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Partial wave analysis for elastic scattering
Cross section without imposing any limitation on the strength of V(r)

Potential is spherical symmetric

-> angular momentum of the incident particle will be conserved, i.e. a particle 
scattering from a central potential will have the same angular momentum 
before and after the collision

Assuming that the incident wave is in the z direction:

ࢉ ࢘ ൌ ࢞ࢋ ࣂ࢙ࢉ	࢘

We want to express this in terms of angular momentum eigenstates, each with
a definite angular moment :

࢘݁ ൌ ࢙ࢉ࢘ࢋ ൌ     ࢘ દሻ࢙ࢉሺࡼ
ஶ

ୀ
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Partial wave expansion for elastic scattering 
Starting with the Schrödinger equation in the CM frame:

െ

ࣆ 	સ	࣒ ࢘  ࢂ ࢘ ࣒ Ԧܚ ൌ ࣒۳ ࢘

The most general solution of the Schrödinger equation is

࣒ ࢘ ൌࡾ ࢘ ࢅ ࣘ,ࣂ 	


Since ࢂ ࢘ 	is central, the system is symmetrical about the z-axis. Therefore, the 
scattered wave function must not depend on the azimuthal angle ࣘ →  ൌ 
With ࢅ ࣘ,ࣂ ࡼ	~ ࣂ࢙ࢉ the scattered wave function becomes

࣒ ,࢘ ࣂ ൌࡾࢇ ࢘ ሻࣂ࢙ࢉሺࡼ


where ࡾ ࢘ 	obeys the following radial equation

ࢊ

࢘ࢊ   െ
   
࢘ ࡾ࢘ ࢘ ൌ


 ࢂ ࢘ ࡾ࢘ ࢘

each term, known as partial wave, is a joint eigenfunction of ࡸ and ࢠࡸ

	ࢋ࢘ࢋࢎ ൌ ࡱ
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Partial wave analysis for elastic scattering 
for a free particle ࢂ ࢘ ൌ 

ࡾ࢘ ࢘ ൌ ࢘ ࢘ ൌ 	࢘
࣊
࢘	ࡶା

࢘

Bessel function

But a free particle is also described by a plane wave
Hence, rewrite plane wave  in terms of eigenfunction of angular momentum

ࢠࢋ ൌ ࢘ ࡼ ࣂ࢙ࢉ ൌࢇ ࢘


 ࢘ ࡼ ࣂ࢙ࢉ

with coefficients ࢇ ࢘ ൌ     	

Note: Jl has its maximum close 
to jl(l)

l=0

l=1

incoming wave
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Partial wave analysis for elastic scattering
Now we have to write in-coming and out-going waves in terms of the same basis:
We worked out that the total wave function is:

ࢀ࣒ 	࢘ ൌ ࣒ ࢘  ࢚࢛࣒ ࢘

ൌ 	 ⋅ ࢘⋅ࢋ  ࢌ ࣘ,ࣂ ࢘ࢋ

࢘

with ࣘ ൌ 		and  ൌ for	 elastic scattering

ࢀ࣒ ,࢘ ࣂ ൎ     ࢘ ࡼ ࣂ࢙ࢉ  ࢌ ࣂ
࢘ࢋ

࢘
ୀ

Since we are only interested in the solutions at large distances, we use an 
approximation of the Bessel functions:

 ࢘ →
࢙ ࢘ െ ࣊


࢘ 												ሺ࢘ → ∞ሻ

Then the asymptotic form of ࣒ ,࢘ ࣂ 		is given by

࣒ ,࢘ ࣂ →    ࢙ࢉሺࡼ


ሻࣂ
࢙ ࢘ െ ࣊


࢘  ࢌ ࣂ

࢘ࢋ

࢘
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Partial wave analysis for elastic scattering

With     ࢙ ࢘ െ ࣊


ൌ െ ࢘ࢋ െ ࢘ିࢋ /

because ࢋേ࣊/ ൌ േ 		

One obtains:

࣒ ,࢘ ࣂ → െ
࢘ିࢋ

࢘    ࡼ ࣂ࢙ࢉ 
࢘ࢋ

࢘ ሾࢌሺࣂ 

 െ     ࡼ ࣂ࢙ࢉ ሿ	



Now we have to find the asymptotic solution of the SE:
At large values of r the scattering potential is effectively 0 -> radial equation becomes

