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c) grain boundaries

6.2 Heat Transport

► sapphire single crystal:  1.5 mm

► sintered Al2O3 powder   5 … 30 µm
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Fig. 6.14. (a) Refraction of a sound wave due to the different orientations (in-
dicated by their c-axis) of adjacent crystallites. The thickness of the tinted drawn
grain boundary is neglected since it is, in general, much smaller than the wave-
length of low-temperature thermal phonons. (b) Comparison between the thermal
conductivity of a single crystal of sapphire and a sintered powder of Al2O3 with a
mean grain size of about 20 µm [280]

the diameter of the sample (d = 1.5 mm), but in the sintered powder by the
size of the crystallites, which ranged from 5 to 30µm.

6.3 Significance of N-processes in Heat Transport

In the discussion of isotope scattering, it was mentioned that under certain
circumstances, normal processes can have an influence on the thermal con-
ductivity. Here, we consider two phenomena where N-processes play a crucial
role, namely Poiseuille flow and second sound .

6.3.1 Poiseuille Flow

If a crystal is cooled to such a low temperature that U-processes and defect
scattering can be neglected, there exists a similarity between the motion of gas
atoms and the motion of phonons. First, energy and momentum are conserved
in atomic collisions as well as in N-processes. Secondly, the number of atoms
and the average number of phonons remains unchanged in the respective
processes. The last statement sounds surprising at first glance since in a
single N-process the number of phonons is always changed. However, in the
sum of all phonon-collision processes, creation and annihilation balance one
another, and the average number of phonons is a constant. In particular, it
is possible to describe the flow of phonons through a ‘thin’ crystal like the
viscous flow of atoms through a capillary, provided that the inequality
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the diameter of the sample (d = 1.5 mm), but in the sintered powder by the
size of the crystallites, which ranged from 5 to 30µm.

6.3 Significance of N-processes in Heat Transport

In the discussion of isotope scattering, it was mentioned that under certain
circumstances, normal processes can have an influence on the thermal con-
ductivity. Here, we consider two phenomena where N-processes play a crucial
role, namely Poiseuille flow and second sound .

6.3.1 Poiseuille Flow

If a crystal is cooled to such a low temperature that U-processes and defect
scattering can be neglected, there exists a similarity between the motion of gas
atoms and the motion of phonons. First, energy and momentum are conserved
in atomic collisions as well as in N-processes. Secondly, the number of atoms
and the average number of phonons remains unchanged in the respective
processes. The last statement sounds surprising at first glance since in a
single N-process the number of phonons is always changed. However, in the
sum of all phonon-collision processes, creation and annihilation balance one
another, and the average number of phonons is a constant. In particular, it
is possible to describe the flow of phonons through a ‘thin’ crystal like the
viscous flow of atoms through a capillary, provided that the inequality
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Fig. 6.13. Thermal conductivity
of high-purity tantalum single crys-
tals. The conductivity of the un-
deformed specimen (full squares) is
much higher than that of the de-
formed sample (full circles) with a
dislocation density of 4 × 1014 m−2

[279]

are known (or can be taken from the fit of the undeformed sample). The
mean free path ℓ was calculated from (6.33) using A = 1.5 × 10−6 m s−1,
ω0 = 2 × 1011 s−1, and β = 0.15, in agreement with the theory of kink
oscillations [279].

Finally, we note that at present no quantum-mechanical description of
the dynamics of dislocations exists, although at low temperatures thermally
activated processes do not occur and tunneling phenomena should be taken
into account.

Grain Boundaries

Although grain boundaries have a strong influence on the thermal conduc-
tivity of ‘real’ solids, no comprehensive theories exist for this phenomenon.
There is a simple reason for this. Ordinary grain boundaries are not well-
defined structural units but can rather be considered as an accumulation of
point defects and dislocations. The scattering from a low-angle grain bound-
ary is an exception for which the thermal resistance has been investigated
theoretically. We consider here briefly the refraction of phonons at ordinary
grain boundaries. As sketched in Fig. 6.14a, this effect occurs since adjacent
crystallites of polycrystalline materials are, in general, orientated differently.
At low temperatures, the wavelength of the thermal phonons is large com-
pared to the thickness of the grain boundaries. In this case, the refraction
simply leads to a mean free path ℓ ≈ L/⟨sin2 α⟩, where L is the average size
of the crystallites and α is the angle of tilt [275].

