BL Lacs are a blazar subtype. The blazar category encompasses all quasars
oriented with the relativistic jet directed at the observer giving a unique radio emission spectrum. This includes both radio quiet
AGN (BL Lacs) and optically violent variable quasars.
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ensures that the protons attain sufficient energy. Conditions (i) and (ii) allow the neutrons to escape the
source before decaying. Condition (iii) permits sufficient interaction to produce neutrons and neutrinos.
These three conditions together define an optically thin source [423]. A desirable property to reproduce the
almost structureless energy spectrum is that a single type of source will produce cosmic rays with a smooth
spectrum across a wide range of energy.

The UHECR intensity just below Esupp is often summarized as “one particle per kilometer square per
year per steradian.” This can be translated into an energy intensity [424]

E {E J(E)} =
1010.5 GeV

(1010 cm2)(107.5 s) sr
= 10−7 GeV cm−2 s−1 sr−1 . (176)

From this we can derive the energy density εCR in UHECRs using intensity = velocity× density, or

4π

∫
dE {E J(E)} = v εCR . (177)

This leads to

εCR =
4π

v

∫ Emax

Emin

10−7

E
dE

GeV

cm2 s
' 10−19 TeV

cm3
, (178)

taking the extreme energies of the accelerator(s) to be Emin ' 1010 GeV and Emax = 1012 GeV, and
v ∼ c. The power required for a population of sources to generate this energy density over the Hubble
time (tH ≈ 1010 yr) is: ε̇[1010,1012]

CR ∼ 5 × 1044 TeV Mpc−3 yr−1 ' 3 × 1037 erg Mpc−3 s−1. This works
out to roughly (i ) L ≈ 3 × 1039 erg s−1 per galaxy, (ii ) L ≈ 3 × 1042 erg s−1 per cluster of galaxies,
(iii ) L ≈ 2 × 1044 erg s−1 per active galaxy, or (iv )

∫
Ldt ≈ 1052 erg per cosmological GRB [424]. The

coincidence between these numbers and the observed output in electromagnetic energy of these sources
explains why they have emerged as the leading candidates for accelerators of UHECR protons.

The energy production rate of protons derived professionally, assuming a cosmological distribution of
proton sources, with injection spectrum ∝ E−2, is [425]

ε̇
[1010,1012]
CR ∼ 5× 1044 erg Mpc−3 yr−1 . (179)

This is within a factorO(1) of our back-of-the-envelope estimate (1 TeV ' 1.6 erg). The energy-dependent
generation rate of CRs is therefore given by

E2 ṅ(E) =
ε̇

[1010,1012]
CR

ln(1012/1010)
≈ 1044 erg Mpc−3yr−1 .

The energy density of neutrinos produced through pγ interactions of these protons can be directly tied
to the injection rate of CRs

E2
ν n(Eν) ≈

3

8
επ tH E2 ṅ(E) , (180)

where επ is the fraction of the energy which is injected in protons lost into photopion interactions. The
factor of 3/8 comes from the fact that, close to threshold, roughly half the pions produced are neutral, thus
not generating neutrinos, and one quarter of the energy of charged pion decays (π+ → e+νeνµν̄µ and the
conjugate process) goes to electrons rather than neutrinos. Namely, resonant pγ interactions produce twice
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as many neutral pions as charged pions. Direct pion production via virtual meson exchange contributes
only about 20% to the total cross section, but is almost exclusively into π+. Hence, pγ interactions produce
roughly equal numbers of π+ and π0. The average neutrino energy from the direct pion decay is found to
be 〈Eν〉π = (1 − r)Eπ/2 ' 0.22Eπ and that of the muon is 〈Eµ〉π = (1 + r)Eπ/2 ' 0.78Eπ, where r
is the ratio of muon to the pion mass squared. In muon decay, all secondaries can be considered massless
and so each of the neutrinos has about 1/3 of the muon energy. This gives an average neutrino energy of
〈Eν〉µ = (1 + r)Eπ/6 = 0.26Eπ, and so 〈Eν〉 ∼ Eπ/4.

The WB-bound is defined by the condition επ = 1

E2
ν ΦWB

νall
(Eν) ≈

3

8
ξz επ tH

c

4π
E2 ṅ(E) ≈ 2.3× 10−8 επ ξz GeV cm−2 s−1 sr−1, (181)

where

ξz =

∫ ∞
0

dz
(1 + z)−γ√

Ωm(1 + z)3 + ΩΛ

ξ(z) (182)

accounts for the effects of source evolution with redshift [422]. For γ = 2 and no source evolution in the
local (z < 2) universe, ξ(z) = 1 and ξz ' 0.5 [426]. For sources (with γ = 2) following the star-formation
rate, ξ(z) is given by (162) and ξz ∼ 3. For interactions with the ambient gas (i.e. pp rather than pγ
collisions), the average fraction of the total pion energy carried by charged pions is about 2/3, compared
to 1/2 in the photopion channel. In this case, the upper bound given in (181) is enhanced by 33% [423].
Electron antineutrinos can also be produced through neutron β-decay [427]. The β-decay contribution to
the diffuse neutrino flux, however, turns out to be negligible.

The actual value of the neutrino flux depends on what fraction of the proton energy is converted to
charged pions (which then decay to neutrinos), i.e. επ is the ratio of charged pion energy to the emerging
nucleon energy at the source. For resonant photoproduction, the inelasticity is kinematically determined
by requiring equal boosts for the decay products of the ∆+, giving επ = Eπ+/En ≈ 0.28, where Eπ+ and
En are the emerging charged pion and neutron energies, respectively. For pp → NN + pions, where N
indicates a final state nucleon, the inelasticity is ≈ 0.6 [428]. This then implies that the energy carried away
by charged pions is about equal to the emerging nucleon energy, yielding (with our definition) επ ≈ 1.

At production, if all muons decay, the neutrino flux consists of equal fractions of νe, νµ and ν̄µ. Orig-
inally, the WB-bound was presented for the sum of νµ and ν̄µ (neglecting νe), motivated by the fact that
only muon neutrinos are detectable as track events in neutrino telescopes. Since oscillations in the neutrino
sector mix the different species, we chose instead to discuss the sum of all neutrino flavors νall. When the
effects of oscillations are accounted for, nearly equal numbers of the three neutrino flavors are expected at
Earth [429].

If UHECR include nuclei heavier than hydrogen, then the neutrino intensity expected from the cosmic
ray sources may be modified. Nuclei undergoing acceleration can produce pions, just as protons do, through
interactions with the ambient gas, so the WB argument would be unchanged in this case. However, if inter-
actions with radiation fields dominate over interactions with matter, the neutrino flux would be suppressed
if the cosmic rays are heavy nuclei. This is because the photodisintegration of nuclei dominates over pion
production at all but the very highest energies.

The diffuse intensity of astrophysical neutrinos has an additional component originating in the energy
loss of UHECRs travelling to Earth [430]. The accumulation of these neutrinos over cosmological time is
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known as the cosmogenic neutrino flux. The GZK reaction chain generating cosmogenic neutrinos is well
known [431]. The intermediate state of the reaction pγ → nπ+/pπ0 is dominated by the ∆+ resonance,
because the neutron decay length is smaller than the nucleon mean free path on the CMB. Gamma-rays,
produced via π0 decay, subsequently cascade electromagnetically on intergalactic radiation fields through
e+e− pair production followed by inverse Compton scattering. The net result is a pile up of γ-rays at GeV-
TeV energies, just below the threshold for further pair production on the diffuse optical background. Mean-
while each π+ decays to 3 neutrinos and a positron; the e+ readily loses its energy through inverse Compton
scattering on the diffuse radio background or through synchrotron radiation in intergalactic magnetic fields.
As we have seen, the neutrinos carry away about 3/4 of the π+ energy, therefore the energy in cosmogenic
neutrinos is about 3/4 of that produced in γ-rays. The functional form of the cosmogenic neutrino intensity
depends on the source spectra, the source evolution, and on the UHECR nuclear composition [432–440].
For proton primaries, the energy-squared-weighted intensity E2

νΦν(Eν) peaks between 109.6 and 1010 GeV,
where the magnitude is around 1 in WB units.16 For heavy nuclei, the peak is at much lower energy (around
108.7 GeV) and the magnitude is about 0.1 to 0.01 WB, depending on source evolution. The magnitude of
the γ-ray pile up currently provides the most stringent bound on the intensity of cosmogenic neutrinos [441].

High- and ultra-high-energy neutrino detection has been one of the experimental challenges in particle
astrophysics. It is widely believed that one of the most appropriate techniques for neutrino detection consists
of measuring the Cherenkov light from muons or showers produced by the neutrino interactions in under-
ground water or ice [442–445]. This allows instrumentation of large enough volumes to compensate for both
the low neutrino cross section and the low fluxes expected. There are several projects under way to build
sufficiently large detectors to measure the expected signals from a variety of neutrino sources. The IceCube
facility, deployed near the Amundsen-Scott station, is the largest neutrino telescope in the world [446]. It
comprises a cubic-kilometer of ultra-clear ice about a mile below the South Pole surface, instrumented with
long strings of sensitive photon detectors which record light produced when neutrinos interact in the ice.

Neutrino (antineutrino) interactions in the Antarctic ice sheet can be reduced to three categories: (i) In
charge current (CC) interactions the neutrino becomes a charged lepton through the exchange of a W± with
some nucleon N , ν`(ν̄`) + N → `± + anything, where lepton flavor is labeled as ` ∈ {e, µ, τ}. (ii) In
neutral current (NC) interactions the neutrino interacts via a Z transferring momentum to jets of hadrons,
but producing a neutrino rather than a `± in the final state: ν`(ν̄`)+N → ν`(ν̄`)+anything. The scattered ν`
exits the detector, carrying away energy, and so the observed energy presents a lower bound for the incident
ν` energy. All three neutrino flavors exhibit a NC. These two possibilities are then projected onto two kinds
of IceCube topologies to yield the three final possibilities: (i) “Shower” (⊕) events result from all three
flavors of NC events, and from the CC events of the electron and tau neutrinos below ∼ 2 PeV. Shower
events (also called “cascade” events) refer to the fact that energy is deposited no charged tracks (produced
by muons or taus) are observed. (ii) Below a few PeV, “track” (�) events are produced only by the muon
neutrino CC. The νµ CC creates a muon and a hadronic shower within the IceCube detector, the muon
track contributes to the deposited energy, but then the muon is seen to exit the detector as a single track of
unknown energy. The deposited energy is only a lower bound to the incident muon neutrino energy. (iii) At
ντ energies above 3 PeV, ντ CC interactions begin to produce separable double bang events [429], with one
smaller-energy shower produced by the initial ντ collision in the ice, and the second larger-energy shower
resulting from the subsequent τ decay.

16Recall that 1 WB = 10−8 GeV (cm2 s sr)−1.
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UHECR experiments, like Auger, provide a complementary technique for ultra-high-energy cosmic neu-
trino (UHECν) detection by searching for deeply–developing, large zenith angle (> 75◦) showers [447]. At
these large angles, hadron-induced showers traverse the equivalent of several atmospheres before reaching
detectors at the ground. Beyond about 2 atmospheres, most of the electromagnetic component of a shower
is extinguished and only very high energy muons survive. Consequently, a hadron-induced shower front is
relatively flat and the shower particles arrive within a narrow time window. In contrast, a neutrino shower
exhibits characteristics similar to those of a vertical shower, which has a more curved front and a wider
distribution in particle arrival times due to the large number of lower energy electrons and photons. Fur-
thermore, the “early” part of the shower will tend to be dominated by the electromagnetic component, while
“late” portion will be enriched with tightly bunched muons. Using these characteristic features, it is possible
to distinguish neutrino induced events from background hadronic showers. Moreover, because of full flavor
mixing, tau neutrinos are expected to be as abundant as other species in the cosmic flux. Tau neutrinos can
interact in the Earth’s crust, producing τ leptons which may decay above the ground-based detectors [448–
452]. Details on how such neutrino events can be selected at the Pierre Auger Observatory are discussed
in [453–458].

Because the shape of the astrophysical neutrino intensity is unknown, it is convenient to define a proce-
dure to set model-independent limits on the total neutrino flux [459]. To this end, we first write a generic
expression for the neutrino event rate

N =
∑
i,X

∫
dEiNA Φi(Ei)σiN→X(Ei) E(Ei) , (183)

where the sum is over all neutrino species i = νe, ν̄e, νµ, ν̄µ, ντ , ν̄τ , and all final states X . NA = 6.022×1023

is Avogadro’s number, and Φi is the source flux of neutrino species i, σ as usual denotes the cross section,
and E is the exposure measured in cm3 w.e. sr time. We assume the simplest scenario in which there are
no events that unambiguously pass all the experimental cuts, with zero events expected from background.
This implies an upper bound of 2.4 events at 90%CL from neutrino fluxes [11]. Poisson intervals for more
complex combinations of detection and background events are summarized in [460]. Note that if the number
of events integrated over energy is bounded by 2.4, then it is certainly true bin by bin in energy. Thus, using
(183) one obtains ∑

i,X

∫
∆

dEiNA Φi(Ei)σiN→X(Ei) E(Ei) < 2.4 , (184)

at 90% CL for some interval ∆. Here, the sum over X takes into account charge and neutral current pro-
cesses. In a logarithmic interval ∆ where a single power law approximation

Φi(Ei)σiN→X(Ei) E(Ei) ∼ Eα
i (185)

is valid, a straightforward calculation shows that∫ 〈E〉e∆/2
〈E〉e−∆/2

dEi
Ei

Ei Φi σiN→X E = 〈σiN→X E Ei Φi〉
sinh δ

δ
∆ , (186)

where δ = (α + 1)∆/2 and 〈A〉 denotes the quantity A evaluated at the center of the logarithmic interval.
The parameter α = 0.363+β−γ, where 0.363 is the power law index of the SM neutrino cross section [461]
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Table 3: All-flavor differential 90% CL upper limit based on the nine-year sample of IceCube data [462].

log10(Eν/GeV) log10[E2
ν Φνall

(Eν)/(GeVcm−2 s−1 sr−1)]
7.0 −7.86
7.5 −7.71
8.0 −7.69
8.5 −7.75
9.0 −7.66
9.5 −7.45
10.0 −7.20

and β and −γ are the power law indices (in the interval ∆) of the exposure and flux Φi, respectively. Since
sinh δ/δ > 1, a conservative bound may be obtained from (184) and (186):

NA

∑
i,X

〈σiN→X(Ei)〉 〈E(Ei)〉 〈EiΦi〉 < 2.4/∆ . (187)

By taking ∆ = 1 as a likely interval in which the single power law behavior is valid (this corresponds to one
e-folding of energy), it is straightforward to obtain upper limits on the neutrino flux. The model-independent
upper limits on the total neutrino flux, derived using the nine-year sample of IceCube data are collected in
Table 3 [462]. The sensitivity of existing neutrino-detection facilities is about to reach 1 WB, challenging
cosmic-ray models for which the highest energies are proton-dominated [463–467].

The multi-messenger program will also help discriminate among UHECR acceleration models. As an
illustration, we consider the two main mechanisms proposed to accelerate UHECRs in starburst galaxies:
unipolar induction in newly-born pulsars and Fermi shock acceleration in the galactic scale superwind.
On the one hand, UHECRs crossing the supernova ejecta surrounding neutron stars would experience an
effective optical depth to hadronic interactions which is larger than unity, and so one expects guaranteed
fluxes of neutrinos in the energy range 108 . Eν/GeV . 109 [468]. Actually, the differential upper limits
on the diffuse neutrino flux from IceCube already constrain models of UHECR acceleration in the core of
starburst galaxies [469]. Recall that for SBGs, the anisotropy signal has been observed for only a fraction
fsig = (10±4)% of the UHECR sample, so a small window of the parameter space still remains opened. On
the other hand, if UHECRs are accelerated at the terminal shock of the starburst superwind, we expect the
maximum energy to be constrained by direct escape of the nuclei, and so the flux of photons and neutrinos
accompanying the starburst UHECR emission would be strongly suppressed. Indeed, if this were the case,
the neutrino emission from starbursts would cutoff somewhat above 107 GeV, as entertained in [470].

After this discussion it appears evident the importance of multi-messenger observations to narrow the
search for the UHECR origin(s). Next generation IceCube detector will play a key role in this endeavor [471].