ࢊ

࢘ࢊ
  ࡾ࢘ ࢘ ൌ 

The general solution o this equation is given by 
linear combination of spherical Bessel and 

Neumann functions. In order to have a physical 
solution one has to introduce the phase shift ࢾ			:

ࡾ ࢘ ൌ  	ࢾ࢙ࢉ ࢘ െ 	ࢾ࢙ ࢘ 	
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Partial wave analysis for elastic scattering
The asymptotic form of the radial function can be written as:

ࡾ ࢘ →
 ࢙	ࢾ࢙ࢉ ࢘ െ ࣊

 െ ࢙ࢉ	ࢾ࢙ ࢘ െ ࣊


࢘ 				 ࢘ → ∞

ܴ ݎ → ܥ 	
݊݅ݏ ݎ݇ െ ߨ݈

2  ߜ
ݎ݇ 										ሺݎ → ∞ሻ

With ࢾ ൌ 	, the radial function ࡾሺ࢘ሻ is finite at r=0, because ࡾ ࢘ reduces to  ࢘ .

th phase shift of the ,ࢾ partial wave, vanishes for all values of l in absence of the 
scattering potential. It measures the distortion of ࡾ	ሺ࢘ሻ from the “free” solution  ࢘ .

Such the scattered wave function in the asymptotic limit runs as follows:

࣒ ,࢘ ࣂ →ࡼࢇ ࣂ࢙ࢉ
࢙ ࢘ െ ࣊

  ࢾ
࢘ 									ሺ࢘ → ∞ሻ



This wave function is called the distorted plane wave, which differs from the plane wave 
by the phase shift ࢾ
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Partial wave analysis for elastic scattering

with ࢙ ࢘ െ ࣊

 ࢾ ൌ െ ࢾࢋ࢘ࢋ െ ࢾିࢋ࢘ିࢋ /

one rewrites the distorted plane wave:

࣒ ,࢘ ࣂ → െ
࢘ିࢋ

࢘ࡼࢾିࢋࢇ ࣂ࢙ࢉ 
࢘ࢋ

࢘ࢇ െ ࣂ࢙ࢉሺࡼࢾࢋ	


ሻ			


and compares this to 

࣒ ,࢘ ࣂ → െ
࢘ିࢋ

࢘    ࡼ ࣂ࢙ࢉ 
࢘ࢋ

࢘ ሾࢌሺࣂ 

 െ     ࡼ ࣂ࢙ࢉ ሿ	



one obtains     ൌ ࢾିࢋࢇ

ࢇ ൌ    ࢾࢋ
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Partial wave analysis for elastic scattering

By comparing the coefficients for ࢋ
࢘

࢘
in the two equations one obtains:

ࢌ ࣂ 

 െ     ሻࣂ࢙ࢉሺࡼ



ൌ

     െ ሻࣂ࢙ࢉሺࡼࢾࢋ



by using ࢋ
ିࢾ


ൌ ࢾ࢙ࢾࢋ and  െ  ൌ  one gets:

ࢌ ࣂ ൌࢌ ࣂ ൌ

    ࡼ ࣂ࢙ࢉ



ሺࢋࢾ െ ሻ


ൌ

    ሻࣂ࢙ࢉሺࡼ	ࢾ࢙ࢾࢋ



where ࢌ ࣂ࢙ࢉ is the partial wave amplitude.
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Partial wave analysis for elastic scattering
We obtain for the differential cross section:

࣌ࢊ
ષࢊ ൌ 	 ࣂ  ൌ


    ᇱ   ࡼᇲࢾ࢙	ࢾ࢙ᇲሻࢾିࢾሺࢋ ࣂ࢙ࢉ ሻࣂ࢙ࢉᇲሺࡼ

ᇲ
	



and the total cross section:

࣌ ൌ න
࣌ࢊ
ષࢊષࢊ ൌ න ࢌ ࣂ ࣂࢊࣂ࢙න ࣘࢊ ൌ ࣊න ࢌ ࣂ ࣂ࢙	ࣂࢊ

࣊



࣊



࣊



ൌ /࣊    ᇱ   ᇲࢾ࢙	ࢾ࢙ᇲሻࢾିࢾሺࢋ න ࡼ ࣂ࢙ࢉ ᇲࡼ ࣂ࢙ࢉ ࣂࢊ	ࣂ࢙
࣊

ᇲ

Using the relation  ࡼ ࣂ࢙ࢉ ᇲࡼ ࣂ࢙ࢉ
࣊
 ࣂࢊ	ࣂܖܑܛ	 ൌ 

ା
ᇲࢾ

one yields 

࣌ ൌ࣌ ൌ
࣊
     ࢾ࢙
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Partial wave analysis for elastic scattering

p scattering at different pion energies+࣊

At 200 MeV p-wave scattering

https://link.springer.com/chapter/10.1007/978-3-642-41753-5_2
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Partial wave analysis for elastic scattering

• The differential cross section is a superposition of different angular momenta and 
gives rise to interference patterns between different partial waves corresponding to 
different values of 	. 