The thermal conductivity of a single crystal of sapphire and of a sintered
powder of Al2O3 is shown in Fig. 6.14b. The powder density was about 5%
smaller than that of sapphire. The low-temperature variation of the conduc-
tivity of both samples is similar, but the magnitude differs considerably below
the conductivity maximum. This difference can be understood as resulting
from the phonon mean free path in the single crystal being determined by

average size of crystallites



SS 2024
MVCMP-1

258

6.4 Influence of Normal Processes in Heat Transport

a) Poiseuille flow

N-processes are visible in heat transport experiments under special circumstances

ultralow temperatures (no umklapp processes) and low defect scattering

phonon flow in a thin crystal can be described like viscose flow of atoms in capillaries

condition: 6.3 Significance of N-processes in Heat Transport 191

ℓN ≪ d ≪ ℓR (6.34)

holds. Here, d stands for the diameter of the crystal and the capillary, respec-
tively. ℓR is the mean free path for scattering processes giving rise to thermal
resistance. If ℓD stands for the mean free path due to defect scattering, ℓR is
given by ℓ−1

R = ℓ−1
U + ℓ−1

D .
The mass flow dm/dt of a gas through a capillary is described by the

famous Hagen–Poiseuille law
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where ∇p denotes the pressure gradient, η the viscosity, and r the radius of
the capillary. Inserting the expression η = 1

3ϱ vth ℓg for the viscosity leads
to the right side of the equation. Here, vth is the average thermal velocity of
the gas atoms and ℓg their mean free path. The mass transport is limited by
viscosity or, in other words, by the transfer of momentum to the capillary
wall. The momentum transfer becomes increasingly effective with rising ℓg.

Let us now consider the Poiseuille flow in a gas of phonons. If the con-
dition (6.34) is satisfied, we may use the analogy and replace the mass
flow dm/dt in (6.35) by the heat flow Q̇ and the pressure gradient by the
temperature gradient, and obtain for the thermal conductivity the expression

− Q̇

πr2

1
|∇T | = Λ =

1
3
CV v ℓeff . (6.36)

A comparison with the Hagen–Poiseuille equation shows that, as a first
approximation, we may write leff ≈ r2/ℓN for the effective mean free path.
As in ordinary heat conduction in the Casimir regime, the heat resistance is
the result of surface scattering. However, because of the frequently occurring
N-processes, phonons perform a random walk and cover on average a dis-
tance r2/ℓN before they reach the crystal surface. This means that the mean
free path becomes much larger than the sample diameter for scattering events
that do not conserve quasimomentum. A more precise calculation leads to

Λ =
1
3

CV v
5 d2

32 ℓN
, (6.37)

i.e., the effective mean free path is enlarged by a factor 5d/32ℓN in comparison
with ordinary heat transport. Surprisingly, under this condition the thermal
conductivity varies inversely proportional to ℓN. Since ℓN ∝ T−5 (see (6.29)),
the thermal conductivity in the Poiseuille regime should exhibit the strong
temperature variation Λ ∝ T 8.

Because of the different temperature dependence of the mean free path of
N- and U-processes (ℓN ∝ T−5 and ℓU ∝ eΘ/2T ) it is, in principle, always pos-
sible to satisfy condition (6.34) in a limited temperature interval if a suitable
sample diameter is chosen. However, for real crystals the restriction (6.34) is
difficult to fulfill, and until recently Poiseuille flow has only been observed in
solid helium.
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classical gas:  Hagen-Poiseuille law
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analog equation for phonon transport (phonon gas)
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πr2

1
|∇p | =

ϱ

8
r2

η
=

3
8

1
vth

r2

ℓg
, (6.35)

where ∇p denotes the pressure gradient, η the viscosity, and r the radius of
the capillary. Inserting the expression η = 1

3ϱ vth ℓg for the viscosity leads
to the right side of the equation. Here, vth is the average thermal velocity of
the gas atoms and ℓg their mean free path. The mass transport is limited by
viscosity or, in other words, by the transfer of momentum to the capillary
wall. The momentum transfer becomes increasingly effective with rising ℓg.

