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10.2 Microscopic Theory

superconductivity occurs in many different materials 

low transition temperatures             small energy differences matter              electrons have Fermi energy  !
1950 Fröhlich             interaction between electrons and lattice can mediate attraction between electrons 

(Bardeen)

Isotope effect, discovered 1950

► Tc depends on atomic mass
► for m = 113 u … 123 u             Tc =  3.8 K … 3.66 K

► lattice properties are important for superconductivity
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10.2 Microscopic Theory

schematic picture
► electron passes through lattice and attracts positive ions
► positive charge density maximum occurs long after electron has passed
► a second electron is attracted, but Coulomb repulsion is small since it is far away from first electron
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Meanwhile, some other developments:

Theory of the effect of lattice vibrations

 on the electron-electron coupling  

(J. Bardeen and D. Pines,

 Phys. Rev 99,1140 (1955).

Theory of the interaction of pairs of electrons 

above a filled Fermi sea,“Cooper pairs” 

(L.N. Cooper, Phys. Rev 104,1189 (1956).

Announcement that Bardeen, Brattain,

 and Shockley had won the Nobel Prize

 for Physics for invention of the transistor

 (October, 1956).

10.2 Microscopic Theory

Cooper pairs 

Leon N. Cooper
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Fig. 10.26. Electron–electron interaction via phonon exchange. The interacting
electrons exchange a virtual phonon with the wave vector q, or −q. The center-of-
mass momentum k1 + k2 = k′

1 + k′
2 = K is conserved

while the average value of (ϵk1+q − ϵk1)/kB is only of the order of 5 K. Hence,
on the average, V is negative as demanded. Furthermore, the Coulomb re-
pulsion between the electrons must be taken into account. Depending on the
relative strengths of the two types of interaction, the resulting force can ei-
ther be attractive or repulsive. Note that the attraction is proportional to g2,
therefore strong coupling between electrons and phonons is favorable for su-
perconductivity. This is the explanation for the surprising observation that
metals with high conductivity at room temperature like noble metals, are
not superconducting. In these metals, the Coulomb repulsion exceeds the
attraction caused by the rather weak phonon-exchange interaction.

In the following, we discuss the formation of Cooper pairs at T = 0,
where all one-electron states below the Fermi level are occupied. Under this
condition, only states ϵ(k) in the energy range EF ≤ ϵ(k) ≤ EF + !ωD are
involved in the phonon-exchange process, where ωD is the Debye frequency.
In k space, states with these energies are located on the Fermi surface within
a thin spherical shell of thickness δk = (mωD/!kF). Both electrons are sub-
jected to this restriction, as schematically depicted in Fig. 10.27a. As indi-
cated, the wave vectors k1 and k2 must start or end in the dark tinted area of
overlap. Therefore, the effectiveness of the phonon exchange will have a sharp
maximum at the center-of mass momentum !K = 0, because the whole shell
will be accessible to the exchange processes. Thus, we come to the important
conclusion that the center-of-mass momentum of Cooper pairs vanishes. The
wave vectors of the electrons fulfill the condition k1 = −k2 = k, meaning
that the angular momentum of the Cooper pairs vanishes, i.e., L = 0. Using
the nomenclature of atomic physics, such a pair is called an s-state pair . In
the following, we symbolize these pair states by (k,−k).

To describe a Cooper pair, we need to construct an appropriate two-
particle wave function ψ(r1, r2). We use the superposition of two plane waves
with the wave vectors k1 and k2, and write

center of mass motion
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Fig. 10.27. (a) Construction to find the states that are accessible to an interacting
electron pair with the center-of-mass momentum !K . (b) A typical transition oc-
curring in a Cooper pair in which one pair of electrons interacts above a quiescent
Fermi sea. The center-of-mass momentum of the pair is chosen to be zero

ψ(r1, r2) =
1
V

eik1·r1 eik2·r2 =
1
V

ek·r = Ψ(r) , (10.63)

where r = (r1 − r2) is the relative coordinate, and V stands for the volume
of the sample. As depicted in Fig. 10.27b, the two electrons are permanently
scattered into new states with different wave vectors k. We take this fact into
account by superimposing wave functions of the type (10.63), and write for
the wave function of a Cooper pair

Ψ(r) =
∑

k

Ak eik·r . (10.64)

