10.2 Microscopic Theory

superconductivity occurs in many different materials

low transition temperatures — small energy differences matter <«—> electrons have Fermi energy'

1950 Fréhlich —— interaction between electrons and lattice can mediate attraction between electrons

(Bardeen)

Isotope effect, discovered 1950

» T, depends on atomic mass 1. x 1/vV M

» form=113u... 123 u

» lattice properties are important for superconductivity
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o
3]
©

log ( T./K)
o
[6)]
~

0.56

11SSIn ! I
= M2
/ 1238n .
Sn /
| | | 1
2.06 2.08 2.10
log (M /u)

351



SS 2024

10.2 Microscopic Theory

schematic picture
» electron passes through lattice and attracts positive ions
» positive charge density maximum occurs long after electron has passed

» a second electron is attracted, but Coulomb repulsion is small since it is far away from first electron

22,22, %A A A A A A A4,
S S S S

> O

estimated distance between electron and positive charge density maximum

s = v}t ~ 108 x 10713 cm = 1000 A

time for ions to react 1/wp
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e 10.2 Microscopic Theory

Cooper pairs

K’ e
q
kl k2
ki+k:=ki+k=K
center of mass motion Leon N. Cooper
for hK =0 phase space maximum — ki = —ky = k,
ik ok = (muwp /Fikp) K=0

\

Ok

—> Cooper pair state (k,—k)
in addition: L =0

phase space phase space
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10.2 Microscopic Theory

stationary Schrédinger equation for two interacting particles

2
—%#AH¢M+VWhW)WﬁWﬁ:EWﬁWﬁ

electron-phonon interaction

two-particle wave function

1L : 1
P(r1,m2) = SR ke = S ok — w(y)
|4 |4
T
r=(ry—rsy)
electrons are scattered constantly into new pair states

— U(r) =) AperT A, { £0 for kp <k <+/2m(Ep + hwp)/h?
AN

=0 otherwise.
probability to find a
particular pair state

insert ¥(r), multiplying with exp(—ik’ - r) and integrate
h2 k2 1
A — A Vi = FA
—— Ak + v %: k' Vik k

AN

v

Fourier transform of electron-phonon interaction
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7 MVCMP-1

approximation for electron-phonon interaction

Dy —Vo for Ep < €, € < Er 4+ hwp
L 0 otherwise

A 4

h2k? Vo
—E) A =22%" 4
(5 2) 4=y 4

Vo 1
. o R -0 )~ Ap
with 2z = h°k*/2m Apg V2 B Ag

: § Vo 1
with ZkAk_Zk/Ak' S 1:V222—E

replacing the sum with an integral, and D(E)~ D(Er) — 1=V 5 5, _ &
Z —

integration

— |8E=F — 2Fp = 215 —2 hwp e~/ VoD(Er)]

\ 1 — exp[4/VoD(Er)]| T
|

\

energy reduction per Cooper pair

Vo D(Er) < 1 weak coupling

» for Cu, Ag, K, ... Vo is small, because they are good conductors —— no superconductor since small 6E

» Al has small Vo, but high density of states at Fermi energy — superconductor with T, ~ 1 K
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BCS Theory 1957

BCS ground state
occupied

_ . 1)
tate (k 1,—k
pair state (k 1 1) X .

0)  unoccupied

spin analog representation

ne=o),  men (),

generation and annihilation of Cooper pairs

1 0 1 1
+ = — =
O Uk—l—ldk (0 0);.; o :5(0k_

A\

Pauli matrices

application of generation and annihilation operators

o |1k =0 o [0)k = L)k

0 1)k = [0)k 05 [0} =0

John Bardeen

Leon N. Cooper Robert P. Schrieffer
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7 MVCMP-1

general representation of one Cooper pair

V) = uk|0)k + vi|1)k

\ / probability that a pair state is occupied Wg = U,zc

real coefficients 5
~ probability that a pair state is unoccupied Uz =

BCSground state 1" = 0
@) =[] I = H(uk|0>k F 'Uk|1>k>
k k

Hamiltonian
Ne — h2k2/2m — EF

_ W _
H = 227”"0-;:0-’{7 — VZO';:O',Q;
k \ k,k’ \

kinetic energy potential energy: electron-phonon interaction

expectation value

V
WO = (SP|H|SP> —_— W() = Z 2’0,2677]‘, e VO Z ViU Uk V!
k k' k
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probability that a pair state is occupied

wkzvzzl(l_n_k)zl e
U R T2 VR R

» occupation of a pair at T= 0 resamples
the Fermi functionat T= T,

» when forming Cooper pairs electrons gain kinetic energy

Occupation probability wy
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Electron energy Ny
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VT 10.2 Microscopic Theory

condensation energy

Wy = 2Z|k|<kF Mk normal state internal energy

/

Weon  Wo—We 1

= = —= D(Ep) A2
% v ) {\
Vo 1V0 AO ]-VO AO
Ap = — UpVE = 7= = = a3 S
P w =y =

replace sum by integral

—) VO / D(E) VO D(Er) arc sinh @
2 _|_A2 2 AO
—th
A= th2 ~ 9 hwp e—2/Vo D(Ex) explains isotope effect
sinh [VOD—(EF)] t T, < wp ox M~1/2

I
Vo D(Er) < 1 weak coupling
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