Let us now consider the Poiseuille flow in a gas of phonons. If the con-
dition (6.34) is satisfied, we may use the analogy and replace the mass
flow dm/dt in (6.35) by the heat flow Q̇ and the pressure gradient by the
temperature gradient, and obtain for the thermal conductivity the expression

− Q̇

πr2

1
|∇T | = Λ =

1
3
CV v ℓeff . (6.36)

A comparison with the Hagen–Poiseuille equation shows that, as a first
approximation, we may write leff ≈ r2/ℓN for the effective mean free path.
As in ordinary heat conduction in the Casimir regime, the heat resistance is
the result of surface scattering. However, because of the frequently occurring
N-processes, phonons perform a random walk and cover on average a dis-
tance r2/ℓN before they reach the crystal surface. This means that the mean
free path becomes much larger than the sample diameter for scattering events
that do not conserve quasimomentum. A more precise calculation leads to

Λ =
1
3

CV v
5 d2

32 ℓN
, (6.37)

i.e., the effective mean free path is enlarged by a factor 5d/32ℓN in comparison
with ordinary heat transport. Surprisingly, under this condition the thermal
conductivity varies inversely proportional to ℓN. Since ℓN ∝ T−5 (see (6.29)),
the thermal conductivity in the Poiseuille regime should exhibit the strong
temperature variation Λ ∝ T 8.

Because of the different temperature dependence of the mean free path of
N- and U-processes (ℓN ∝ T−5 and ℓU ∝ eΘ/2T ) it is, in principle, always pos-
sible to satisfy condition (6.34) in a limited temperature interval if a suitable
sample diameter is chosen. However, for real crystals the restriction (6.34) is
difficult to fulfill, and until recently Poiseuille flow has only been observed in
solid helium.

effective mean free path for
N-processes for heat transport

p

p0
= e�mgh/kBT URV

mgh = kBT ln

✓
p

p0

◆
UkV

dd CV =
1

6
D0⇡

2k2BT / T UjV

d U9V

v0 = v1


1 +

2

5

✓
1 + 1

5F2

1 + F0

◆�
U8V

(1 + x� 1)2 UeV

q  ! ! UdV

�T b= �p U3V

Q̇ b= ṁ UNV
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scattering with walls

p

p0
= e�mgh/kBT URV

mgh = kBT ln

✓
p

p0

◆
UkV

dd CV =
1

6
D0⇡

2k2BT / T UjV

d U9V

v0 = v1


1 +

2

5

✓
1 + 1

5F2

1 + F0

◆�
U8V

`g < r UeV

q  ! ! UdV

�T b= �p U3V

Q̇ b= ṁ UNV
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6.4 Influence of Normal Processes in Heat Transport

Interpretation:  heat resistance by scattering at the surface, but
each phonon has to travel the statistical path
because of very frequent N-processes before it reaches 
the surface  

the observed mean free path in transport measurements are longer than the sample diameter

6.3 Significance of N-processes in Heat Transport 191

ℓN ≪ d ≪ ℓR (6.34)

holds. Here, d stands for the diameter of the crystal and the capillary, respec-
tively. ℓR is the mean free path for scattering processes giving rise to thermal
resistance. If ℓD stands for the mean free path due to defect scattering, ℓR is
given by ℓ−1

R = ℓ−1
U + ℓ−1

D .
The mass flow dm/dt of a gas through a capillary is described by the

famous Hagen–Poiseuille law

− ṁ

πr2

1
|∇p | =

ϱ

8
r2

η
=

3
8

1
vth

r2

ℓg
, (6.35)

where ∇p denotes the pressure gradient, η the viscosity, and r the radius of
the capillary. Inserting the expression η = 1

3ϱ vth ℓg for the viscosity leads
to the right side of the equation. Here, vth is the average thermal velocity of
the gas atoms and ℓg their mean free path. The mass transport is limited by
viscosity or, in other words, by the transfer of momentum to the capillary
wall. The momentum transfer becomes increasingly effective with rising ℓg.