3.6. Grand unified spectrum of diffuse extragalactic background radiation

The diffuse extragalactic background radiation (DEBRA) is an indicator of the integrated luminosity
of the universe [472]. The analysis of the different components of DEBRA leads to the grand unified
spectrum, covering roughly 34 decades of energy. This spectrum is continuously updated thanks to the
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Fig. 1. Energy spectrum of photons measured at di↵erent energies, from radio waves to gamma rays. Adapted from [2].

called gamma-ray bursts (GRBs) populate the gamma-ray sky. Finally, the gamma-ray emission is seen not only from
localized sources, but also from di↵use regions in our Galaxy and beyond. The underlying mechanisms of both these
localized and di↵use emissions are a subject of study (see Sect. 6).

However, doing astronomy has nowadays a broader and exciting meaning. The Universe is in fact observed not only
through the di↵erent windows of the electromagnetic spectrum, but also through other cosmic messengers, i.e. through
cosmic rays (CRs), neutrinos and gravitational waves (GWs). In general, gamma rays are the perfect companions for
multi-messenger astronomy, as we will highlight in the following.

First of all, gamma-ray production is intimately related to the production of CRs. The latter are charged particles,
mainly protons, whose energy spectrum covers a very wide range in energy and flux. Many questions regarding CRs
are still open, especially looking at the most energetic ones above 1015 eV (1 PeV). The CR spectrum is approximately
described by a power law: dN/dE ⇠ E�� , where � is the spectral index. � is not constant, indicating a change in
the properties of CRs, like their acceleration sites and chemical composition. For energies around ⇠ 4 ⇥ 1015 eV, the
flux starts to decrease more steeply: � changes from about 2.7 to about 3. This feature, marked with the term knee,
is thought to indicate the maximum acceleration energy of Galactic sources [3]. The flux exhibits another change in
slope around 1017 eV, where the spectral index becomes about 3.3. This feature is called second knee [4]. For energies
⇠ 4.8 ⇥ 1018 eV the spectrum flattens and � returns to about 2.6. The corresponding feature is called ankle. Around
⇠ 4.2⇥ 1019 eV a strong suppression of the flux has been observed [5,6] and it has reached in recent years a statistical
significance of more than 20�. This suppression can be ascribed to energy losses during propagation (the so-called
GZK e↵ect [7,8]) or to an intrinsic limit of sources, that are not able to accelerate particles beyond a certain energy [9].
The study of CRs above 1 PeV is extremely challenging for di↵erent reasons: on one hand, their flux decreases with
increasing energies and the observations can be performed only indirectly with ground-based instruments; on the other
hand, CRs su↵er magnetic deflection along their path through the Galactic and/or intergalactic medium. Gamma rays
instead point to their sources and the Universe is essentially transparent to them up to about 100 GeV (see Sect.
3.1). Gamma rays can be therefore used as probes for revealing the sites of CR acceleration, as it will be discussed in
Sect. 7.1.

According to the bottom-up scenario (i.e. CRs accelerated by astrophysical sources, see Sect. 3), gamma rays can
be produced by the radiation from charged particles in a magnetic field. In addition, both gamma rays and neutrinos
can be produced from the interaction of CRs with nuclear targets, such as molecular clouds. Neutrinos cannot be
absorbed nor radiated during their path from the source to the observer, even if they are very di�cult to detect.
Identifying neutrino sources and their association with gamma ray counterparts therefore provides unique insights
into the long-standing problem of the CR origin. Some interesting results have been obtained and are briefly described
in Sect. 7.2.

In the light of the recent discoveries [10], outlined in Sect. 7.3, joint GWs and electromagnetic observations have a
key role to obtain a more complete knowledge of the sources and their environments, since they provide complementary
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Figure 20: Frequency-weighted intensity of the EBL as measured in radio (CRB), microwave, infrared (CIB), optical (COB), UV
(CUB), X-rays (CXB), and γ-rays (CGB). From Ref. [473].

numerous space- and ground-based multi-frequency experiments observing different cosmic messengers. In
this section we review a series of simultaneous and coordinated multi-frequency observations which can
help elucidate the UHECR origin(s).

The intensity of the extragalactic background light (EBL) spans close to 20 decades in photon frequency;
see Fig 20. Across this whole range, the EBL spectrum captures cosmological backgrounds associated with
either primordial phenomena, such as the CMB, or photons emitted by stars, galaxies, and AGNs due to
nucleosynthesis or other radiative processes, including dust scattering, absorption and reradiation. It has
been known since the early ’60s that high-energy γ-rays from sources at cosmological distances will be
absorbed along the way by the diffuse background of softer photons via electron-positron pair produc-
tion [474–476]. Roughly speaking, photons originating at a redshift z will be absorbed above about an
energy ∼ 100(1 + z)−2 TeV [477, 478]. This implies that the intensity of extragalactic γ-rays has to be
suppressed above about 1 TeV, see Fig. 20.

In 2012, the IceCube Collaboration famously announced the observation of two ∼ 1 PeV neutrinos
discovered in a search for the nearly guaranteed cosmogenic neutrinos [479]. The search technique was
refined to extend the neutrino sensitivity to lower energies [480, 481], resulting in the discovery of additional
“high-energy starting events” (HESEs), i.e. events initiated within the IceCube detector volume by entering
neutrinos [482–484]. At the time of writing, 82 HESEs (including showers and tracks) have been reported
from six years of IceCube data taking (2078 days between 2010 to early 2016) [485]. The HESE signal
has been confirmed via a complementary measurement using CC interactions of νµ + ν̄µ, for which the
interaction vertex can be outside IceCube instrumented volume [486–488].

A myriad of models have been proposed to interpret the data [489–491], but the origin of IceCube events
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Fig. 9. Mollweide projection of the arrival direction of neutrinos and UHE CRs. The neutrino sample is
identical to the one shown in Fig. 6. We show events from Auger [123] above 54 EeV (×) and from Telescope
Array [124] above 57 EeV (+). The background shows the anisotropy of the combined UHE CR map derived
with the method described in the main text and smoothed with with θ50% = 20◦. We highlight the excess regions
found by Auger (sampling radius of 15◦; post-trial p-value of 1.4×10−2) and Telescope Array (sampling radius
of 20◦; post-trial p-value of 3.7 × 10−4).

Auger [123] in the direction of CentaurusA (sampling radius of 15◦; post-trial p-value of 1.4×10−2),
respectively. These are indicated as dashed circles of different sizes.

Figure 9 also shows the same neutrino event candidates that were shown in Fig. 6. It is apparent
that there is no noticeable clustering of high-energy neutrino events in the direction of these hot
spots. Indeed, a dedicated analysis [125] by Telescope Array, Auger, and IceCube did not identify
significant cross-correlation of neutrino and UHE CR events (below 3.3 σ ). However, this does not
necessarily rule out the possibility that the events emerge from the same sources. Neutrino events
can be observed from all UHE CR sources up to the Hubble horizon c/H0 ≃ 4.4 Gpc. On the other
hand, UHE CRs above the energy shown in Fig. 9 have to emerge from local sources up to 200 Mpc.
Therefore, we can estimate that only a fraction of 200 Mpc/4.4 Gpc ≃ 5% of astrophysical neutrinos
should correlate with UHE CRs. The total number of neutrino events shown in Fig. 9 is only 45, so
maybe two events are expected to correlate with the anisotropy structure suggested by UHE CRs.

9. Conclusions
IceCube has discovered a flux of extragalactic cosmic neutrinos with an energy density that matches
that of extragalactic high-energy photons and ultra-high-energy cosmic rays. This may suggest that
neutrinos and high-energy cosmic rays share a common origin. They may originate in calorimetric
environments like starburst galaxies or galaxy clusters hosting the cosmic ray accelerators. Identi-
fication of the sources by observation of multiple neutrino events from these sources with IceCube
will be challenging. However, the possibility exists for revealing the sources by the comprehensive
IceCube multimessenger program.
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Figure 21: Mollweide projection of the arrival direction of IceCube neutrinos and UHECRs. The neutrino sample is from the
six-year upgoing track analysis and the four-year HESE analysis (tracks� and cascades⊕). Cascade events are indicated together
with their median angular uncertainty (thin circles). One event (∗) appears in both event samples. The Auger sample (×) consists
of events recorded between 1 January 2004 and 31 March 2014 with E > 52 EeV and θ < 80◦ [102]. The TA sample (+)
consists of events recorded between 11 May 2008 and 4 May 2013 with E > 57 EeV and θ < 55◦ [100]. The background shows
the anisotropy of the combined UHECR map derived by smoothing the events at best-fit position n̂i over the sphere with unit
vector n̂ following a Fisher-Von Mises distribution F(n̂, n̂i;κ). The parameter κ is fixed to 11.5 such that 50% of the distribution
is contained within an opening angle of 20◦. From the smoothed event distribution f(n) =

∑
i F(n̂, n̂i;κ), the anisotropy is

define as δJ(n̂) = f(n̂)/〈f(δ(n̂))〉 − 1, where 〈f(δ(n̂))〉 is the average of the distribution f in each declination bin δ. This
simple procedure ensures that spurious anisotropies coming from the detector exposures that depend mostly on declination are
corrected from the map. The dashed circles indicate excess regions found in Auger (sampling radius of 15◦; post-trial p-value of
1.4× 10−2) and TA (sampling radius of 20◦; post-trial p-value of 3.7× 10−4) data samples. From Ref. [500].

remains unknown. The distribution of arrival directions is compatible with isotropy, without any hints of
concentrations towards either the Galactic center or plane [492].17 Neither is there any significant correlation
with the arrival direction of UHECRs observed by Auger and/or TA [499]; see Fig. 21. Even though there is
no significant correlation with any type of extragalactic sources, the isotropicity of the neutrino flux strongly
suggests the working assumption that it is of extragalactic origin.18 The Earthly flavor ratio νe : νµ : ντ is
compatible with a 1 : 1 : 1 distribution [504–508]. This seems to indicate that IceCube neutrinos originate
via pion decay in optically thin sources and experience vacuum oscillations across cosmological distances.

17See, however, [493–498].
18IceCube has identified the blazar TKS 0506+056 as a neutrino source [501]. However, IceCube searches constrain the

maximum contribution of blazars in the Fermi-LAT 2LAC catalogue [502] to the observed astrophysical neutrino flux to be
27% or less between around 10 TeV and 2 PeV, assuming equipartition of flavors at Earth and a single power-law spectrum
∝ E−2.5

ν [503]. The search also excludes that the 2LAC blazars (and sub-populations) emit more than 50% of the observed
neutrinos for a harder spectrum ∝ E−2.2

ν in the same energy range.
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The most immediate impact of the discovery of astrophysical neutrinos is that the intensity level observed
is exceptionally high by astronomical standards. The magnitude of the observed flux per steradian is at a
level of the WB bound, which applies to neutrino production in proton sources that are also responsible
for UHECRs. However, it is important to stress that the IceCube events have energies Eν . 5 PeV, and
therefore the energy per nucleon of the parent CRs must be Ep . 500 PeV. Recall that efficient production
of neutrinos at this energy would prevent acceleration of the parent protons to ultra-high energies, because of
the 4th constraint (interaction losses) on particle acceleration; see Sec. 3.1.1. Under the optimal combination
of parameters after fine tuning, the 3 conditions that define an optically thin source (τint � τcycle, τn >
τcycle, τint � τconf) would of course hold. Only for such a particular case, the sources producing the
neutrinos observed by IceCube would also emit UHECR protons. Such cosmic accelerators produce equal
numbers of neutral, positive and negatively charged pions in the proton-proton beam dump. The neutral
pions accompanying the charged parents of the neutrinos decay promptly into photons that could only be
observed indirectly after propagation in the extragalactic background light. Losing energy, these photons
cascade down to energies below 1 TeV where they can be observed with the Fermi-LAT satellite. The
uncomplicated assumptions that IceCube’s neutrinos are produced via pion decay in optically thin sources
and the neutrino spectrum follows an unbroken power law creates a tension between the relative magnitudes
of the diffuse γ-ray flux detected by the Fermi-LAT satellite and the high energy neutrino flux per steradian
detected at the South Pole [509]. The tension can be somewhat relaxed if there is a break in the spectrum,
but still most of the γ-ray energy in the non-thermal universe must be produced in the hadronic accelerators
responsible for IceCube’s neutrinos. This further constrains cosmogenic neutrino models [441] and the
proton fraction of UHECRs, as Fermi-LAT photons cannot be counted twice. Mixed composition models,
however, are safely below the bounds [510, 511].

Adding to the story, during its first observing run on 2015, the Advanced LIGO detectors recorded grav-
itational waves from the coalescence of two stellar-mass black holes (BBHs), GW150914 and GW151226,
with a third candidate LVT151012 also likely to be a BBH system [512–515]. GW150914 and GW151226
have comparable luminosity distance estimates: DL = 420+150

−180 Mpc (z = 0.09+0.03
−0.04) andDL = 440+180

−190 Mpc
(z = 0.09+0.03

−0.04), respectively. LVT151012 is the quietest signal and is inferred to be at a greater distance
DL = 1000+500

−500 Mpc (z = 0.20+0.09
−0.09). The broadband frequency spans the spectrum from below 35 Hz

to above 450 Hz. BBH mergers have extremely high gravitational-wave luminosities: for GW150914,
LVT151012, and GW151226 the peak values are respectively 3.6+0.5

−0.4 × 1056 erg/s, 3.1+0.8
−1.8 × 1056 erg/s ,

and 3.3+0.8
−1.6 × 1056 erg/s. A direct comparison of these luminosities with the power requirements of (110)

seems to indicate that binary BBH mergers could provide a profitable arena for UHECR acceleration, pro-
vided there are magnetic fields and disk debris remaining from the formation of the black holes. Moreover,
it is also reasonable to suspect that if this were the case, then the accelerated CRs would interact with the
surrounding matter or radiation to produce UHECν [516–518]. Unfortunately, a targeted search for these
neutrinos yielded no candidates in Auger data [519].

During the second observing run, the LIGO-Virgo detector network observed a gravitational-wave sig-
nal (GW170817) from the inspiral of two low-mass compact objects consistent with a binary neutron star
merger [520]. Nearly simultaneously, the Fermi-LAT and INTEGRAL telescopes detected a gamma-ray
transient, GRB170817A, both spatially and temporally coincident with GW170817 [521]. Within about
12 hours of the gravitational wave trigger the host galaxy and post-merger electromagnetic transient was
identified [522–526], and intensive programs of X-ray, optical/infrared, and radio observations soon fol-
lowed [527–532]. Light curves measured over the next several weeks identified the hallmarks of a kilonova,
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Figure 9: The spectral flux (�) of neutrinos inferred from the eight-year upgoing track analysis (red fit) and the six-

year HESE analysis (magenta fit) compared to the flux of unresolved extragalactic �-ray sources [100] (blue data)

and ultra-high-energy cosmic rays [101] (green data). The neutrino spectra are indicated by the best-fit power-law

(solid line) and 1� uncertainty range (shaded range). We highlight the various multimessenger interfaces: A: The

joined production of charged pions (⇡±) and neutral pions (⇡0) in cosmic-ray interactions leads to the emission of

neutrinos (dashed blue) and �-rays (solid blue), respectively. B: Cosmic ray emission models (solid green) of the

most energetic cosmic rays imply a maximal flux (calorimetric limit) of neutrinos from the same sources (green

dashed). C: The same cosmic ray model predicts the emission of cosmogenic neutrinos from the collision with

cosmic background photons (GZK mechanism).

Note, that the relative production rates of pionic gamma rays and neutrinos only depend on the

ratio of charged-to-neutral pions produced in cosmic-ray interactions, denoted by K⇡ = N⇡±/N⇡0 .

Pion production of cosmic rays in interactions with photons can proceed resonantly in the processes

p + � ! �+ ! ⇡0 + p and p + � ! �+ ! ⇡+ + n. These channels produce charged and

neutral pions with probabilities 2/3 and 1/3, respectively. However, the additional contribution

of nonresonant pion production changes this ratio to approximately 1/2 and 1/2. In contrast,

cosmic rays interacting with matter, e.g., hydrogen in the Galactic disk, produce equal numbers

of pions of all three charges: p + p ! N⇡ [ ⇡0 + ⇡+ + ⇡�] + X, where N⇡ is the pion multiplicity.

From above arguments we have K⇡ ' 2 for cosmic ray interactions with gas (pp) and K⇡ ' 1 for

interactions with photons (p�).