Here, |Ak|2 is a measure of the probability of finding a particular electron pair
in the state (k,−k). As explained above, the only states that are accessible to
electrons are in the thin shell at the Fermi surface, with a thickness defined
by !ωD. Therefore, the expansion coefficient Ak is assumed to be nonzero
only in the corresponding range of wave numbers, i.e.,

Ak

{
̸= 0 for kF < k <

√
2m(EF + !ωD)/!2

= 0 otherwise .
(10.65)

To calculate the eigenvalue E of a Cooper pair, we start with the Schrö-
dinger equation

[
− !2

2m
(∆1 + ∆2) + V(r1, r2)

]
ψ(r1, r2) = Eψ(r1, r2) . (10.66)

The potential V(r1, r2) consists of two parts, the attractive part caused by
phonon exchange and the repulsive part due to Coulomb repulsion. Its exact
shape is unknown but for the time being, this is without importance.

The Schrödinger equation is solved as usual by inserting (10.64), multi-
plying from the left-hand side with exp(−ik′ · r), and integrating over the
volume V . This procedure leads to

for                  phase space maximum

phase space phase space
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electrons are in the thin shell at the Fermi surface, with a thickness defined
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shape is unknown but for the time being, this is without importance.
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Cooper pair state
in addition: 
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involved in the phonon-exchange process, where ωD is the Debye frequency.
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will be accessible to the exchange processes. Thus, we come to the important
conclusion that the center-of-mass momentum of Cooper pairs vanishes. The
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10.2 Microscopic Theory

two-particle wave function

electrons are scattered constantly into new pair states

probability to find a 
particular pair state

380 10 Superconductivity

!2k2

m
Ak +

1
V

∑

k′

Ak′Vkk′ = EAk , (10.67)

where Vkk′ represents the interaction matrix element

Vkk′ =
∫

V(r1, r2) ei(k−k′)·rd3x . (10.68)

Here, we make a very rough simplification by assuming that Vkk′ is negative
and constant in the whole energy range of interest. Therefore, we write

Vkk′ =
{
−V0 for EF < ϵk, ϵk′ < EF + !ωD

0 otherwise , (10.69)

where V0 is a characteristic positive constant. With this simplification, (10.67)
takes the form

(
!2k2

m
− E

)
Ak =

V0

V

∑

k′

Ak′ . (10.70)

Introducing the abbreviation z = !2k2/2m, we obtain

Ak =
V0

V

1
2z − E

∑

k′

Ak′ . (10.71)

To simplify this equation further, we sum over all wave vectors k. Since∑
k Ak =

∑
k′ Ak′ , these sums may be cancelled, resulting in

1 =
V0

V

∑

k

1
2z − E

. (10.72)

Furthermore, we may replace the sum in this equation by an integral. Since
the density of states D(E) in the vicinity of EF is approximately constant,
we put D(E) ≈ D(EF), and write

1 = V0
D(EF)

2

EF+!ωD∫

EF

dz

2z − E
. (10.73)

The factor 1/2 appears because we are considering pair states here.7 Carrying
out the integration, we obtain for the interaction energy the final result:

δE = E − 2EF =
2 !ωD

1 − exp[4/V0D(EF)]
. (10.74)

As expected, the energy of the electron pair is smaller than 2EF. The
energy difference δE may be considered as the binding energy of a Cooper
pair. In the so-called weak coupling limit , i.e., for V0 D(EF) ≪ 1, we may
approximate this quantity by

δE ≈ −2 !ωD e−4/[V0D(EF)] . (10.75)

7 In textbooks on superconductivity this factor 1/2 is often avoided by writing
down the density of states for electrons with definite spin.

insert          , multiplying with                          and integrate

Fourier transform of electron-phonon interaction

stationary Schrödinger equation for two interacting particles

electron-phonon interaction 
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10.2 Microscopic Theory

approximation for electron-phonon interaction

with

with

replacing the sum with an integral, and 

integration

weak couplingenergy reduction per Cooper pair

► for Cu, Ag, K, …       is small, because they are good conductors            no superconductor since small

► Al has small      , but high density of states at Fermi energy            superconductor with Tc ≈ 1 K
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10.2 Microscopic Theory

BCS Theory 1957

BCS ground state

pair state

John Bardeen          Leon N. Cooper    Robert P. Schrieffer

1961
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The wave function (10.64) that describes Cooper pairs tells us that it is not
possible to relate well-defined wave vectors to the electrons of a Cooper pair.
The wave function contains all wave vectors between the energy range EF

and EF +!ωD. From (10.71) it follows that the weighting factor Ak is largest
for states with an energy z = !2k2/2m comparable to EF. Of course, the
results obtained above are also valid for two electrons scattered from states
below the Fermi surface to states above. Although their kinetic energy rises,
the gain in potential energy predominates so that the electron pair is again
in a bound state.