Let us now consider the Poiseuille flow in a gas of phonons. If the con-
dition (6.34) is satisfied, we may use the analogy and replace the mass
flow dm/dt in (6.35) by the heat flow Q̇ and the pressure gradient by the
temperature gradient, and obtain for the thermal conductivity the expression

− Q̇

πr2

1
|∇T | = Λ =

1
3
CV v ℓeff . (6.36)

A comparison with the Hagen–Poiseuille equation shows that, as a first
approximation, we may write leff ≈ r2/ℓN for the effective mean free path.
As in ordinary heat conduction in the Casimir regime, the heat resistance is
the result of surface scattering. However, because of the frequently occurring
N-processes, phonons perform a random walk and cover on average a dis-
tance r2/ℓN before they reach the crystal surface. This means that the mean
free path becomes much larger than the sample diameter for scattering events
that do not conserve quasimomentum. A more precise calculation leads to

Λ =
1
3

CV v
5 d2

32 ℓN
, (6.37)

i.e., the effective mean free path is enlarged by a factor 5d/32ℓN in comparison
with ordinary heat transport. Surprisingly, under this condition the thermal
conductivity varies inversely proportional to ℓN. Since ℓN ∝ T−5 (see (6.29)),
the thermal conductivity in the Poiseuille regime should exhibit the strong
temperature variation Λ ∝ T 8.

Because of the different temperature dependence of the mean free path of
N- and U-processes (ℓN ∝ T−5 and ℓU ∝ eΘ/2T ) it is, in principle, always pos-
sible to satisfy condition (6.34) in a limited temperature interval if a suitable
sample diameter is chosen. However, for real crystals the restriction (6.34) is
difficult to fulfill, and until recently Poiseuille flow has only been observed in
solid helium.
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holds. Here, d stands for the diameter of the crystal and the capillary, respec-
tively. ℓR is the mean free path for scattering processes giving rise to thermal
resistance. If ℓD stands for the mean free path due to defect scattering, ℓR is
given by ℓ−1

R = ℓ−1
U + ℓ−1

D .
The mass flow dm/dt of a gas through a capillary is described by the
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where ∇p denotes the pressure gradient, η the viscosity, and r the radius of
the capillary. Inserting the expression η = 1

3ϱ vth ℓg for the viscosity leads
to the right side of the equation. Here, vth is the average thermal velocity of
the gas atoms and ℓg their mean free path. The mass transport is limited by
viscosity or, in other words, by the transfer of momentum to the capillary
wall. The momentum transfer becomes increasingly effective with rising ℓg.

Let us now consider the Poiseuille flow in a gas of phonons. If the con-
dition (6.34) is satisfied, we may use the analogy and replace the mass
flow dm/dt in (6.35) by the heat flow Q̇ and the pressure gradient by the
temperature gradient, and obtain for the thermal conductivity the expression
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A comparison with the Hagen–Poiseuille equation shows that, as a first
approximation, we may write leff ≈ r2/ℓN for the effective mean free path.
As in ordinary heat conduction in the Casimir regime, the heat resistance is
the result of surface scattering. However, because of the frequently occurring
N-processes, phonons perform a random walk and cover on average a dis-
tance r2/ℓN before they reach the crystal surface. This means that the mean
free path becomes much larger than the sample diameter for scattering events
that do not conserve quasimomentum. A more precise calculation leads to

Λ =
1
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CV v
5 d2

32 ℓN
, (6.37)

i.e., the effective mean free path is enlarged by a factor 5d/32ℓN in comparison
with ordinary heat transport. Surprisingly, under this condition the thermal
conductivity varies inversely proportional to ℓN. Since ℓN ∝ T−5 (see (6.29)),
the thermal conductivity in the Poiseuille regime should exhibit the strong
temperature variation Λ ∝ T 8.