With this approximation we can combine Eqs. (1) and (2) to derive a simple relation between
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Figure 22: Multi-messenger interfaces. The neutrino intensity Φν(Eν) inferred from the eight-year upgoing track analysis (red
fit) and the six- year HESE analysis (magenta fit) compared to the intensity of unresolved extragalactic γ-ray sources Φγ(Eγ) (blue
data) and UHECRs J(E) (green data). The neutrino spectra are indicated by the best-fit power-law (solid line) and 1σ uncertainty
range (shaded range). Various multi-messenger interfaces are specified. A: The joined production of charged pions (π±) and
neutral pions (π0) in CR interactions leads to the emission of neutrinos (dashed blue) and γ-rays (solid blue), respectively. B: CR
emission models (solid green) of the most energetic cosmic rays imply a maximal WB-intensity (calorimetric limit) of neutrinos
from the same sources (green dashed). C: UHECR models also predict the guaranteed emission of cosmogenic neutrinos from
the collision with cosmic background photons (GZK effect). From Ref. [426].

i.e. emission driven by neutron-rich ejected material undergoing r-process nucleosynthesis [533, 534]. How-
ever, no neutrino events signaling the acceleration of CRs have been observed [535].19

The latest chapter in the story is courtesy of Auger. As alluded to already in Sec. 2.3, in 2017 the Auger
Collaboration reported the observation of a large scale dipole anisotropy for events with E > 8 EeV [115].
The direction of the reconstructed dipole lies about 125◦ from the Galactic center. This suggests an ex-
tragalactic origin of UHECRs. The high and ultra-high energy components of DEBRA, together with the
interconnections among the cosmic messengers, are summarized in Fig 22. Note that the lower-energy CRs
are Galactic and so would not be measured in intergalactic space.

4. Phenomenology of UHECR air showers

4.1. Nature’s calorimeter

In this section we focus on UHECR phenomenology from the top of the atmosphere to the Earth’s sur-
face. Unlike man-made calorimeters, the atmosphere is a calorimeter whose properties vary in a predictable
way with altitude, and in a relatively unpredictable way with time. Beginning with the easier of the two
variations, we note that the density and pressure depend strongly on the height, while the temperature does

19Neutrino emission from binary neutron star mergers has been studied in [536]. It was also noted that nucleus photodisinte-
gration within binary neutron star merger remnants could produce the population of CRs below the “ankle” [537].
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Figure 23: Slant depths corresponding to various zenith angles θ considering the curvature of the Earth. From Ref. [16].

not change by more than about 30% over the range 0–100 km above sea level. Therefore we can get a rea-
sonable impression of the density variation by assuming an isothermal atmosphere, in which case the density
ρatm(h) ≈ ρ0e

−h/h0 , where ρ0 ≈ 1.225 kg/m3 and h0 = RT/(µ g) ≈ 8.4 km is known as the scale-height of
the atmosphere, R being the ideal gas constant, µ the average molecular weight of air, g the acceleration due
to gravity and T ≈ 288 K. Of course, reading out such a natural calorimeter is complicated by the effects of
varying aerosol and molecular attenuation and scattering.

The quantity that most intuitively describes the varying density of the atmospheric medium is the vertical
atmospheric depth, Xv(h) =

∫∞
h
ρatm(z) dz, where z is the height. However, the quantity most relevant in

air shower simulations is the slant depth, X , which defines the actual amount of air traversed by the shower.
The variation of the slant depth with zenith angle is shown in Fig. 23. If the Earth curvature is not taken
into account, then X = Xv(h)/ cos θ, where θ is the zenith angle of the shower axis. For θ . 80◦, the error
associated with this approximation is less than 4%.

The atmospheric medium is endowed with a magnetic field. In general, the geomagnetic field is de-
scribed by 3 parameters, its strength B, its inclination ι, and its declination δ. The inclination is defined as
the angle between the local horizontal plane and the B-field. The declination is defined as the angle between
the horizontal component of the field B⊥ (i.e., perpendicular to the arrival direction of the air shower) and
the geographical North (direction of the local meridian). The angle ι is positive when B points downward
and δ is positive when B⊥ is inclined towards the East.

4.2. Systematic uncertainties in air shower measurements from hadronic interaction models

Uncertainties in hadronic interactions at ultra-high energies constitute one of the most problematic
sources of systematic error in the analysis of air showers. This section will explain the two principal schools
of thought for extrapolating collider data to ultrahigh energies.

Soft multiparticle production with small transverse momenta with respect to the collision axis is a dom-
inant feature of most hadronic events at c.m. energies 10 GeV <

√
s < 62 GeV (see e.g., [538, 539]).
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Despite the fact that strict calculations based on ordinary QCD perturbation theory are not feasible, there are
some phenomenological models that successfully take into account the main properties of the soft diffractive
processes. These models, inspired by 1/N QCD expansion are also supplemented with generally accepted
theoretical principles like duality, unitarity, Regge behavior, and parton structure. The interactions are no
longer described by single particle exchange, but by highly complicated modes known as Reggeons. Up to
about 62 GeV, the slow growth of the cross section with

√
s is driven by a dominant contribution of a special

Reggeon, the Pomeron.

At higher energies, semihard (SH) interactions arising from the hard scattering of partons that carry
only a very small fraction of the momenta of their parent hadrons can compete successfully with soft pro-
cesses [540–547]. These semihard interactions lead to the “minijet” phenomenon, i.e. jets with transverse
energy (ET = |p

T
|) much smaller than the total c.m. energy. Such low-p

T
processes cannot be identified by

jet finding algorithms, but (unlike soft processes) still they can be calculated using perturbative QCD. The
cross section for SH interactions is described by

σQCD(s, pmin
T

) =
∑
i,j

∫
dx1

x1

∫
dx2

x2

∫ ŝ/2

Q2
min

d|t̂| dσ̂ij
d|t̂| x1fi(x1, |t̂|) x2fj(x2, |t̂|) , (188)

where x1 and x2 are the fractions of the momenta of the parent hadrons carried by the partons which col-
lide, dσ̂ij/d|t̂| is the cross section for scattering of partons of types i and j according to elementary QCD
diagrams, fi and fj are parton distribution functions (PDFs), ŝ = x1 x2s and −t̂ = ŝ (1 − cosϑ∗)/2 = Q2

are the Mandelstam variables for this parton-parton process, and the sum is over all parton species. Here,

p
T

= Elab
jet sinϑjet =

√
ŝ

2
sinϑ∗ , (189)

and
p‖ = Elab

jet cosϑjet , (190)

where Elab
jet is the energy of the jet in the lab frame, ϑjet the angle of the jet with respect to the beam direction

in the lab frame, and ϑ∗ is the angle of the jet with respect to the beam direction in the c.m. frame of the
elastic parton-parton collision. This implies that for small ϑ∗, p2

T
≈ Q2. The integration limits satisfy

Q2
min < |t̂| < ŝ/2 , (191)

where Qmin = 1− 2 GeV is the minimal momentum transfer. The measured minijet cross sections indicate
that the onset of SH interactions has just occurred by CERN SPS energies,

√
s > 200 GeV [548].

A first source of uncertainty in modeling cosmic ray interactions at ultra-high energy is encoded in the
extrapolation of the measured parton densities several orders of magnitude down to low x. Primary protons
that impact on the upper atmosphere with energy ∼ 1011 GeV yield partons with x ≡ 2p∗‖/

√
s ∼ mπ/

√
s ∼

10−7, whereas current data on quark and gluon densities are only available for x & 10−5 to within an
experimental accuracy of few percent for Q2 ≈ 100 GeV2 [11]. In addition, extrapolation of HERA and
LHC data to UHECR interactions assumes universality of the PDFs. This assumption, based on the QCD
factorization conjecture (the cross section (188) can always be written in a form which factorizes the parton
densities and the hard interaction processes irrespective of the order in perturbation theory and the particular
hard process) holds in the limit Q2 � ΛQCD, where ΛQCD ∼ 200 MeV is the QCD renormalization scale.
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For largeQ2 and not too small x, the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) equations [549–
552]

∂

∂ lnQ2

(
q(x,Q2)

g(x,Q2)

)
=
αs(Q

2)

2π

(
Pqq Pqg
Pgq Pgg

)
⊗
(
q(x,Q2)

g(x,Q2)

)
(192)

successfully predict the Q2 dependence of the quark and gluon densities (q and g, respectively). Here, αs =
g2/(4π), with g the strong coupling constant. The splitting functions Pij indicate the probability of finding
a daughter parton i in the parent parton j with a given fraction of parton j momentum. This probability
will depend on the number of splittings allowed in the approximation. In the double-leading-logarithmic
approximation, that is limx→0 ln(1/x) and limQ2→∞ ln(Q2/ΛQCD), the DGLAP equations predict a steeply
rising gluon density, xg ∼ x−0.4, which dominates the quark density at low x. HERA data are found to be
consistent with a power law, xg(x,Q2) ∼ x−∆H , with an exponent ∆H between 0.3 and 0.4 [553, 554].

The high energy minijet cross section is then determined by the dominant gluon distribution

σQCD(s, pmin
T

) ≈
∫
dx1

x1

∫
dx2

x2

∫ ŝ/2

Q2
min

d|t̂| dσ̂
d|t̂| x1g(x1, |t̂|) x2g(x2, |t̂|) , (193)

where the integration limits satisfy
x1x2s > 2|t̂| > 2Q2

min . (194)

Furthermore, because dσ̂/d|t̂| is peaked at the low end of the |t̂| integration (see e.g [555]), the high energy
behavior of σQCD is controlled (via the lower limits of the x1, x2 integrations) by the small-x behavior of
the gluons [556]

σQCD(s) ∝
∫ 1

2Q2
min/s

dx1

x1

x−∆H
1

∫ 1

2Q2
min/x1s

dx2

x2

x−∆H
2 ∼ s∆H ln s ∼s→∞ s∆H . (195)

This estimate is, of course, too simplistic. At sufficiently small x, gluon shadowing corrections suppress the
singular x−∆H behavior of xg and hence suppress the power growth of σQCD with increasing s.

Although we have shown that the onset of semihard processes is an unambiguous prediction of QCD,
in practice it is difficult to isolate these contributions from the soft interactions. Experimental evidence
indicates that SH interactions can essentially be neglected up to and throughout the CERN ISR energy
regime,

√
s < 62 GeV. Therefore, measurements made in this energy region can be used to model the soft

interactions. A reasonable approach introduced in [557] is to base the extrapolation of the soft interactions
on the assumption of geometrical scaling [558], which is observed to be true throughout the ISR energy
range [559, 560]. We adopt the standard partial-wave amplitude in impact-parameter space f(s, b), which is
the Fourier transform of the elastic pp (or pp̄) scattering amplitude. (We neglect any difference between pp
and pp̄ for

√
s > 200 GeV.) Geometrical scaling (GS) corresponds to the assumption that f , which a priori

is a function of two dimensional variables b and s, depends only upon one dimensional variable β = b/R(s),
where R is the energy dependent radius of the proton, i.e.

f(s, b) = fGS (β = b/R(s)) . (196)

Physically, this means that the opaqueness of the proton remains constant with rising energy and that the
increase of the total cross section, σtot, in the ISR energy range reflects a steady growth of the radius R(s).
An immediate obvious consequence of GS is that the partial wave at b = 0 should be independent of energy

f(s, b = 0) = fGS(β = 0) . (197)
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Another consequence is that the ratio of elastic scattering to total cross section, σel(s)/σtot(s), should be
energy independent. This follows from

σtot = 8π

∫
Imf(s, b) b db =

GS
8πR2(s)

∫
ImfGS(β) β dβ, (198a)

and
σel = 8π

∫
|f(s, b)|2 b db =

GS
8πR2(s)

∫
|fGS(β)|2 β dβ . (198b)

To determine the gross features at high energies we can assume that the elastic amplitude has a simple form

F (s, t) = i σtot(s) eBt/2 , (199)

with B the slope parameter that measures the size of the proton [561]. This is a reasonable assumption: the
amplitude is predominantly imaginary, and the exponential behavior observed for |t| . 0.5 GeV2 gives the
bulk of the elastic cross section. Now, the Fourier transform f(s, b) of the elastic amplitude F (s, t) given by
(199) has a Gaussian form in impact parameter space

f(s, b) =
iσtot(s)

8πB
e−b

2/2B , (200)

and it follows that
Imf(s, b = 0) =

σtot

8πB
=

2σel

σtot

. (201)

Equation (201) offers a very clear way to see the breakdown of GS and to identify semihard interactions
from the growth of the central partial wave.

In general unitarity requires Imf(s, b) ≤ 1
2
, which in turm implies σel/σtot ≤ 1

2
[561]. This seems to

indicate that the Gaussian form (200) may not longer be applicable at ultra-high energies, but rather it is
expected that the proton will approximate a “black disk” of radius b0, i.e. f(s, b) = i

2
for 0 < b . b0 and

zero for b & b0. Then σel ' 1
2
σtot ' πb2

0. In order to satisfy the unitarity constraints, it is convenient to
introduce the eikonal χ defined by

f(s, b) =
i

2
{1− exp [iχ(s, b)]} , (202)

where Imχ ≥ 0. If we neglect for the moment the shadowing corrections to the PDFs and take xg ∝ x−∆H

in the small-x limit we obtain, as explained above, power growth of the cross section for SH interactions,
σQCD ∼ s∆H and Imχ(s, b = 0)� 1 as s→∞. Indeed we expect Imχ� 1 (and unitarity to be saturated)
for a range of b about b = 0. Then we have

σtot = 4π

∫ ∞
0

b dbΘ(b0 − b) ' 4π

∫ b0(s)

0

b db = 2πb2
0 , (203)

with χ ' χ
SH

and where b0(s) is such that

Imχ
SH

(s, b0(s)) ' 1 . (204)
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Hereafter, we ignore the small real part of the scattering amplitude, which is good approximation at high
energies. The unitarized elastic, inelastic, and total cross sections (considering now a real eikonal function)
are given by [562–565]

σel = 2π

∫
db b {1− exp [−χ

soft
(s, b)− χ

SH
(s, b)]}2 , (205a)

σinel = 2π

∫
db b {1− exp [−2χ

soft
(s, b)− 2χ

SH
(s, b)]} , (205b)

σtot = 4π

∫
db b {1− exp [−χ

soft
(s, b)− χ

SH
(s, b)]} , (205c)

where the scattering is compounded as a sum of QCD ladders via SH and soft processes through the eikonals
χ

SH
and χ

soft
.

Now, if the eikonal function, χ(s, b) ≡ χ
soft

(s, b) + χ
SH

(s, b) = λ/2, indicates the mean number of
partonic interaction pairs at impact parameter b, the probability pn for having n independent partonic in-
teractions using Poisson statistics reads, pn = (λn/n!) e−λ. Therefore, the factor 1 − e−2χ =

∑∞
n=1 pn in

(205b) can be interpreted semi-classically as the probability that at least 1 of the 2 protons is broken up in
a collision at impact parameter b. With this in mind, the inelastic cross section is simply the integral over
all collision impact parameters of the probability of having at least 1 interaction, yielding a mean minijet
multiplicity of 〈nminijet〉 ≈ σQCD/σinel [566]. The leading contenders to approximate the (unknown) cross
sections at cosmic ray energies, SIBYLL [567] and QGSJET [568], share the eikonal approximation but differ
in their ansätse for the eikonals. In both cases, the core of dominant scattering at very high energies is the
SH cross section given in (188),

χ
SH

=
1

2
σQCD(s, pmin

T
) A(s,~b) , (206)

where the normalized profile function, 2π
∫∞

0
db bA(s, b) = 1, indicates the distribution of partons in the

plane transverse to the collision axis.