Until now we have not taken into account the fact that electrons are in-
distinguishable fermions with antisymmetric wave functions. Since (10.63) is
symmetric in the position coordinates (r1, r2), the spin part of the wave func-
tion has to be antisymmetric. This requires the opposite orientation of their
spins, resulting in a spin-singlet state. Therefore, we symbolize a Cooper pair
from now on by (k↑,−k↓). The Cooper pairs with angular momentum L = 0
and total spin S = 0 behave like bosons and are able to condense into a com-
mon quantum-mechanical ground state. This possibility does not exist for
single electrons, because their antisymmetric wave function does not allow
multiple occupation of the same state.

If the exchange interaction is more complex than phonon exchange, the
spins of the Cooper pair can be aligned, leading to so-called spin-triplet pair-
ing . To fulfill the symmetry requirements, the orbital part of the wave func-
tion must then be antisymmetric. As we have already seen in our discussion of
superfluid 3He (see Chap. 4), pairs with spin S = 1 exhibit p-state symmetry.
There is also the possibility that spin-singlet pairs possess a finite angular
momentum, as in high-Tc superconductors, where L = 2. We will discuss such
unconventional superconductors in Sect. 10.5.

10.3.2 BCS Ground State

In the previous section, it was shown that an attractive interaction between
two quasifree electrons may lead to a reduction of their potential energy and
thus to the formation of bound pairs. In a superconductor there are many
pairs all residing in a common ground state. A theoretical description of
this so-called BCS ground state is mathematically more involved than the
treatment of a single pair because there is a subtle interplay between Cooper
pairs and the remaining Fermi sea. Here, we only summarize the theoretical
ideas, display the results, and try to make them plausible.

First, we consider the energy reduction due to the formation of the
BCS ground state. The Hamiltonian H is taken as the kinetic energy of
all the electrons, together with the interaction (10.69). The wave function
is constructed so that if one member (k ↑) of a Cooper pair is present, so
is (−k ↓). With |1⟩k we indicate that the pair (k ↑,−k ↓) is occupied, and
with |0⟩k that it is unoccupied. The general form of the wave function of a
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spin analog representation
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pair is the superposition of the two states |1⟩k and |0⟩k, and has therefore
the form

|ψ⟩k = uk|0⟩k + vk|1⟩k , (10.76)

with the real coefficients uk and vk. The state |1⟩k is occupied with the
probability wk = v2

k, while the probability for an unoccupied state is given
by u2

k = 1 − wk.
In BCS theory, the superconducting ground state |Ψ⟩ is a common state

of all Cooper pairs and is constructed by superimposing the wave functions
of all pairs states, thus neglecting an interaction between the pairs. The wave
function Ψ of the ground state is thus expressed by the product of the wave
function of the individual Cooper pairs, i.e., by

|Ψ⟩ =
∏

k

|ψ⟩k =
∏

k

(
uk|0⟩k + vk|1⟩k

)
. (10.77)

The coefficients uk and vk can be determined by minimizing the energy of
the BCS ground state via the variation method.

Since the pair states are either occupied or unoccupied, we may use the
analogy with two-state systems, and write

|1⟩k =
(

1
0

)

k

and |0⟩k =
(

0
1

)

k

. (10.78)

The corresponding creation and destruction operators σ+
k and σ−

k can be
expressed with the Pauli spin matrices σx and σy:

σ+
k =

1
2

(σx
k + iσy

k) =
(

0 1
0 0

)

k

,

σ−
k =

1
2

(σx
k − iσy

k) =
(

0 0
1 0

)

k

. (10.79)

The effect of these operators can easily be demonstrated by inserting (10.79)
into the definition of the pair states (10.78). As expected, we find

σ+
k |1⟩k = 0 , σ+

k |0⟩k = |1⟩k ,

σ−
k |1⟩k = |0⟩k , σ−

k |0⟩k = 0 . (10.80)

With the help of some algebraic transformations, it can be shown that
in the formalism of second quantization (occupation number formalism), the
Hamiltonian H takes the form

H =
∑

k

2ηk σ+
k σ−

k − V0

V

∑

k,k′

σ+
k σ−

k′ . (10.81)

The first term represents the kinetic energy of the Cooper pairs. As abbrevi-
ation we have introduced here ηk = !2k2/2m − EF, representing the kinetic
energy of a single electron with respect to the Fermi energy. The factor of 2
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reflects the fact that a Cooper pair consists of two electrons with opposite
spin. The second term describes the change of the potential energy due to the
phonon-exchange interaction. With respect to the normal conducting state
at T = 0, the kinetic energy of the Cooper pairs can be either positive or
negative. The contribution of the pairs to the potential energy is, however,
always negative, because of the assumption that the interaction is always
attractive.