Because of the different temperature dependence of the mean free path of
N- and U-processes (ℓN ∝ T−5 and ℓU ∝ eΘ/2T ) it is, in principle, always pos-
sible to satisfy condition (6.34) in a limited temperature interval if a suitable
sample diameter is chosen. However, for real crystals the restriction (6.34) is
difficult to fulfill, and until recently Poiseuille flow has only been observed in
solid helium.
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184 6 Phonons

details we would like to give a plausible argument for the strong tempera-
ture dependence of this scattering process. Without proof, we state that the
scattering cross section σ for phonon–phonon collisions is proportional to the
square of the strain amplitude e0 of the scattered phonons. This means that
σ ∝

∏
i ωi, where the index i denotes the participating phonons. For three-

phonon processes of thermal phonons we thus obtain σ ∝ ω1ω2ω3 ∝ T 3. At
low temperatures the number density ñ of the dominant phonons increases
proportional to T 2 since the phonon density of states is proportional to ω2. In
this way, it follows from (6.26) that the inverse mean free path for N-processes
should obey the relation

ℓ−1
N ∝ T 5 . (6.29)

Umklapp Processes

It is possible for q3 to lie outside the first Brillouin zone even if three phonons
take part, as in the N-process. In this case, the addition of a reciprocal lattice
vector brings the wave vector of the generated phonon back into the first zone.
However, the total quasimomentum P is changed by these umklapp processes
and consequently the heat flow is degraded.

At high temperatures, the overwhelming number of excited phonons are
phonons with a frequency close to the Debye frequency ωD and a wave vector
comparable with that of the zone boundary. As a consequence, virtually every
collision leads to a final state outside the Brillouin zone and is therefore an
umklapp process. At T > Θ the number of thermally excited phonons and
hence the density of scattering centers ñ rises proportional to T . Since the
frequency of the dominant phonons is ωD that does not change with temper-
ature, the cross section σ for the phonon–phonon collisions is constant. Thus
(6.26) leads to a phonon mean free path ℓU limited by umklapp scattering
that varies as ℓU ∝ T−1, and it follows from (6.20) that Λ ∝ T−1 since CV is
approximately constant at high temperatures. It should be noted that there
is a gradual transition from N-processes to U-processes, i.e., from ℓ ∝ T−5 to
ℓ ∝ T−1.

Umklapp processes are only possible if the colliding phonons carry high
enough momenta. Roughly speaking, this condition is fulfilled for phonons
with the frequency ω > ωD/2. At intermediate temperatures, i.e., below the
Debye temperature, the number of phonons with energy !ωD/2 decreases
rapidly on cooling. The probability for finding such phonons follows from the
occupation number f(ω, T ). Since !ωD > kBT , we may use the approxima-
tion f(ω, T ) = [exp(!ωD/2kBT ) − 1]−1 ≈ exp(−!ωD/2kBT ) = exp(−Θ/2T ),
meaning that the density ñ of the relevant phonons varies exponentially
with temperature. This exponential temperature dependence dominates the
weaker dependence on temperature of σ and CV with the result that

Λ ∝ ℓU ∝ eΘ/2T . (6.30)
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ℓN ≪ d ≪ ℓR (6.34)

holds. Here, d stands for the diameter of the crystal and the capillary, respec-
tively. ℓR is the mean free path for scattering processes giving rise to thermal
resistance. If ℓD stands for the mean free path due to defect scattering, ℓR is
given by ℓ−1

R = ℓ−1
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The mass flow dm/dt of a gas through a capillary is described by the
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where ∇p denotes the pressure gradient, η the viscosity, and r the radius of
the capillary. Inserting the expression η = 1

3ϱ vth ℓg for the viscosity leads
to the right side of the equation. Here, vth is the average thermal velocity of
the gas atoms and ℓg their mean free path. The mass transport is limited by
viscosity or, in other words, by the transfer of momentum to the capillary
wall. The momentum transfer becomes increasingly effective with rising ℓg.