In the QGSJET-like models, the core of the SH eikonal is dressed with a soft-pomeron pre-evolution
factor. This amounts to taking a parton distribution which is Gaussian in the transverse coordinate distance
b,

A(s, b) =
e−b

2/R2(s)

πR2(s)
, (207)

with R being a parameter. For a QCD cross section dependence, σQCD ∼ s∆H , one gets for a Gaussian
profile

b2
0(s) ∼ R2∆H ln s (208)

and at high energy

σinel = 2π

∫ b0(s)

0

db b ∼ πR2∆H ln s . (209)

If the effective radius R (which controls parton shadowing) is energy-independent, the cross section in-
creases only logarithmically with rising energy. However, the parameter R itself depends on the colli-
sion energy through a convolution with the parton momentum fractions, R2(s) ∼ R2

0 + 4α′eff ln2 s, with
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α′eff ≈ 0.11 GeV−2 [569]. Thus, the QGSJET cross section exhibits a faster than ln s rise,

σinel ∼ 4π α′eff ∆H ln2 s . (210)

In SIBYLL-like models, the transverse density distribution is taken as the Fourier transform of the proton
electric form factor, resulting in an energy-independent exponential (rather than Gaussian) fall-off of the
parton density profile for large b,

A(b) =
µ2

96π
(µb)3K3(µb) ∼ e−µb , (211)

where K3(x) denotes the modified Bessel function of the third kind and µ2 ≈ 0.71GeV2 [567]. Thus, (206)
becomes

χ
SH
∼ e−µb s∆H , (212)

and (204) is satisfied when

b0(s) =
∆H

µ
ln s . (213)

Therefore, for SIBYLL-like models, the growth of the inelastic cross section also saturates the ln2 s Froissart
bound [570], but with a multiplicative constant which is larger than the one in QGSJET-like models

σinel ∼ πc
∆2

H

µ2
ln2 s , (214)

where the coefficient c ≈ 2.5 is found numerically [569].

The main characteristics of the pp cascade spectrum resulting from these choices are readily predictable:
the harder form of the SIBYLL form factor allows a greater retention of energy by the leading particle, and
hence less available for the ensuing shower. Consequently, on average SIBYLL-like models predict a smaller
multiplicity than QGSJET-like models [39].

In QGSJET-like models, both the soft and hard processes are formulated in terms of Pomeron exchanges.
To describe the minijets, the soft Pomeron mutates into a “semihard Pomeron”, an ordinary soft Pomeron
with the middle piece replaced by a QCD parton ladder, as sketched in the previous paragraph. This is
generally referred to as the “quasi-eikonal” model. In contrast, SIBYLL follows a “two channel” eikonal
model, where the soft and the semi-hard regimes are demarcated by a sharp cut in the transverse momen-
tum: SIBYLL uses a cutoff parametrization inspired in the double leading logarithmic approximation of the
DGLAP equations,

pmin
T

(
√
s) = p0

T
+ 0.065 GeV exp[0.9

√
ln s] , (215)

where p0
T

= 1 GeV [571].

The transition process from asymptotically free partons to colour-neutral hadrons is described in all
codes by string fragmentation models [572]. Different choices of fragmentation functions can lead to some
differences in the hadron multiplicities. However, the main difference in the predictions of QGSJET-like and
SIBYLL-like models arises from different assumptions in extrapolation of the parton distribution function to
low energy.
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The proton-air collisions of interest for air shower development cause additional headaches for event
generators. Both SIBYLL and QGSJET adopt the Glauber formalism [562], which is equivalent to the eikonal
approximation in nucleon-nucleon scattering, except that the nucleon density functions of the target nucleus
are folded with that of the nucleon. The inelastic and production cross sections read:

σp−air
inel ≈ 2π

∫
db b {1− exp [σtot ATN(b)]} , (216)

σp−air
prod ≈ 2π

∫
db b {1− exp [σinel ATN(b)]} , (217)

where TN(b) is the transverse distribution function of a nucleon inside a nucleus. Here, σinel and σtot are
given by (205b) and (205c), respectively. The p-air inelastic cross section is the sum of the “quasi-elastic”
cross section, which corresponds to cases where the target nucleus breaks up without production of any
new particles, and the production cross section, in which at least one new particle is generated. Clearly the
development of EASs is mainly sensitive to the production cross section. Overall, the geometrically large
size of nitrogen and oxygen nuclei dominates the inclusive proton-target cross section, and as a result the
disagreement from model-dependent extrapolation is not more than about 15%. More complex nucleus-
nucleus interactions are discussed in [573].

Adding a greater challenge to the determination of the proton air cross section at ultra-high energies is
the lack of direct measurements in a controlled laboratory environment. The measured shower attenuation
length, Λm, is not only sensitive to the interaction length of the protons in the atmosphere, λp−air, with

Λm = kλp−air = k
14.4 mp

σp−air
prod

, (218)

but also depends on the rate at which the energy of the primary proton is dissipated into the electromagnetic
(EM) shower energy observed in the experiment. Here, Λm and λp−air are in g cm−2, the proton mass mp

is in g, and the inelastic production cross section σp−air
prod is in mb. The value of k depends critically on the

inclusive particle production cross section and its energy dependence in nucleon and meson interactions on
the light nuclear target of the atmosphere. The measured depth Xmax at which a shower reaches maximum
development in the atmosphere has been the basis of cross section measurements from experiments prior
to HiRes and Auger. However, Xmax is a combined measure of the depth of the first interaction (which
is determined by the inelastic cross section) and of the subsequent shower development (which has to be
corrected for). The model dependent rate of shower development and its fluctuations are the origin of the
deviation of k from unity in (218). As can be seen in Table 4, there is a large range of k values (from 1.6 for
a very old model where the inclusive cross section exhibited Feynman scaling, to 1.15 for modern models
with large scaling violations) that make the published values of σp−air unreliable.

The HiRes Collaboration developed a quasi-model-free method of measuring σp−air
prod directly [574]. This

is accomplished by folding a randomly generated exponential distribution of first interaction points into
the shower development program, and therefore fitting the entire distribution and not just the trailing edge.
Interestingly, the measured k = 1.21+0.14

−0.09 by the HiRes group is in agreement with the one obtained by
tuning the data to the theory [575, 576].

A compilation of published proton-air cross section measurements is shown in Fig. 24. In the left panel
we show the data without any modification. In the right panel, the published values of σp−air

prod for Fly’s
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Table 4: Different k-values used in cosmic ray experiments.

Experiment k
Fly’s Eye 1.6
Akeno 1.5

Yakutsk-99 1.4
EAS-TOP 1.15

Eye [584], Akeno [580], Yakutsk-99 [582], and EAS-TOP [578] collaborations have been renormalized
using the common value of k = 1.264± 0.033(stat)± 0.013(syst) [576]. We have parametrized the rise of
the cross section using a functional form that saturates the Froissart bound,

σp−air
prod = A− B ln(E/GeV) + C ln2(E/GeV) mb . (219)

The curve with a fast rise, hereafter referred to as case-i, corresponds to A = 280, B = 5.7, and C = 0.9.
The slow rise of case-ii has the following parameters: A = 290, B = 6.2, and C = 0.64.

In summary, high energy hadronic interaction models are still being refined and therefore the disparity
between them can vary even from version to version [587]. At the end of the day, however, the relevant
parameters boil down to two: the mean free path, λCR−air = (σCR−air

prod natm)−1, and the inelasticity, y
CR−air

=
1 − Elead/Eproj, where natm is the number density of atmospheric target nucleons, Elead is the energy of
the most energetic hadron with a long lifetime, and Eproj is the energy of the projectile particle. The first
parameter characterizes the frequency of interactions, whereas the second one quantifies the energy lost
per collision. Overall, SIBYLL has a shorter mean free path and a smaller inelasticity than QGSJET. Since
a shorter mean free path tends to compensate for a smaller inelasticity, the two codes generate similar
predictions for an air shower which has lived through several generations. Both models predict the same
multiplicity below about 107 GeV, but the predictions diverge above that energy. Such a divergence readily
increases with rising energy. While QGSJET predicts a power law-like increase of the number of secondaries
up to the highest energy, SIBYLL multiplicity exhibits a logarithmic growth. As it is extremely difficult to
observe the first interactions experimentally, it is not straightforward to determine which model is closer to
reality.

4.3. Electromagnetic processes

The evolution of an extensive air shower is dominated by EM processes. The interaction of a baryonic
cosmic ray with an air nucleus high in the atmosphere leads to a cascade of secondary mesons and baryons.
The first few generations of charged pions interact again, producing a hadronic core, which continues to
feed the EM and muonic components of the shower. Up to about 50 km above sea level, the density of
atmospheric target nucleons is natm ∼ 1020 cm−3, and so even for relatively low energies, say Eπ± ≈ 1 TeV,
the probability of decay before interaction falls below 10%. Ultimately, the EM cascade dissipates around
90% of the primary particle’s energy, and hence the total number of EM particles is very nearly proportional
to the shower energy [588].

Roughly speaking, at 1011 GeV, baryons and charged pions have interaction lengths of the order of
40 g/cm2, increasing to about 60 g/cm2 at 107 GeV. Additionally, below 1010 GeV, photons, electrons,
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Figure 24: Compilation of proton-air production cross section from cosmic ray measurements (ARGO-YBJ [577], EAS-
TOP [578], HiRes [574], KASCADE prototype [579], Akeno [580], Yakutsk-90 [581], Yakutsk-99 [582], Tien-Shan EAS com-
plex [583], Fly’s Eye [584], Auger [585], and TA [586]). The data are compared to the parametrizations discussed in the text;
case-i corresponds to the dashed line and case-ii to the dot-dashed line.

and positrons have mean interaction lengths of 37.6 g/cm2. Altogether, the atmosphere acts as a natural
colorimeter with variable density, providing a vertical thickness of 26 radiation lengths and about 15 inter-
action lengths. Amusingly, this is not too different from the number of radiation and interaction lengths at
the LHC detectors. For example, the CMS electromagnetic calorimeter is & 25 radiation lengths deep, and
the hadron calorimeter constitutes 11 interaction lengths.

By the time a vertically incident 1011 GeV proton shower reaches the ground, there are about 1011 secon-
daries with energy above 90 keV in the the annular region extending 8 m to 8 km from the shower core. Of
these, 99% are photons, electrons, and positrons, with a typical ratio of γ to e+e− of 9 to 1. Their mean en-
ergy is around 10 MeV and they transport 85% of the total energy at ground level. Of course, photon-induced
showers are even more dominated by the electromagnetic channel, as the only significant muon generation
mechanism in this case is the decay of charged pions and kaons produced in γ-air interactions [589].

It is worth mentioning that these figures dramatically change for the case of very inclined showers. For
a primary zenith angle, θ > 70◦, the electromagnetic component becomes attenuated exponentially with
atmospheric depth, being almost completely absorbed at ground level. Note that the vertical atmosphere is
approximately 1, 000 g/cm2, and is about 36 times deeper for completely horizontal showers [16]. As a
result, most of the energy at ground level from an inclined shower is carried by muons.

In contrast to hadronic collisions, the electromagnetic interactions of shower particles can be calculated
very accurately from quantum electrodynamics. Electromagnetic interactions are thus not a major source
of systematic errors in shower simulations. The first comprehensive treatment of electromagnetic showers
was elaborated by Rossi and Greisen [590]. This treatment was recently cast in a more pedagogical form by
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Gaisser [243], which we summarize in the subsequent paragraphs.

The generation of the electromagnetic component is driven by electron bremsstrahlung and pair pro-
duction [591]. Eventually the average energy per particle drops below a critical energy, ε0, at which
point ionization takes over from bremsstrahlung and pair production as the dominant energy loss mech-
anism. The e± energy loss rate due to bremsstrahlung radiation is nearly proportional to their energy,
whereas the ionization loss rate varies only logarithmically with the e± energy. Though several differ-
ent definitions of the critical energy appear in the literature [11], throughout we take the critical energy
to be that at which the ionization loss per radiation length is equal to the electron energy; this leads to
ε0 = 710 MeV/(Zeff + 0.92) ∼ 86 MeV [592].20 The changeover from radiation losses to ionization losses
depopulates the shower. One can thus categorize the shower development in three phases: the growth phase,
in which all the particles have energy > ε0; the shower maximum, Xmax; and the shower tail, where the
particles only lose energy, get absorbed or decay.

The relevant quantities participating in the development of the electromagnetic cascade are the probabil-
ity for an electron of energy E to radiate a photon of energy k = y

brem
E and the probability for a photon to

produce a pair e+e− in which one of the particles (hereafter e−) has energy E = y
pair
k. These probabilities

are determined by the properties of the air and the cross sections of the two processes.

In the energy range of interest, the impact parameter of the electron or photon is larger than an atomic
radius, so the nuclear field is screened by its electron cloud. In the case of complete screening, where the
momentum transfer is small, the cross section for bremsstrahlung can be approximated by

dσe→γ
dk

≈ Aeff

X
EM
NAk

(
4

3
− 4

3
y

brem
+ y2

brem

)
, (220)

where Aeff is the effective mass number of the air, X
EM

is a constant, and NA is Avogadro’s number [594].
In the infrared limit (i.e. y

brem
� 1) this approximation is inaccurate at the level of about 2.5%, which is

small compared to typical experimental errors associated with cosmic air shower detectors. Of course, the
approximation fails as y

brem
→ 1, when nuclear screening becomes incomplete, and as y

brem
→ 0, at which

point the LPM and dielectric suppression effects become important, as we discuss below.

Using similar approximations, the cross section for pair production can be written as [594]

dσγ→e+e−

dE
≈ Aeff

X
EM
NA

(
1− 4

3
y

pair
+

4

3
y2

pair

)
. (221)

The similarities between this expression and (220) are to be expected, as the Feynman diagrams for pair
production and bremsstrahlung are variants of one another.

The probability for an electron to radiate a photon with energy in the range (k, k + dk) in traversing
dt = dX/X

EM
of atmosphere is

dσe→γ
dk

X
EM
NA

Aeff

dk dt ≈
(
y

brem
+

4

3

1− y
brem

y
brem

)
dy

brem
dt , (222)

20For altitudes up to 90 km above sea level, the air is a mixture of 78.09% of N2, 20.95% of O2, and 0.96% of other gases [593].
Such a mixture is generally modeled as an homogeneous substance with atomic charge and mass numbers Zeff = 7.3 and
Aeff = 14.6, respectively.
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whereas the corresponding probability density for a photon producing a pair, with electron energy in the
range (E,E + dE), is

dσγ→e+e−

dE

X
EM
NA

Aeff

dE dt ≈
(

1− 4

3
y

pair
+

4

3
y2

pair

)
dy

pair
dt . (223)

The total probability for pair production per unit of X
EM

follows from integration of (223),∫
dσγ→e+e−

dE

X
EM
NA

Aeff

dE ≈
∫ 1

0

(
1− 4

3
y

pair
+

4

3
y2

pair

)
dy

pair
=

7

9
. (224)

As can be seen from (222), the total probability for bremsstrahlung radiation is logarithmically diver-
gent. However, this infrared divergence is eliminated by the interference of bremsstrahlung amplitudes from
multiple scattering centers. This collective effect of the electric potential of several atoms is known as the
LPM effect [44, 45]. Of course, the LPM suppression of the cross section results in an effective increase
of the mean free path of electrons and photons. This effectively retards the development of the electromag-
netic component of the shower. It is natural to introduce an energy scale, ELPM, at which the inelasticity
is low enough that the LPM effect becomes significant [595]. Below ELPM, the energy loss rate due to
bremsstrahlung is roughly

dE

dX
≈ − 1

X
EM

∫ 1

0

y
brem

E

(
y

brem
+

4

3

1− y
brem

y
brem

)
dy

brem
= − E

X
EM

. (225)

With this in mind, we now identify the constant X
EM
≈ 36.7 g cm−2 with the radiation length in air defined

as the mean distance over which a high-energy electron loses 1/e of its energy, or equivalently 7/9 of the
mean free path for pair production by a high-energy photon [11].

The most evident signatures of the LPM effect on shower development are a shift in the position of the
shower maximum Xmax and larger fluctuations in the shower development. When considering the LPM
effect in the development of air showers produced by UHECRs, one has to keep in mind that the suppression
in the cross sections is strongly dependent on the atmospheric depth.21 Since the upper atmosphere is very
thin, the LPM effect becomes noticeable only for photons and electrons with energiesELPM & 1010 GeV. For
baryonic primaries, the LPM effect does not become important until the primary energy exceeds 1012GeV.
This is because the electromagnetic shower does not commence until after a significant fraction of the
primary energy has been dissipated through hadronic interactions. At energies at which the LPM effect is
important (viz. E > ELPM), γ-ray showers will have already commenced in the geomagnetic field at almost
all latitudes: primary photons with E > 1010 GeV convert into e+e− pairs, which in turn emit synchrotron
photons. This reduces the energies of the primaries that reach the atmosphere, and thereby compensates for
the tendency of the LPM effect to retard the shower development [597].