• The interference terms vanish in the total cross section
• If  V(r)=0 the phase shifts vanish and the cross section is ZERO

• In the case of low energy scattering between particles, i.e. l=0, the scattering 
amplitude is. 

ࢌ ൌ

ࢋ

ࡼ		with	ࢾ࢙ࢾ ࣂ࢙ࢉ ൌ 

Since ࢌ does not depend on ࣂ,	the differential and total cross sections are given by:

࣌ࢊ
ષࢊ ൌ   ൌ


ܓ ܖܑܛ

ࢾ, ࣌						 ൌ ࣊ ࢌ  ൌ
࣊
 ࢙

ࢾ					  ൌ 
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The optical theorem 

The total cross section can be related to the forward scattering amplitude ࢌ  .

Since ࡼ ࣂ࢙ࢉ ൌ ࡼ  ൌ  for ࣂ ൌ 	:

ࢌ  ൌ

    ሺࢾ࢙	ࢾ࢙ࢉ  ሻࢾ࢙	



yields

࣊
 Imࢌ  ൌ ࣌ ൌ

࣊
     ࢾ࢙



This relation is known as the optical theorem.

The physical origin of this theorem is the conversation of particle numbers. 
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Partial wave analysis for inelastic scattering
The scattering amplitude can be rewritten as: 

ࢌ ࣂ ൌ    ࢌ 


ሻࣂ࢙ࢉሺࡼ

where 

ࢌ  ൌ

 ሺࢋ

െሻࢾ ൌ /	ሺࡿ  െ 	ሻ
with 

ࡿ  ൌ ࢾࢋ

In case of NO beam particle losses, ࡿ  ൌ 	

If there is absorption of the incident beam ࡿ  is redefined by

ࡿ  ൌ ࣁ  ࢾࢋ
with  ൏ ࣁ   

ࢌ  ൌ
ࢾࢋࣁ െ 

 ൌ

 ሾࣁ	࢙ࢾ    െ ࢾ࢙ࢉ	ࣁ ሿ

ࢌ ࣂ ൌ

    ࢾ࢙	ࣁ    െ ࢾ࢙ࢉ	ࣁ ሻࣂ࢙ࢉሺࡼ
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Total elastic and inelastic cross section
The total elastic scattering cross section is then

ࢋ࣌ ൌ ࣊    ࢌ  ൌ
࣊
    ሺ  ࣁ െ ࣁ	࢙ࢉࢾሻ



The total inelastic scattering cross section, which describes the loss of flux:

ࢋ࣌ ൌ
࣊
    ሺ െ ࣁ  ሻ



If ࣁ  ൌ 	there is no inelastic scattering, but if ࣁ  ൌ 	there is max absorption, but 
still elastic scattering in this wave. 

Total cross section:

࢚࢚࣌ ൌ ࢋ࣌  ࢋ࣌ ൌ
࣊
     ሺ െ ሻࢾ࢙ࢉ	ࣁ



The optical theorem is also valid:

Imࢌ  ൌ ࣊/࢚࢚࣌
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Resonances: n scattered on U238

elastic scattering

radiative capture

fission

total
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Resonance scattering  3.2

Resonance characterized by spin and parity => contribution from few partial waves only
(conservation of orbital angular momentum)

Differential cross section:  
4/)(
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S – wave scattering 3.2

r

V(r)

-V0

R0

E Low relative energy dominated by s-wave scattering.

Condition (non relativistic):

2
0

2

kin

0

mR2
1

m2
pE

1Rvm







QM – solution of scattering problem:
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Radial SE:

Continuity for u and u’:
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Sign of phase shift  3.2

ࢾ ൎ
ࡹ
 න ࢂ ࢘ ࡶ ࢘ ࢘ࢊ࢘

ஶ


	

attractive potential  
R=a