The expectation value W0 = ⟨Ψ |H|Ψ⟩ is easily calculated, and we obtain

W0 =
∑

k

2v2
kηk − V0

V

∑

k′,k

vkuk′ukvk′ . (10.82)

Minimizing the energy W0 with respect to vk and uk, leads to the relation

2ukvkηk − ∆0(u2
k − v2

k) = 0 , (10.83)

where we have used the abbreviation

∆0 =
V0

V

∑

k′

uk′vk′ . (10.84)

The quantity ∆0 generally depends on k, but this dependence does not appear
here because of the above assumption Vkk′ = −V0 = const. As we will see,
this simplification is not applicable to unconventional superconductors that
we consider in Sect. 10.5.

We express uk and vk in terms of a new variable Ek by writing

u2
k =

1
2

(
1 +

ηk

Ek

)
, (10.85)

v2
k =

1
2

(
1 − ηk

Ek

)
. (10.86)

The significance of ∆0 and Ek will become clear during the course of the
following discussions. In terms of these two quantities, the minimum condition
(10.83) takes the simple form

E2
k = η2

k + ∆2
0 . (10.87)

With the new variables, the ground-state energy W0 given by (10.82) reads

W0 =
∑

k
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0 V

V0
. (10.88)

Inserting relation (10.87) into (10.86), we obtain for the probability wk that
the pair state (k ↑,−k ↓) is occupied:

wk = v2
k =

1
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1 − ηk

Ek

)
=

1
2

(
1 − ηk√

η2
k + ∆2

0

)
. (10.89)

This expression is the counterpart of the Fermi function for one-electron
states that is plotted in Fig. 10.28 for T = Tc, and compared with wk at
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Fig. 10.28. Probability wk for the oc-
cupation of pair states versus kinetic
energy ηk at T = 0 (full line). For
comparison the Fermi function (dashed
line) at T = Tc is also drawn

T = 0. Both curves drop steeply at EF. The width is roughly determined
by ∆0 in both cases. The shape of the function (10.89) demonstrates that the
interaction of the electrons with virtual phonons gives rise to an occupation
of states above the Fermi energy, resulting in a kinetic energy of the system
higher than in the normal state.

Even though the kinetic energy of the electrons is enhanced, energy is
gained by the transition from the normal to the superconducting state due
to the lowering of the potential energy. The difference between the (free)
energy of the superconducting and the normal conducting state is the so-
called condensation energy . It has already been introduced in Sect. 10.2.1,
where it was shown that it is proportional to B2

c . Its value at T = 0 can be
found by subtracting the internal energy W n

0 = 2
∑

|k|<kF
ηk of the normal

conductor from (10.88). After some algebraic manipulations, one obtains
Wcon

V
=

W0 − W n
0

V
= −1

4
D(EF)∆2

0 . (10.90)

This result indicates that the quantity ∆0 is a measure of the condensation
energy, and that ∆0 ∝ Bc(0).

At the end of this section we calculate the magnitude of ∆0. For this
purpose, we write down (10.84) once again, use (10.85) and (10.86), and
obtain

∆0 =
V0

V

∑

k

ukvk =
1
2
V0

V

∑

k

∆0

Ek
=

1
2
V0

V

∑

k

∆0√
η2

k + ∆2
0

. (10.91)

Replacing the sum by an integral and assuming, as in the derivation of
(10.73), that the density of states at the Fermi energy is constant, we find

1 =
V0

2

!ωD∫

−!ωD

D(EF)
2

dη√
η2 + ∆2

0

=
V0 D(EF)

2
arc sinh

(
!ωD

∆0

)
. (10.92)

Consequently, ∆0 is given by

► occupation of a pair at T = 0 resamples

► when forming Cooper pairs electrons gain kinetic energy 

the Fermi function at  T = Tc

T = 0 

T = Tc
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10.2 Microscopic Theory

condensation energy

normal state internal energy

weak coupling

replace sum by integral

explains isotope effect