The muonic component of an EAS differs from the electromagnetic component for two main rea-
sons [598]. First, muons are generated through the decay of cooled (Eπ± . 1 TeV) charged pions, and
thus the muon content is sensitive to the initial baryonic content of the primary particle. Furthermore, since
there is no “muonic cascade”, the number of muons reaching the ground is much smaller than the num-
ber of electrons. Specifically, there are about 5 × 108 muons above 10 MeV at ground level for a vertical

21The same occurs for dielectric suppression, although the influence is not as important as for the LPM effect [596].

88



1011 GeV proton induced shower. Second, the muon has a much smaller cross section for radiation and pair
production than the electron, and so the muonic component of an EAS develops differently than does the
electromagnetic component. The smaller multiple scattering suffered by muons leads to earlier arrival times
at the ground for muons than for the electromagnetic component.

The ratio of electrons to muons depends strongly on the distance from the core; for example, the e+e−

to µ+µ− ratio for a 1011 GeV vertical proton shower varies from 17 to 1 at 200 m from the core to 1 to
1 at 2000 m. The ratio between the electromagnetic and muonic shower components behaves somewhat
differently in the case of inclined showers. For zenith angles greater than 60◦, the e+e−/µ+µ− ratio remains
roughly constant at a given distance from the core. As the zenith angle grows beyond 60◦, this ratio de-
creases, until at θ = 75◦, it is 400 times smaller than for a vertical shower. Another difference between
inclined and vertical showers is that the average muon energy at ground level changes dramatically. For
horizontal showers, the lower energy muons are filtered out by a combination of energy loss mechanisms
and the finite muon lifetime: for vertical showers, the average muon energy is 1 GeV, while for horizontal
showers it is about 2 orders of magnitude greater. The muon densities obtained in shower simulations using
SIBYLL-like models fall more rapidly with lateral distance to the shower core than those obtained using
QGSJET-like models. This can be understood as a manifestation of the enhanced leading particle effect in
SIBYLL, which can be traced to the relative hardness of the electromagnetic form factor profile function.
The curvature of the distribution (d2ρµ/dr

2) is measurably different in the two cases, and, with sufficient
statistics, could possibly serve as a discriminator between hadronic interaction models, provided the primary
species can be determined from some independent observable(s) [599].

4.4. Paper-and-pencil air shower modeling

Most of the general features of an electromagnetic cascade can be understood in terms of the toy model
due to Heitler [600]. In this model, the shower is imagined to develop exclusively via bremsstrahlung
and pair production, each of which results in the conversion of one particle into two. As was previously
discussed, these physical processes are characterized by an interaction length X

EM
≈ 37.6 g/cm2. One

can thus imagine the shower as a particle tree with branches that bifurcate every X
EM

, until they fall below
a critical energy, ε0 ≈ 86 MeV, at which point energy loss processes dominate. Up to ε0, the number of
particles grows geometrically, so that after n = X/X

EM
branchings, the total number of particles in the

shower is N ≈ 2n. At the depth of shower maximum Xmax, all particles are at the critical energy, ε0, and
the energy of the primary particle, E0, is split among all the Nmax = E0/ε0 particles. Putting this together,
we get:

Xmax ≈ X
EM

ln(E0/ε0)

ln 2
. (226)

Changes in the mean mass composition of the CR flux as a function of energy will manifest as changes in the
mean values of Xmax. This change of Xmax with energy is commonly known as the elongation rate [601]:

De =
δXmax

δ lnE
. (227)

For purely electromagnetic showers, Xmax(E) ≈ X
EM

ln(E/ε0), and hence De ≈ XEM. For conve-
nience, the elongation rate is often written in terms of energy decades, D10 = ∂〈Xmax〉/∂ logE, where
D10 = 2.3De. The elongation rate obtain from the Heitler model, Dγ

10 ≈ 84 g/cm2, is in very good agree-
ment with the results from Monte Carlo simulations. However, the prediction for the particle number at
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maximum is overestimated by a factor of about 2 to 3. Moreover, Heitler’s model predicts a ratio of electron
to photons of 2, whereas simulations and direct cascade measurements in the air show a ratio of the order
of 1/6. This difference is due to the fact that multiple photons are emitted during bremsstrahlung and that
electrons lose energy much faster than photons do.

As we have seen, baryon-induced showers are also dominated by electromagnetic processes, thus Heitler’s
toy model is still enlightening for such cases. For proton primaries, the multiplicity rises with energy, and
the resulting elongation rate becomes smaller. This can be understood by noting that, on average, the first
interaction is determined by the proton mean free path in the atmosphere, λp−air = X0. In this first interac-
tion the incoming proton splits into 〈n(E)〉 secondary particles, each carrying an average energy E/〈n(E)〉.
Assuming thatXmax(E) depends dominantly on the first generation of γ subshowers, the depth of maximum
is obtained as in (226),

Xmax(E) ≈ X0 +X
EM

ln[E/〈n(E)〉] . (228)

For a proper evaluation of Xmax, it would be necessary to sum each generation of subshowers carefully
from their respective points of origin, accounting for their attenuation near and after the maxima. If we now
further assume a multiplicity dependence 〈n(E)〉 ≈ n0E

∆, then the elongation rate becomes,

δXmax

δ lnE
= X

EM

[
1− δ ln〈n(E)〉

δ lnE

]
+

δX0

δ lnE
(229)

which corresponds to the form given by Linsley and Watson [43],

De = X
EM

[
1− δ ln〈n(E)〉

δ lnE
+

X0

X
EM

δ ln(X0)

δ lnE

]
= X

EM
(1−B) , (230)

where
B ≡ ∆− X0

X
EM

δ lnX0

δ lnE
. (231)

A precise calculation of a proton shower evolution has been carried out by Matthews [602], using the
simplifying assumption that hadronic interactions produce exclusively pions, 2Nπ charged and Nπ neutral.
π0’s decay immediately and feed the electromagnetic component of the shower, whereas π±’s soldier on.
The hadronic shower continues to grow, feeding the electromagnetic component at each interaction, until
charged pions reach a characteristic energy at which decay is more likely than a new interaction. The
interaction length and the pion multiplicity (3Nπ) are energy independent in the Heitler-Matthews model.
The energy is equally shared by the secondary pions. For pion energy between 1 GeV and 10 TeV, a charged
multiplicity of 10 (Nπ = 5) is an appropriate number.

The first interaction diverts 1/3 of the available energy (E0/3) into the EM component while the remain-
ing 2/3 continue as hadrons. The number of hadrons increases through subsequent generation of particles
and in each generation about 30% of the energy is transferred to the EM cascade. Therefore the longer it
takes for pions to reach the characteristic energy ξπ±c ∼ 20 GeV (below which they will decay into muons),
the larger will be the EM component. Consequently, in long developing showers the energy of the muons
from decaying pions will be smaller. In addition, because of the density profile of the atmosphere, ξπ±c is
larger high above ground than at sea level and deep showers will produce fewer muons.

This positive correlation introduces a link between the primary cosmic ray interaction cross section on
air and the muon content at ground level. According to those principles, primaries with higher cross sections
will have a larger muon to electron ratio at ground level.
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To obtain the number of muons in the shower, one simply assumes that all charged pions decay into
muons when they reach the critical energy: Nµ = (2Nπ)nc , where nc = ln(E0/ξ

π±
c )/ ln(3Nπ) is the number

of steps needed for the pions to reach ξπc . Introducing β = ln(2Nπ)/ ln(3Nπ) we have

Nµ = (E0/ξ
π±
c )β . (232)

For Nπ = 5, β = 0.85. Unlike the electron number, the muon multiplicity does not grow linearly with the
primary energy, but at a slower rate. The precise value of β depends on the average pion multiplicity used.
It also depends on the inelasticity of the hadronic interactions. Assuming that only half of the available
energy goes into the pions at each step (rather than all of it, as done above) would lead to β = 0.93. Detailed
simulations give values of β in the range 0.9 to 0.95 [569].

The first interaction yields Nγ = 2Nπ0 = Nπ± . Each photon initiates an EM shower of energy
E0/(3Nπ±) = E0/(6Nπ).Using pp data [11], we parametrized the charged particle production in the first in-
teraction as Nπ± = 41.2(E0/1 PeV)1/5. Now, from the approximation in (228), based on the sole evolution
of the EM cascade initiated by the first interaction, we obtain

Xp
max = X0 +X

EM
ln[E0/(6Nπε0)] = (470 + 58 log10[E0/1 PeV]) g/cm2 . (233)

This falls short of the full simulation value by about 100 g/cm2 [602].

A good approximation of the elongation rate can be obtained when introducing the cross section and
multiplicity energy dependence. Using a p-air cross section of 550 mb at 109 GeV and a rate of change of
about 50 mb per decade of energy leads to [603]

X0 ' 90− 9 log (E0/EeV) g/cm2 . (234)

Now, assuming (as in [602]) that the first interaction initiates 2Nπ EM cascades of energy E0/6Nπ, with
Nπ ∝ (E0/PeV)1/5 for the evolution of the first interaction multiplicity with energy, we can calculate the
elongation rate

Dp
10 =

dXmax

d logE0

=
d(X0 ln 2 +X

EM
ln[E0/(6Nπε0)]

d logE0

=
4

5
Dγ

10 − 9 ln 2 ' 62 g/cm2 . (235)

This result is quite robust as it only depends on the cross section and multiplicity evolution with energy. It
is in good agreement with Monte Carlo simulation [569].

To extend this discussion to heavy nuclei, we can apply the superposition principle as a reasonable first
approximation. In this approximation, we pretend that the nucleus comprises unbound nucleons, such that
the point of first interaction of one nucleon is independent of all the others. Specifically, a shower produced
by a nucleus with energy E0 and baryon number A is modeled by a collection of A proton showers, each
with A−1 of the nucleus energy. Modifying Eq. (226) accordingly one easily obtains Xmax ∝ ln(E0/A).
Assuming that B is not changing with energy, one obtains for mixed primary composition [43]

De = X0 (1−B)

[
1− ∂〈lnA〉

∂ lnE

]
. (236)

Thus, the elongation rate provides a measurement of the change of the mean logarithmic mass with en-
ergy. One caveat of the procedure discussed above is that (230) accounts for the energy dependence of the
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cross section and violation of Feynman scaling only for the first interaction. Note that subsequent inter-
actions are assumed to be characterized by Feynman scaling and constant interaction cross sections; see
Eq. (231). Above 107 GeV, these secondary interactions play a more important role, and thus the predictions
of Eq. (236), depending on the hadronic interaction model assumed, may vary by up to 20% [569].

The muon content of an EAS at ground level Nµ, as well as the ratio Nµ/Ne, are sensitive to primary
composition (here, Ne is the electron content at ground level). To estimate the ratio of the muon content
of nucleus-induced to proton-induced showers, we can resort again to the principle of superposition. Using
β = 0.93 we find that the total number of muons produced by the superposition of A individual proton
showers is, NA

µ ∝ A(E
A
/A)0.93. Consequently, in a vertical shower, one expects a cosmic ray nucleus to

produce about A0.07 more muons than a proton. This implies that a shower initiated by an iron nucleus
produces about 30% more muons than a proton shower.

Over the past few decades, it has been suspected that the number of registered muons at the surface of
the Earth is by some tens of percentage points higher than expected with extrapolations of existing hadronic
interaction models [604, 605]. The latest study from the Auger Collaboration has strengthened this suspi-
cion, using a novel technique to mitigate some of the measurement uncertainties of earlier methods [42].
The new analysis of Auger data suggests that the hadronic component of showers (with primary energy
109.8 < E/GeV < 1010.2) contains about 30% to 60% more muons than expected. The significance of the
discrepancy between data and model prediction is somewhat above 2.1σ. The TA Collaboration also re-
ported a muon signal which is larger in the data than in the air shower Monte Carlo prediction [606]. Many
models have been proposed to explain this anomaly [607–610].

While the toys models discussed above are very useful for imparting a first intuition regarding global
shower properties, the details of shower evolution are far too complex to be fully described by a simple
analytical model. Full Monte Carlo simulation of interaction and transport of each individual particle is
required for precise modeling of the shower development. For details on the various Monte Carlo packages
and their predictions, see e.g., [611, 612].

5. UHECR as probes of particle physics beyond the electroweak scale

5.1. Testing models of the early universe via top-down production of cosmic rays and neutrinos

In an epic paper, well ahead of its time, Lemaı̂tre – a forerunner of the Big Bang hypothesis – introduced
the idea that the entire material filling the universe, as well as the universe’s expansion, originated in the
super-radioactive disintegration of a “Primeval Atom”, which progressively decayed into atoms of smaller
and smaller atomic weight [613]. The CRs were introduced in this picture as the energetic particles emitted
in intermediate stages of the decay-chain. Echoing Lemaı̂tre, in the so-called “top-down models”, extreme
energy (� 1011 GeV) cosmic rays and neutrinos arise in the decay of topological defects [614–623] and
super-heavy elementary X-particles [624–630].

To maintain an appreciable decay rate today, it is necessary to tune the X lifetime to be longer (but not
too much longer) than the age of the universe, or else “store” short-lived X particles in topological vestiges
of early universe phase transitions (such as magnetic monopoles, cosmic strings, cosmic necklaces, etc.).
Discrete gauged symmetries [631–633] or hidden sectors [634, 635] are generally introduced to stabilize the
X particles. Higher dimensional operators, wormholes, and instantons are then invoked to break the new
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symmetry super-softly to maintain the long lifetime [624, 636] (collisional annihilation has been considered
too [637]). Quanta associated with these fields are typically of the order of the symmetry-breaking scale,
which in Grand Unified Theories (GUTs) can be∼ 1016−1019 GeV. Arguably, these metastable super-heavy
relics may constitute (a fraction of) the dark matter in galactic haloes.

The cascade decay to cosmic ray particles is driven by the ratio of the number density of the X-particle
nX = ρcΩX/MX to its decay time τX , where MX is the mass of the X-particle and ρc ' 1.054 ×
10−4h2 GeV cm−3 is the critical density in terms of the present Hubble parameter h ≡ H0/100 km s−1 Mpc−1.
This cascade is very model dependent, as neither the cosmic average mass density contributed by the relics
ΩX , nor τX is known with any degree of confidence. In addition, the precise decay modes of the X’s and
the detailed dynamics of the first generation of secondaries depend on the exact nature of the X particles
under consideration. However, one expects the bulk flow of outgoing particles to be almost independent of
such details, enabling one to infer from the “known” evolution of quarks and leptons the gross features of
the X particle decay: the strongly interacting quarks would fragment into jets of hadrons containing mainly
pions together with a 3% admixture of nucleons [638–640]. This implies that the injection spectrum is a
rather hard fragmentation-type shape (with an upper limit usually fixed by the GUT scale) and dominated
by γ-rays and neutrinos produced via pion decay. Therefore, the ν/p and γ/p ratios can be used as a di-
agnostic tool in determining the possible contribution of X particle decay to the UHECR spectrum without
violating any observational flux measurements or limits at higher or lower energies [641, 642]. In particular,
neutrino and γ-ray fluxes depend on the energy released integrated over redshift, and thus on the specific
top-down model. Recall that the electromagnetic energy injected into the Universe above the pair produc-
tion threshold on the CMB is recycled into a generic cascade spectrum below this threshold on a short time
scale compared with the Hubble time. Therefore, it can have several potential observable effects, such as
modified light element abundances due to 4He photodisintegration, or induce spectral distortions of univer-
sal γ-ray and neutrino backgrounds [643, 644]. Additionally, measurements of the diffuse GeV γ-ray flux,
to which the generic cascade spectrum would contribute directly, limit significantly the parameter space in
which X’s can contribute to the UHECR intensity, especially if there is already a significant contribution
to this background from conventional sources such as unresolved γ-ray blazars [645, 646]. EGRET data
in the energy interval 10 MeV < Eγ < 100 GeV, with a spectrum ∝ E−2.10±0.03

γ [647], constrain the en-
ergy density of the cascade photons ωcas < 5 × 10−6 eV/cm3 [648]. The first 10 months of Fermi-LAT
observations have provided an stronger limit on the isotropic diffuse gamma-ray background [649]. For
the 200 MeV < Eγ < 120 GeV, the more steep power-law spectrum ∝ E

−(2.41±0.05)
γ leads to a lower

cascade energy density ωcas = 5.8 × 10−7 eV/cm3 [650]. A more stringent limit can be extracted from
the 50 months observation of Fermi-LAT [651]. The limit becomes stronger due to the highest energy bin
580 < Eγ/GeV < 820, where the Fermi-LAT intensity is particularly low. The current upper bound on
the energy density of cascade radiation, ωcas < 8.3× 10−8 eV/cm3 [652], limits significantly the parameter
space in which cosmologically distant X’s can generate on decay UHECRs and UHECνs [661].22

Super-heavy X-particles could behave as cold dark matter and cluster efficiently in all gravitational
potential wells. If this were the case, their abundance in our galactic halo would be enhanced above their
cosmological abundance by a factor fcos ≡ nhalo

X /ncos
X . If for simplicity we assume an spherical halo of

radius Rhalo ∼ 100 kpc and density ρhalo ∼ 0.3 GeV cm−3, then fcos ∼ 3 × 104h−2 [628]. The actual

22The cascade limit on Φγ also constrains the photon flux produced by extreme energy neutrinos interacting in the local universe
via the Z-burst mechanism [653–655].
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density of dark matter in the halo must of course fall off as r−2 to account for the flat rotation curve of the
disk but we do not consider it necessary herein to investigate realistic mass models. All in all, the universal
density of X-particles is smaller than the halo density by about the same numerical factor by which the
distance to the horizon (∼ 3000h−1 Mpc) exceeds the halo radius. Therefore, in this scenario ultra-high-
energy photons and nucleons from the halo of our Galaxy would provide the dominant contribution to the
intensity observed on Earth. This is because photons from the decay of X-particles which are clustered on
the Galactic halo are not degraded in energy. The extragalactic component of UHECRs is suppressed by
the smaller extragalactic density of X-particles and so the cascade photon limit is relaxed [636]. Currently,
the most restrictive constraint on the lifetime τX of super-heavy relics clustered on the Galactic halo comes
from Auger upper limits on the intensity of ultra-high-energy photons; see Table 2. Auger data place a
lower bound τX & 1022 yr [656]. Next generation of UHECR observatories will be able to effectively
study supermassive X’s, with possible lifetime detections or constraints reaching values as high as τX ∼
1024 yr [656].

Extreme-energy CR and ν physics provides a framework to search for cosmic strings complementary to
those based on the gravitational effects of strings, including structure formation, CMB data, gravitational
radiation, and gravitational lensing. For strings with a symmetry breaking energy scale Λ, the strongest
bound due to lensing effects is GΛ2 . 10−7 [657], and the bound from millisecond pulsar observations is
GΛ2 . 4× 10−9, where G is Newton’s constant. Next generation gravitational wave detectors are expected
to probe GΛ2 ∼ 10−12 [659, 660]. Remarkably, next generation UHECR detectors will be able to detect
extreme energy neutrinos from strings with GΛ2 values as small as ∼ 10−20 [661].

In summary, at the present level of knowledge we can argue that astrophysical sources cannot accelerate
CRs to energies & 1012 GeV, with the maximum neutrino energy an order of magnitude lower. Therefore,
detection of neutrinos with Eν > 1011 GeV would be momentous discovery, and a clean signature that
top-down models are at play.

Super-heavy right-handed neutrinos (νR’s) are also interesting dark matter candidates, particularly in
minimal extensions of the SM, i.e. constructs with the usual gauge group SU(3)C ⊗ SU(2)L ⊗ U(1)Y and
the usual matter fields but including a right-handed neutrino in each generation [662, 663]. If one of the νR’s
contributes to the dark matter sector, then its non-gravitational couplings do not necessarily have to vanish,
but have to be small enough so that the νR has a lifetime τνR � H−1

0 = 9.778h−1 Gyr.23 This opens up
the possibility to indirectly observe νR through its decay products. For two-body decays, conservation of
angular momentum forces the νR to decay into a Higgs boson and a light Majorana neutrino, i.e. νR → HνL.
This decay mode is particularly interesting for recent observations of the ANITA experiment.24

The three balloon flights of the ANITA experiment have resulted in the observation of two unusual
upgoing showers with energies of O(100) PeV [667, 668]. In principle, these events could originate in the
atmospheric decay of an upgoing τ -lepton produced through a charged current interaction of ντ inside the

23IceCube data set a lower limit on the lifetime of the right-handed neutrino of O(1029 s) [664].
24The Antarctic Impulsive Transient Antenna (ANITA) is an experiment which has completed four long-duration balloon

flights above Antarctica. ANITA searches for impulsive radio-Cherenkov emission arising from the Askaryan charge excess
which develops in ultra-high energy neutrino-induced particle cascades in the Antarctic ice. The large radio transparency of ice
allows for the radio-Cherenkov pulse from these cascades to be recorded by a cluster of balloon-borne antennas, flying at an
altitude of 35 to 40 km. The details of the ANITA instrument are given in e.g. [665]. ANITA Collaboration reported the most
stringent upper limits to date on the intensity of extreme energy neutrinos, e.g., forEν ∼ 1012 GeV, the energy-squared-weighted
intensity is at the level of 20 WB [666].
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Earth. However, the relatively steep arrival angles of these events (about 30◦ above the horizon) create a
tension with the SM neutrino-nucleon interaction cross section. It is compelling that the two ANITA events
are similar in energy and were observed at roughly the same angle above the horizon. This fueled speculation
that the two events have similar energies because they result from the two-body decay of a new quasi-stable
relic, itself gravitationally trapped inside the Earth [669].

A dense population of νR is expected at the center of the Earth because as the Earth moves through the
halo, the νR scatter with Earth matter, lose energy and become gravitationally trapped. An accumulated
νR then decays into a Higgs and an active neutrino that propagates through the Earth and produces a τ
lepton near the Earth’s surface. The particular angle of the ANITA events is a combination of the dark
matter distribution in the Earth, the neutrino interaction cross section, and the τ survival probability. The
non-gravitational couplings have to be chosen to produce a long lifetime and the needed abundance of right-
handed neutrinos in the Earth to yield the two ANITA events. To achieve a sizable dark matter density in the
Earth self-interactions may be invoked.25

The event rate integrated over the entire Earth at a particular time is

Rate ≡ dN

dt
= 4π

∫ R⊕

0

r2 dr
n(r, t)

τνR
,

where n(r, t) is the number density of νR at time t and R⊕ is the Earth’s radius [669]. The observable rate
today (t = t0), as a function of nadir angle θn is given by

Aeff
dRate

d | cos θn|
= 2πA0 × 2π

∫ R⊕

R⊕sin θn

r2dr
n(r, t0)

τνR

(
e−(l+/λ) + e−(l−/λ)

)
E(θn) , (237)

where the effective area Aeff = A0E(θn) defines the experimental efficiency E that includes the target area
dependence on θn but not the e−l/λ suppression factor, which is given explicitly in the integrand, and where
λ = 1.7× 107/(σ/pb) km w.e. is the mean-free-path, with σ the neutrino-nucleon CC cross section. Here,
l± are the roots ofR2

⊕+ l2−2R⊕l cos θn = r2, i.e., l± = R⊕[cos θn±
√

(r/R⊕)2 − sin2 θn]. The fact that for
fixed r, we have two special values for l, i.e. l±, can be easily seen as follows: Draw a circle at constant r less
than R⊕ about the earth’s center. Then draw a line through the circle, and intersecting the ANITA detector.
This line represents the trajectory of the traveling particle to ANITA, and necessarily crosses the fixed circle
at two special points, at trajectory distances which here we have named l±. The quadratic equation for l
derives from the cosine theorem. Of course, if r were too small, then the trajectory at fixed θn would not
intersect the circle at fixed radius r at all; this is the origin of the lower limit in the integration of dr. Note
that (237) has a factor of 2π and not the original 4π of (237) because we do not integrate over d cos θn; this
angle is fixed by the experimental observation. The second factor of 2π comes from the fact that the decay
of the right-handed neutrino is isotropic. For ANITA, E(θn) vanishes for θn < 35◦, peaks at about 75◦, and
vanishes above 85◦. The two unusual ANITA events occur at similar angles above the horizon, so we may

25The number of right-handed neutrinos intercepted by the Earth during its lifetime is∼ t⊕ρDMv⊕πR2
⊕/MνR ∼ 1033.6, where

t⊕ = 4.55 Gyr is the age of the Earth [670], ρDM ' 0.5 (GeV/c2) cm−3 is the dark matter mass density in the Galactic plane [671–
674], v⊕ ' 200 km/s is the average velocity of the Earth relative to the dark matter particles, and MνR ∼ 5 PeV [662, 663].
The average number density within the Earth is ∼ 3fcapt⊕ρDMv⊕/(4R⊕MνR) ∼ 1021.7fcap km−3, where fcap is the fraction of
νR’s captured by the Earth [675]. Thus, for τνR ∼ 1029 s [664], a decay rate on the order of 1 per km3 per yr would require fcap

to be O(1).
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set the peak of the distribution at ∼ 30◦ above the horizon, corresponding to a nadir angle of θn ∼ 60◦. So,
taking the view that the event distribution is maximized at θn = 60◦ by a combination of ANITA’s efficiency
and the dark matter distribution in the Earth, it follows that

d2 Rate

d | cos θn|2
∣∣∣∣
cos θn= 1

2

= 0 . (238)

This result becomes a constraint on the model parameters in (237), suggesting an atypical dark matter density
distribution in the Earth. Integrating over the duration of the experiment yields the event number as opposed
to the event rate.

Data from the fourth ANITA flight is currently being analyzed and may lead to further enlightenment.
The second generation of the Extreme Universe Space Observatory (EUSO) instrument, to be flown aboard
a super-pressure balloon (SPB) in 2022 will monitor the night sky of the Southern hemisphere for upgoing
showers emerging at large angles below the horizon, providing an important test of the unusual ANITA
events [676].

5.2. Search for Lorentz invariant breaking effects

At present, there is no reason to anticipate the existence of a universal scale below which our present no-
tion of flat spacetime geometry is not valid. However, Lorentz invariance should not be accepted on faith but
rather as a plausible hypothesis subject to experimental test. It is possible to introduce the notion of Lorentz
invariance violation either with or without accompanying anomalous kinematics. If no anomalous kinemat-
ics is involved [677–679], any search for Lorentz invariant breaking effects will require testing length scales
below 10−20 cm or less. However, introducing anomalous kinematical constraints allows tiny departures
from Lorentz invariance, which would be undetectable at the electroweak scale, to be magnified rapidly
with rising energy. For example, if Lorentz invariance is broken in the form of non-standard dispersion
relations for free particles,

E2 = p2(1 + 2δ) +m2 (239)

then absorption and energy loss processes for UHECR interactions would be modified [680]. Recall that the
GZK interactions (photopion production and nucleus photodisintegration) are characterized by well defined
energy thresholds (near the excitation of the ∆+(1232) and the GDR, respectively), which can be predicted
on the basis of Lorentz invariance. Therefore, the experimental confirmation that UHECR processes occur
at the expected energy thresholds can be considered as an indirect piece of evidence supporting Lorentz
symmetry under colossal boost transformations [681].

The canonical formalism to explore observable consequences of Lorentz invariant breaking effects was
developed by Coleman and Glashow (CG), assuming renormalizable and gauge invariant perturbations to
the SM Lagrangian that are rotationally invariant in a preferred frame, but not Lorentz invariant [680]. By
shifting both the renormalized mass by the small amount m→ m/(1 + 2δ) and the velocity by the amount
cmav =

√
1 + 2δ ' 1 + δ in (239) one recovers the standard form of the dispersion relations

E2 = p2c2
mav +m2c4

mav , (240)

where cmav is identified as the maximum attainable velocity of the free particle in the CMB frame. This
implies that in the CG framework different particles may have different maximum attainable velocities,
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which in principle can all be different from 1 and also different from one another. In such a case, the
possible departure from Lorentz invariance can be phrased in terms of the difference between the particle
maximum attainable velocities

δij = ci − cj , (241)

where ci denotes the maximum attainable velocity of a particle species i. From (239) and (241), a dispersion
relation can be constructed for a particle species i,

E2 = p2(1 + 2δi) +m2
i , (242)

where δi is the difference between the maximum attainable velocity for particle species i and the speed of
light in the low momentum limit where c = 1. As long as all limiting velocities are less than or equal to the
limiting velocity of the photon, causality is preserved: new “lightcones” appear inside the lightcone. To be
generic, it is feasible to add small energy-dependent Lorentz-violating terms in the free particle Lagrangian
that are suppressed by powers of some quantum gravity energy scale O(MPl) [682–686]. This leads to
dispersion relations having a series of smaller and smaller terms proportional to pn+2/Mn

Pl ' En+2/Mn
Pl,

δi =
∞∑
n=0

η
(n)
i

(
E

MPl

)n
. (243)

In our discussion we will adopt the GC formalism that truncates the series (243) considering only the first
n = 0 term. For a comprehensive review on astrophysical constraints on Lorentz symmetry, see e.g., [687,
688].

As we have seen in Sec. 3.2.2 if one assumes Lorentz invariant kinematics, the energy threshold of
photopion production via interactions of UHECR protons (with initial laboratory energy E) and low energy
photons of the CMB (with laboratory energy ε) is determined by the relativistic invariance of the square
of the total four-momentum of the proton-photon system, and is given by (4). Now, (4) together with
(125b) evaluated at threshold, s = (mp +mπ)2, lead to the threshold condition for head on collisions in the
laboratory frame,

4εEπ =
m2
π(2mp +mπ)

mp +mπ

. (244)

If Lorentz invariance is broken because cπ > cp, then the threshold energy for photopion production is
modified. Namely, using (239), (241) and (244) it is easily seen that the square of the four-momentum is
shifted from its Lorentz invariant form and the threshold condition (244) becomes [680]

4εEπ =
m2
π(2mp +m)

mp +mπ

+ 2δπpE
2
π . (245)

If Lorentz symmetry is unbroken, δπp = 0 and (245) leads to the conventional threshold for a head-on
collision (244). Otherwise, (245) is a quadratic form in Eπ, with real roots if

δπp ≤
2ε2(mp +mπ)

m2(2mp +mπ)
' ε2

m2
π

' 3.23× 10−24

(
ε

2.35× 104 eV

)2

. (246)

If one hypothesizes a Lorentz invariance violation with δπp > 0, pion photoproduction would only proceed
through interactions with CMB photons that can satisfy (246). As noted above, the dominance of photopion

97



production –via excitation of ∆+(1232)– is near the photopion production threshold. Hence, combining
(245) and (246) it is straightforward to see that for δπp > 0 photopion interactions leading to the GZK
suppression would occur for “low energy” protons interacting with CMB photons on the Wien tail of the
Planck distribution. Note, however, that for “high energy” protons, which would normally interact with “low
energy” photons, the photopion production process will be forbidden. Thus, the observed UHECR spectrum
may exhibit the characteristics of GZK suppression near the normal GZK energy threshold, but the UHECR
spectrum can recover at higher energies, because photopion interactions at higher proton energies may be
forbidden. The observed spectrum, which is shown in Fig. 2, has no signal of the GZK recovery. Indeed, the
best fit to the data considering Lorentz invariant violation effects and uniform distribution of proton sources
yields δπp = 3.0+1.5

−3.0 × 10−23, consistent with an upper limit of 4.5× 10−23 [689, 690].

Studies of the CR nuclear composition, which are also shown in Fig. 2, indicate that there is a significant
fraction of nuclei at the high-end of the energy spectrum. The dispersion relation for nuclei can be written
assuming a superposition model for nuclei, i.e. considering them as the combination ofA nucleons of energy
E/A [691, 692]. Actually, since we expect nuclear physics to have negligible Lorentz effects it is reasonable
to assume δA,Z = δ/A2, where δ regulates deviations from Lorentz symmetry in the nucleon.

Duplicating the procedure established to simultaneously fit the spectrum and nuclear composition [97]
the Auger Collaboration performed a search for Lorentz invariant breaking effects [32]. In the Auger analysis
the UHECR sources are assumed to be identical and homogeneously distributed in a co-moving volume, and
the nuclear composition at the sources is assumed to be a mix of 1H, 4He, 14N, and 28Si. The source emission
rate per volume is described by

Q0(E ′, A′) = f(A′) Q0

(
E ′

EeV

)−γ
fcut(E

′, Z ′, Emax
p ), (247)

where f(A′) is the fraction of isotopes of type A′ emitted with E = 109 GeV. The cutoff of the source
spectra is modulated by

fcut(E
′, Z ′, Emax

p ) =

{
1 E ′ < Z ′Emax

p

exp[1− E ′/(Z ′Emax
p )] E ′ > Z ′Emax

p

; (248)

note a minor difference with the cutoff function in (163). The free parameters of the fit are the spectral index
γ, the cutoff rigidity Emax

p , the normalization Q0, and three of the fractions f(A′), the fourth being fixed
by
∑

A′ f(A′) = 1. Since the effect of enhancing δ is to increase the interaction length of the particles, a
way to investigate an extreme case is to switch off all the interactions with background photons [693]. The
maximal Lorentz invariance violation, δmax, is simulated with a simplified version of the propagation code,
where only the adiabatic energy losses due to the expansion of the Universe are taken into account. Both the
spectrum and composition are fitted at energies log10(E/GeV) > 9.7, i.e. above the ankle.

Because the intensity J and theXmax distribution are independent measurements, the likelihood function
can be written as L = LJ LXmax . The goodness-of-fit is assessed with a generalized χ2 (the deviance, D),
defined as the negative log-likelihood ratio of a given model and the saturated model that perfectly describes
the data [97]

D = D(J) +D(Xmax) = −2 ln(L /L sat) = −2 ln(LJ/L
sat
J )− 2 ln(LXmax/L

sat
Xmax

) . (249)

The parameter δ characterizing the level of Lorentz invariance violation is taken to be the same for the
photopion and photodisintegration process. The simulations are performed for various values of δ and the
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Table 5: Best fit parameters. Fractions are defined at fixed energy = 109 GeV [32].

δ γ log10(Emax
p /GeV) H (%) He(%) N(%) Si(%) D(J) D(Xmax) D

0 0.96 9.68 0. 67.3 28.1 4.6 13.3 161.1 174.4
5× 10−24 0.91 9.65 0. 71.8 23.9 4.3 15.1 163.5 178.5
1× 10−23 0.91 9.65 0. 71.4 24.3 4.3 14.9 163.6 178.5
1× 10−22 0.94 9.65 0. 72.8 22.7 4.6 18.2 163.6 181.8
δmax 0.95 9.40 62.3 32.2 5.4 0.08 27.3 162.0 189.3

corresponding best-fit parameters are given in Table 5. The best-fit parameters are found to be almost
independent of δ: the spectral index is hard and the rigidity cutoff is low, so as to reproduce the low level of
A mixture at each energy. For δmax, a visible difference appears in the proton fraction with respect to other
analyzed values of δ. This is because protons must be present already at the source so as to compensate for
the absence of interactions. By comparing the values of the deviance at the minimum, δmax is disfavored at
more than 3σ over δ = 0 [32].

5.3. Delve into the electroweak sector in search for new physics at subfermi distances

If new physics interactions occur at LHC energies, then CR collisions with c.m. energies ranging up to
250 TeV would obviously involve new physics as well. The question is, can new physics be detected by CR
experiments? At ultra-high energies, the cosmic ray luminosity ∼ 7× 10−10 (E/PeV)−2 cm−2 s−1 (taking
a single nucleon in the atmosphere as a target and integrating over 2π sr) is about 50 orders of magnitude
smaller than the LHC luminosity. This renders the hunt for physics beyond the electroweak scale futile
in hadronic cosmic ray interactions occurring in the atmosphere.26 However, there is still a possibility of
uncovering new physics at sub-fermi distances in cosmic neutrino interactions.

Neutrinos are unique probes of new physics, as their interactions are uncluttered by the strong and
electromagnetic forces and, upon arrival at the Earth, they may experience collisions with c.m. energies up
to
√
s . 250 TeV. However, rates for new physics processes are difficult to test since the flux of UHECν is

virtually unknown. Interestingly, it is possible in principle to disentangle the unknown flux and new physics
processes by using multiple observables [695, 696].

For example, possible deviations of the neutrino–nucleon cross section due to new non-perturbative
interactions can be uncovered at UHECR facilities by combining information from Earth-skimming and
quasi-horizontal showers.27 In particular, if an anomalously large rate is found for deeply developing quasi-
horizontal showers, it may be ascribed either to an enhancement of the incoming neutrino flux, or an en-
hancement in the neutrino-nucleon cross section (assuming non-neutrino final states dominate). However,
these possibilities can be distinguished by comparing the rates of Earth-skimming and quasi-horizontal
events. For instance, an enhanced flux will increase both quasi-horizontal and Earth-skimming event rates,

26See, however, [694].
27Herein we use this term to describe neutrino interactions in which the final state energy is dominated by the hadronic compo-

nent. We are not considering here new “perturbative” physics e.g. (softly broken) supersymmetry at the TeV scale which would
have quite different signatures in cosmic neutrino showers.
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whereas an enhanced interaction cross section will also increase the former but suppress the latter, be-
cause the hadronic decay products cannot escape the Earth’s crust. Essentially this approach constitutes
a straightforward counting experiment, as the detailed shower properties are not employed to search for
the hypothesized new physics. Hence, this constitutes an entirely general approach to searching for non-
perturbative interactions without any dependence on what hypothetical mechanism might actually cause the
“hadrophilia.”

Consider first a flux of Earth-skimming tau neutrinos with energy E0. Given the high energies required
for detection, the most relevant energies are 109 . E0/GeV . 1010 GeV, and we may therefore limit the
discussion to this rather narrow band of energy. The neutrinos can convert to τ leptons in the Earth via the
CC interaction ντ±N → τ±X . In the (perturbative) SM, the interaction path length for the neutrino is

LνCC = [NAρsσCC]−1 , (250)

where σCC is the CC cross section for a neutrino energy Eν = E0. The density of the material through
which the neutrinos pass, ρs, is about 2.65 g/cm3 for the Earth’s crust. Here we have neglected NC inter-
actions, which at these energies only reduce the neutrino energy by approximately 20%, which is within
the systematic uncertainty. For E0 ∼ 1010 GeV, LνCC ∼ O(100) km. Let us assume some hypothetical
non-perturbative physics process enhances the νN cross section. Then the interaction path length becomes

Lνtot = [NAρs(σCC + σNP)]−1 , (251)

where σNP is the non-perturbative contribution to the cross section for Eν = E0.

Once a τ is produced by a CC interaction, it can be absorbed in the Earth or escape and possibly decay,
generating a detectable air shower. For Eν & 108.5 GeV, the τ propagation length in the Earth is dominated
by energy loss rather than the finite τ lifetime. The energy loss can be expressed as

dEτ
dz

= −(ατ + βτEτ )ρs , (252)

where ατ characterizes energy loss due to ionization and βτ characterizes losses through bremsstrahlung,
pair production and hadronic interactions. At these energies, energy losses due to ionization turn out to be
negligible, while βτ ' 0.8× 10−6 cm2/g [697]. From (252), we observe that the maximum path length for
a detectable τ can be written

Lτ =
1

βτρs
ln (Emax/Emin) , (253)

where Emax ≈ E0 is the energy at which the τ is created, and Emin is the minimal energy at which a τ can
produce a shower big enough to be detected. For Emax/Emin = 10, Lτ = 11 km.

The probability for a neutrino with incident nadir angle θ to emerge as a detectable τ is

P (θ) =

∫ l

0

dz

LνCC

e−z/L
ν
tot Θ [z − (l − Lτ )] , (254)

where l = 2R⊕ cos θ is the chord length of the intersection of the neutrino’s trajectory with the Earth. Note
that we have neglected the possibility that non-perturbative processes could lead to a detectable signal, since
the hadrons which dominate the final state will be absorbed in the Earth. The step function in (254) reflects
the fact that a τ will only escape the Earth if z + Lτ > l [696].
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Assuming an isotropic tau neutrino flux, the number of taus that emerge from the Earth with sufficient
energy to be detected is proportional to an “effective solid angle”

Ωeff ≡
∫
P (θ) cos θ d cos θ dφ. (255)

Evaluation of the integrals [695] yields the unfortunate expression

Ωeff = 2π
Lνtot

LνCC

[
eL

τ/Lνtot − 1
] [( Lνtot

2R⊕

)2

−
(
Lνtot

2R⊕
+

(
Lνtot

2R⊕

)2
)
e−2R⊕/Lνtot

]
. (256)

At the relevant energies, however, the neutrino interaction length satisfies Lνtot � R⊕. In addition, if the
hypothesized non-perturbative cross section enhancement is less than typical hadronic cross sections, we
have Lνtot � Lτ . With these approximations, (256) simplifies to [696]

Ωeff ≈ 2π
Lν 2

totL
τ

4R2
⊕L

ν
CC

. (257)

Equation (257) describes the functional dependence of the Earth-skimming event rate on the non-perturbative
cross section. This rate is, of course, also proportional to the neutrino flux Φνall

at E0. Thus, the number of
Earth-skimming neutrinos is given by

NES ≈ CES
Φνall

ΦWB
νall

σν 2
CC

(σνCC + σνNP)2 , (258)

where CES is the number of Earth-skimming events expected for some benchmark flux ΦWB
νall

in the absence
of new physics. In contrast to (258), the rate for quasi-horizontal showers has the form

NQH = CQH
Φνall

ΦWB
νall

σνCC + σνNP

σνCC

, (259)

where CQH is the number of quasi-horizontal events expected for flux ΦWB
νall

.

Given a flux Φνall
and new non-perturbative physics cross section σNP, both NES and NQH are deter-

mined. On the other hand, given just a quasi-horizontal event rate NQH, it is impossible to differentiate
between an enhancement of the cross section due to non-perturbative physics and an increase of the flux.
However, in the region where significant event rates are expected, the contours of NQH and NES, given by
(258) and (259), are more or less orthogonal and provide complementary information. This is illustrated
in Fig. 25. With measurements of Nobs

QH and Nobs
ES , both σNP and Φνall

may be determined independently,
and neutrino interactions beyond the (perturbative) SM may be unambiguously identified [696]. Event
rate estimates assuming a neutrino flux at the level of the WB bound suggest that existing ground-based
experiments [698, 699] and future sapce-based missions [700] would be within reach of testing possible
enhancement of the neutrino-nucleon cross section.
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Figure 25: Event rates for Earth-skimming (left) and quasi-horizontal (right) events in the Φνall/Φ
WB
νall
− σNP/σCC plane. Note

that the contours are roughly orthogonal, and so the two types of event provide complementary information about flux and cross
section. From Ref. [12].

6. Looking ahead

Thanks to a prodigious experimental effort the origin of the highest energy particles in the Universe are
beginning to be revealed. Nonetheless, 60 years after their discovery much remains a mystery. Even the
reason for the sharp suppression on the region of the expected GZK effect remains uncertain. Resolving
the UHECR origin(s) and investigating particle physics above accelerator energies, will require both en-
hanced experimental techniques implemented at the existing observatories, as well as a significant increase
in exposure to catch the exceedingly rare highest energy events. Even before we know the results from the
upcoming generation of UHECR observatories it seems clear that still larger aperture observatories with
much better energy and Xmax resolution will be called for, in order to measure the spectra of individual
sources. The way forward is clear and practical. The next-generation UHECR observatories will have three
primary goals:

• Increased statistics in both Northern and Southern hemispheres. A large increase in statistics is obvi-
ously important to increase the significance and resolution of all results. In particular, it will improve
the chances for anisotropy searches, allow a more sensitive measurement of the spectral suppression,
and potentially establish variations in the spectrum in different regions of the sky. Furthermore, in-
creased statistics will aid in reducing systematic uncertainties (of all sorts) for all measurements.
• Composition-tagging for each individual event. Probabilistic composition-tagging for all events will

address the question of how the baryonic composition evolves with energy, thereby clarifying the
nature of the spectral cutoff and the acceleration mechanism(s). It will also aid in source identification
by allowing events to be backtracked through the Galactic magnetic field, with reduced ambiguity
from their charge assignment, and allow correlation studies to be restricted to proton-like events with
smaller deflections.
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• Detailed observations of UHECR showers. It is essential to have reliable shower-development mea-
surements to be able to understand hadronic interactions in the ultra-high-energy regime and to infer
the nuclear composition from the shower properties. UHECRs are also Nature’s highest energy parti-
cle beam and thus present an opportunity to explore particle physics beyond collider energies.

Moving beyond existing technologies, it is inspiring to note that some 5 million UHECRs with energies
above about 5.5× 1010 GeV strike the Earth’s atmosphere each year, from which we currently collect only
about 50 or so with present observatories. In this sense, there exists some 5 orders of magnitude room for
improvement! It may well be that the best hope to make inroads in this area is to take the search for UHECR
sources into space.

At present the most advanced project in pursuit of this objective is the Probe Of Extreme Multi-Messenger
Astrophysics (POEMMA) satellites, selected by NASA for an in-depth probe mission concept study in
preparation for the next decadal survey [701]. POEMMA will boldly go where no UHECR observatory
has gone before, combining the well-developed Orbiting Wide-field Light-collectors (OWL) concept [702]
with the recently proposed CHerenkov from Astrophysical Neutrinos Telescope (CHANT) concept [703] to
form a multi-messenger probe of the most extreme environments in the universe. In addition to its unprece-
dented physics potential, POEMMA will serve as a pathfinder for future space-based missions, establishing
feasibility and cost-effectiveness, uncovering challenges and opportunities, and stimulating development of
second-generation technology for more ambitious projects. An optimist might even imagine an eventual
constellation of satellites eating their way into the 5 orders of magnitude of thus-far untapped UHECR
luminosity.

In summary, pursuing improved ground-based detection techniques and pioneering space-based obser-
vation will offer complementary tools to piece together challenging astrophysical puzzles to unmask the
UHECR origin(s). Moreover, with the combined power of the space- and ground-based approaches, a few
decades from now we may even have harnessed the study of UHECR showers to explore particle physics
at energies inaccessible to terrestrial accelerators. As exemplified time and again, the development of novel
ways of looking into space invariably results in the discovery of unanticipated phenomena.
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Appendix A.

In the absence of a well justified model for the CR intensity, one may prefer performing an interpolation
to the data. This is not a choice free approach, since one has to decide the functions used to interpolate. In
this Appendix a method is described using cubic splines to achieve this task [82].

In the GSF model, the CR intensity is divided into four baryonic groups, which cover roughly equal
ranges in logarithmic baryon number lnA, because air-shower measurements are sensitive to changes in
lnA rather than A. Each group has a leading element L that contributes most of the intensity per energy
interval. For each particle type, the interpolating intensity is written as a function of the rigidity JL(R),
with J(R) =

∑4
L=1 JL(R).28 Note that if two elements have the same abundance in intensity per rigidity

interval J(R) ∝ dN/(dR dAdt dΩ), the element with the higher charge contributes more to the intensity
per energy interval dN/(dE dAdt dΩ). As a consequence, the leading elements are the heaviest abundant
elements in each group; namely proton, helium, oxygen, and iron. The oxygen and iron groups contain
many sub-leading elements. In the oxygen group, carbon contributes nearly as much as oxygen. In the
GSF model, the flux Ji(R) of a sub-leading element i is kept in a constant ratio fiL to the leading element
L ∈ {p, He, O, Fe} of its group, Ji(R) = fiL × JL(R). To remove the major power law contribution to
the intensity, it is convenient to consider a function that exhibits a softer dependance on R than JL; namely,

fL(x) ≡
(

R

GV

)3

JL(R), (A.1)

where x ≡ ln(R/GV).

Let D = {xi, yi} be a set of N + 1 experimental points, and Ωk = [xk, xk+1] the intervals between
contiguous pairs of points. A degree n spline interpolator for D is a piecewise function

f(x) = fk(x) if x ∈ Ωk, (A.2)

exhibiting some smoothness properties at the internal (k 6= 0, N ) points, where fk(x) are polynomials of
degree at most n. For a fixed set of points, fixed degree n, and fixed smoothness properties at the points, the
set of all possible splines forms a vector space. A B-spline is an element of a basis {bk} of the vector space.
Then, the spline function f can be written as

f(x) =
N−1∑
k=0

αkbk(x). (A.3)

28Rigidity, energy divided by charge, is a relevant parameter for CR propagation in a magnetic field. Rigidity is properly
measured in units of GV but when only magnetic deflections and not energy losses are of concern, GV and GeV may be used
interchangeably since knowing the deflection of a proton of energy Ep in GeV specifies the deflection of any CR with the same
value of Ep = E/Z.
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For cubic splines, the smoothness properties require f to be C3 at the points. The cubic basis functions are
obtained by recurrence from the lower order basis functions. One can write bk(x) = Bk,3(x), where

Bk,0(x) :=

{
1 if x ∈ Ωk,
0 otherwise,

(A.4a)

Bk,i(x) :=
x− xk
xk+i − xk

Bk,i−1(x) +
xk+i+1 − x

xk+i+1 − xk+1

Bk+1,i−1(x). (A.4b)

This would give a set of N polynomials completely determined by the data points and the smoothness
conditions at them. There is still a freedom on the spline interpolator, written as a linear combinations of
these B-splines. In order to find the coefficients αk in (A.3), one performs a least squares fit, minimizing

U(α1, ..., αN−1) =
N∑
j=0

wj

(
yj −

N−1∑
k=0

αkbk(xj)

)2

, (A.5)

where wj is the weight assigned to each point. If the data is accompanied with a series of uncertainties σi
for each value yi, one can choose the weight to be wi = 1/σ2

i , which would make U(α1, ..., αN−1) be the
familiar quantity

χ2 =
N∑
j=0

(
yj − f(xj)

σj

)2

. (A.6)

Note that J(R) parametrizes the differential flux of nuclei per rigidity interval. Air-shower measure-
ments of the CR flux are reported as the differential flux of nuclei per energy interval J(E). The latter is
computed from the former as J(E) = J(R) dR/dE. The relation between total energy E and rigidity R
depends on the number of nucleons A and protons Z and must be computed individually for each element.
Note that a primary CR with rigidity R/GV could be a proton with energy Ep/GeV or a nucleus with
energy ZEp/GeV, with R/GV = Ep/GeV. Thereupon, we will specify, all through, the CR rigidity of
a nucleus of charge Ze using the proton energy Ep. Air-shower measurements describe the flux of mass
groups. In the GSF model a sum of the flux of all elements in each group is carried out when comparing the
model to such measurements.

For the GSF model shown in Fig. 2, the χ2 = 385.2 for 724 degrees of freedom, which indicates a
good fit [82]. The good agreement of the fit (when systematic uncertainties are taken into account) in turn
implies that the data sets are overall consistent. The fit shown in Fig. 2 has been carried out discarding the
proton-helium data of ARGO-YBJ beyond 106 GeV and assigning 10% to 20% systematic uncertainty to
results where none were reported.29 One can refer to the original paper [82] for a careful assessment of the
adjustment of the energy scales within systematic uncertainties.

Appendix B.

This Appendix contains a guide, as complete as possible, to the use of statistical likelihood-based meth-
ods in data analysis. For further details, see e.g. [704, 705].

29For ARGO-YBJ, the reported proton+helium intensity drops sharply for E > 106 GeV, in contradiction to three other data
sets.
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The probability density function for a random variable, x, conditioned on a set of parameters, θ =
{θ1, ..., θm}, is denoted f(x;θ). This function identifies the data-generating process that underlies an ob-
served sample of data and, at the same time, provides a mathematical description of the data that the process
will produce. The joint density of N independent and identically distributed observations from this process,
x = {x1, ..., xN}, is the product of the individual densities,

f(x1 . . . xN ;θ) =
N∏
i=1

f(xi;θ) = L (θ; x) . (B.1)

This joint density is the likelihood function, defined as a function of the unknown parameter vector, θ.
Note that the joint density is written as a function of the data conditioned on the parameters, whereas when
one forms the likelihood function, the function is written in reverse, i.e. as a function of the parameters,
conditioned on the data. Though the two functions are the same, it is to be emphasized that the likelihood
function is written in this fashion to highlight the interest in the parameters, and the information about them
that is contained in the observed data. However, it is understood that the likelihood function is not meant to
represent a probability density for the parameters. In this classical estimation framework, the parameters are
assumed to be fixed constants that one awaits to learn about from the data.

Extension to a multivariate density, f = {f1, ..., fN}, is straightforward. Note that in general the ex-
perimental data do not need to be of the same kind, but rather each point in the data-sample may follow a
different statistical model fi. Strictly speaking, for a given set of m parameters θ, a function fi assigns the
probability density of a random variable x to take the a value xi, and so fi(xi;θ) gives the probability of the
data point xi given the individual model {fi,θ}, i.e. fi(xi;θ) ≡ P(xi|modeli). The likelihood function,

L (θ; x) =
N∏
i=1

fi(xi;θ) , (B.2)

is the probability of all the data, x, given the complete model {f ,θ}, i.e. P(x|model).

The estimated values θ = θ̂ of the parameters are obtained by finding the global maximum of the
likelihood function,

∂L (θ; x)

∂θi

∣∣∣∣
θ=θ̂

= 0, with 1 ≤ i ≤ m. (B.3)

In practice, it is often more convenient to work with the logarithm of the likelihood function, called the
log-likelihood and to search for the minimum of the negative log-likelihood function:

− ln L (θ,x) = −
N∑
i=1

ln f(xi,θ) . (B.4)

Unless the minimum occurs at the boundary of the allowed range of values for θ, a necessary condition for
the minimum is that the negative log-likelihood satisfies the following m equations:

−∂ ln L (θ; x)

∂θi

∣∣∣∣
θ=θ̂

= 0 . (B.5)
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The likelihood function must be constructed using normalized probability density functions:
∫
f(x;θ) dx =

1, so that
∫

L (θ; x) dx1 · · · dxN = 1. In other words it is essential that the integral of the likelihood function
does not depend on the parameters θ.

Likelihood maximization methods can be used to find the parameters θ̂ maximizing the likelihood, as
well as to find the confidence region(s) of certain parameter(s) in θ around θ̂. Consider a set of parameters
µ ⊆ θ whose study is of interest, and a set of nuisance parameters collectively denoted by ν = θ \ µ. To
make the splitting of θ explicit, the likelihood is written hereafter as L (µ,ν; x). For the evaluation of the
confidence regions, it is practical to use the profile likelihood ratio,

λ(µ) ≡ L (µ, ˆ̂ν(µ); x)

L (µ̂, ν̂; x)
, (B.6)

where in the numerator there is a profile likelihood function in which ˆ̂ν is the value of ν maximizing L for
the assumed µ, namely

∂L (µ,ν; x)

∂νi

∣∣∣∣
ν=ˆ̂ν(µ)

= 0, with 1 ≤ i ≤ dimν ; (B.7)

i.e. the likelihood is maximised only in the parameters ν̂ for eachµ. Note that ˆ̂ν is the conditional maximum
likelihood estimator of ν and consequently is a function of µ itself. The denominator, instead, is maximized
in an unconstrained way, thus µ̂ and ν̂ are the true maximum likelihood estimators. By definition then
the profile likelihood ratio is comprised between 0 ≤ λ(µ) ≤ 1. The upper limit is picked up when the
hypothesized ν coincides with ν̂, showing therefore great compatibility between the data and the hypothesis.
The lower limits is instead picked up when the assumed ν is at odd with ν̂, denoting in this way a high degree
of incompatibility between the data and the hypothesis.

In the large-sample limit, where the likelihood approaches a Gaussian, −2 lnλ(µ) follows a χ2 distribu-
tion with d = dimµ degrees of freedom. This condition is usually referred to as the Wilks theorem [706].
One can then use the quantiles χ2

c(d, α) of the χ2 distribution to evaluate α-confidence regions,

α =

∫ χ2
c(d,α)

0

fχ2(z; d) dz , (B.8)

where

fχ2(z; d) =
zd/2−1e−z/2

2d/2Γ
(
d
2

) (B.9)

is the probability density for a random variable z following a χ2 distribution of d degrees of freedom. These
quantiles define the rise in−2 ln (µ) corresponding to the points of µ on the border of the confidence region,

− 2 lnλ(µ) ≤ χ2
c(d, α) . (B.10)

With this construction, the region [0, χ2
c(d, α)] contains the values of −2 lnλ(µ) that allows one to phrase

the statement: µ is in the region defined by (B.10) with a confidence level α.

If a statistical hypothesis to be tested can be expressed in terms of the parameters θ in the likelihood,
one can use the function defined in (B.6) to build a TS and asses the confidence an experiment gives to say
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that the hypothesis is true or false. In general, the hypothesis to be tested, referred as null hypothesis, may
be expressed in terms only of a subset (µ) of all the involved parameters. Let H0 : µ = µ0 define the null
hypothesis, to be confronted with its negation, the alternative hypothesis H1 : µ 6= µ0. According to the
method developed above, the condition

− 2 lnλ(µ0) ≡ −2 lnλ0 = χ2
0(d, α), (B.11)

gives the α-confidence in the exclusion of the null hypothesis, with

α =

∫ −2 lnλ0

0

fχ2(z; d) dz. (B.12)

One can measure the significance associated with the previous α-confidence using the standard method
to relate significance and p-values, with a unit normal distribution. For a confidence level α, the significance
S is given by

α =

∫ µ+Sσ

µ−Sσ
fN (z;µ, σ) dz = erf

(
S√
2

)
. (B.13)

Comparing (B.12) with (B.13) the significance is found to be

Sd =
√

2 erf−1

(∫ −2 lnλ0

0

fχ2(z; d) dz

)
. (B.14)

For one and two degrees of freedom, which are particularly relevant cases in this review, (B.14) becomes

S1 =
√

2 erf−1

[
erf

(√
−2 lnλ0

2

)]
=
√
−2 lnλ0, (B.15a)

S2 =
√

2 erf−1
[
1− e−−2 lnλ0

2

]
=
√

2 erf−1(1− λ0). (B.15b)

The significance for one and two degrees of freedom as a function of λ0 is display in Fig. B.26.

A useful application of the statistical methods described above is the rejection of background only hy-
pothesis against a background and source hypothesis. Consider an experiment (possibly combined with
simulations) that provides a number of observed events Non in a certain region (or sample) where the hy-
potheses will be analyzed, and a number of eventsNoff in another region (or in a Monte Carlo sample) where
the null hypothesis is understood to be true. A comparison of the sizes of those two regions (or samples)
is necessary to infer the background in the region of interest from the background in the auxiliary region,
assuming that its nature in both regions is the same. To this end it is useful to introduce the parameter
η = N/Nsim, where N is the total number of observed events in the data-sample and Nsim is the number of
events in the Monte Carlo sample. Then, in the notation introduced above:

• x = {Non, Noff},
• θ = {〈NS〉 , 〈NB〉},

· µ = {〈NS〉},
· ν = {〈NB〉},

• f = {p(·, 〈NS〉+ 〈NB〉), p(·, 〈NS〉 /η)} ,
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Figure B.26: Relation between the significance and λ0 for d = 1 and d = 2.

where 〈NS〉 and 〈NB〉 are the expected number of source and background events in the on region, respec-
tively. The functions p(·, N) are Poisson distribution functions with mean N , given by

p(x,N) =
e−NNx

x!
. (B.16)

The likelihood is given by

L (〈NS〉, 〈NB〉; x) = p(Non, 〈NS〉+ 〈NB〉) p(Noff , 〈NB〉/η) . (B.17)

The maximum likelihood conditions (B.3) yield

ˆ〈NS〉 = Non − ηNoff (B.18a)

and
ˆ〈NB〉 = ηNoff . (B.18b)

The condition (B.7) gives

ˆ̂〈NB〉(〈NS〉) =
Non +Noff − 〈NS〉κ ±

√
[Non +Noff − 〈NS〉κ]2 + 4 〈NS〉κNoff

2κ
, (B.19)

where κ = 1 + 1/η. For the null hypothesis, 〈NS〉 = 0, and so

ˆ̂〈NB〉0 ≡ ˆ̂〈NB〉(0) =
Non +Noff

1 + 1/η
. (B.20)

109



Then,

λ0 =
L (0,

ˆ̂〈NB〉0; x)

L ( ˆ〈NS〉, ˆ〈NB〉; x)
=

p(Non, (Non +Noff)/(1 + 1/η))

p(Non, Non)

p(Noff , (Non +Noff)/(η + 1))

p(Noff , Noff)

=

[
η(Non +Noff)

(η + 1)Non

]Non
[
Non +Noff

(η + 1)Noff

]Noff

, (B.21)

and for d = 1, the statistical Li-Ma significance is given by (16) [103].

Appendix C.

This Appendix provides an overview of some generalities of the Rayleigh distribution. The statistical
properties of the estimators {âm, b̂m} in (21) derive from the Poissonian nature of the sampling of N points
over the circle, matching the underlying angular distribution. Namely, the first and second moments of
δĴ(α) in (17) averaged over a large realization of events are

〈δĴ(α)〉P = δJ(α) , (C.1a)

and
〈δĴ(α) δĴ(α′)〉P = δJ(α)δJ(α′) + δJ(α)δ(α, α′) , (C.1b)

respectively. The mean and root-mean-square of âm and b̂m can be calculated propagating these properties
into (20) while taking â0 constant (the latter is a very precise approximation in most practical cases). All in
all, it is easily seen that the estimators are unbiased, 〈âm〉P = am and 〈b̂m〉P = bm, and obey the covariance
matrix coefficients given by [707]

cov(âi, âj) =
J0ω0

2π3a2
0

∫
dα

1 + δω(α)
δJ(α) cos(iα) cos(jα) , (C.2a)

cov(b̂i, b̂j) =
J0ω0

2π3a2
0

∫
dα

1 + δω(α)
δJ(α) sin(iα) sin(jα) . (C.2b)

For small anisotropies, |am| � 1 and |bn| � 1, and so the uncertainties of the estimators are given by

σ(âm) =

[
2

πNα

∫
dα

1 + δω(α)
cos2(mα)

]1/2

, (C.3a)

σ(b̂m) =

[
2

πNα

∫
dα

1 + δω(α)
sin2(mα)

]1/2

. (C.3b)

Since δω(α) is in practice always small and smooth, the integrals in (C.3) approximate very well near π,
yielding σ(âm) = σ(b̂m) =

√
2/Nα. The coefficients âm and b̂m are endowed with Gaussian probability

density functions, pAm and pBm , which derive from the central limit theorem and are fully determined by the
following parameter pairs: {〈âm〉P, σ2} and {〈b̂m〉P, σ2}, with σ2 = 2/Nα.

For any given data-sample containing N events, âm and b̂m are random variables. Therefore, in the limit
of large statistics the joint probability distribution function pAm,Bm can be factorized as a product of pAm
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and pBm . For any harmonic m, the joint probability distribution function of the estimated r̂m and ϕ̂m can be
derived using the pertinent Jacobian transformation [110]

pRm,Φm(r̂mϕ̂m; rmϕm) =
r̂m

2πσ2
exp{−[r̂2

m + r2
m − 2r̂mrm cos(ϕ̂m − ϕm)]/2σ2} . (C.4)

The probability distribution function of the amplitude, pRm , is obtained by marginalizing (C.4) over the
phase

pRm(r̂m; r) =
r̂m
σ2

exp

(
− r̂

2
m + r2

m

2σ2

)
I0

(
r̂mrm
σ2

)
, (C.5)

with I0(x) the modified Bessel function of first kind with order zero. Likewise, the probability distribution
function of the phase, pΦm , is obtained by marginalizing (C.4) over the amplitude

pΦm(ϕ̂m; rm, ϕm) =
1

2π
exp

(
− r2

m

2σ2

){
1 +

√
π

2

rm
σ

cos(ψm) exp

(
r2
m cos2 ψm

2σ2

)
×

[
1 + ξm erf

(
ξm rm cos(ψm)√

2 σ

)]}
, (C.6)

where ψm = ϕ̂m − ϕm, and ξ = 1 if |ψm| ≤ π/2 and −1 otherwise.

Note that if the underlying distribution is isotropic the pΦm is uniform, whereas pRm reduces to the
Rayleigh distribution. This lets out a genuine estimation of the probability that an observed amplitude r̂m
arises from pure statistical fluctuations as

p(≥ r̂m) =

∫ ∞
0

dr̂′m pRm(r̂′m; rm = 0) = exp

(
−Nα r̂

2
m

4

)
(C.7)

For a non-zero amplitude rm, depending on the signal-to-noise ratio parameter rm/σ, both pRm and pΦm
smoothly evolve from the Rayleigh and uniform distributions to bell curves well-defined about the values of
rm and ϕm. For rm/σ →∞, the bell curves are identical to Gaussian ones.
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