Let us now consider the Poiseuille flow in a gas of phonons. If the con-
dition (6.34) is satisfied, we may use the analogy and replace the mass
flow dm/dt in (6.35) by the heat flow Q̇ and the pressure gradient by the
temperature gradient, and obtain for the thermal conductivity the expression
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A comparison with the Hagen–Poiseuille equation shows that, as a first
approximation, we may write leff ≈ r2/ℓN for the effective mean free path.
As in ordinary heat conduction in the Casimir regime, the heat resistance is
the result of surface scattering. However, because of the frequently occurring
N-processes, phonons perform a random walk and cover on average a dis-
tance r2/ℓN before they reach the crystal surface. This means that the mean
free path becomes much larger than the sample diameter for scattering events
that do not conserve quasimomentum. A more precise calculation leads to
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i.e., the effective mean free path is enlarged by a factor 5d/32ℓN in comparison
with ordinary heat transport. Surprisingly, under this condition the thermal
conductivity varies inversely proportional to ℓN. Since ℓN ∝ T−5 (see (6.29)),
the thermal conductivity in the Poiseuille regime should exhibit the strong
temperature variation Λ ∝ T 8.

Because of the different temperature dependence of the mean free path of
N- and U-processes (ℓN ∝ T−5 and ℓU ∝ eΘ/2T ) it is, in principle, always pos-
sible to satisfy condition (6.34) in a limited temperature interval if a suitable
sample diameter is chosen. However, for real crystals the restriction (6.34) is
difficult to fulfill, and until recently Poiseuille flow has only been observed in
solid helium.
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192 6 Phonons

Here, the question arises why Poiseuille flow is not found in ‘ordinary’
crystals like silicon, which can be produced with nearly perfect quality. The
transport of heat is accompanied by the flow of quasimomentum from the
core of the sample to its surface. If p is the average number of scattering
events taking place before the surface is reached, the inequality ℓR > p ℓN has
to be satisfied in order to have a negligible influence of resistive processes.
As indicated above, the momentum transfer is caused by a random walk
of the heat-carrying phonons, i.e., we may write r ≈ √

p ℓN. Consequently,
ℓR > r2/ℓN has to be satisfied. From (6.34) it follows that ℓN ≪ r, meaning
that ℓN should be as small as possible, and ℓR as large as possible.

Because the two inequalities are difficult to meet simultaneously, Poiseuille
flow has only been found in solid 4He [281, 282] and 3He [283], and re-
cently in the quasi-one-dimensional single crystals Ta1−xNbxSe4I with x = 0,
0.008 and 0.01 [284]. Measurements of the thermal conductivity of 4He and
3He crystals are shown in Fig. 6.15. In 4He crystals it was found that between
0.5 K and 0.8 K the conductivity varies as Λ ∝ T 6, i.e., the temperature vari-
ation is much stronger than the T 3-dependence known from the Casimir
regime. Measurements on solid 3He also indicate the occurrence of Poiseuille
flow (curves A to C) just below the conductivity maximum, although the
effect is less pronounced. In the measurement of curve D, Poiseuille flow was
suppressed by the presence of 100 ppm 4He impurities, i.e., by isotope scat-
tering.
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Fig. 6.15. Thermal conductivity of solid helium. (a) Measurement on solid 4He
[285]. (b) Measurement on solid 3He at different pressures (A to C). Curve D was
obtained on 3He doped with 100 ppm 4He [283]

From an analysis of the 4He data, not only ℓeff but also ℓN can be deter-
mined [285]. The result is shown in Fig. 6.16. It demonstrates unambiguously
that within a certain temperature range, ℓeff exceeds the diameter of the sam-
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From an analysis of the 4He data, not only ℓeff but also ℓN can be deter-
mined [285]. The result is shown in Fig. 6.16. It demonstrates unambiguously
that within a certain temperature range, ℓeff exceeds the diameter of the sam-

experimental evidence

► steeper than T 3 temperature dependence observed

► temperature dependence is T 6 instead of T 8

► only small temperature range     

► A,B,C crystals with different densities
► D contains 100 ppm 4He
► slightly steeper temperature dependence     

as T 3
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analysis of 4He data
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ple considerably. Below 0.5 K, ℓeff approaches the Casimir limit. Although
the temperature variation of Λ is much stronger than T 3, it is weaker than ex-
pected. From Λ ∝ T 6, it follows that ℓN is proportional to T 3 rather than T 5.
Because experimental data are only available in a narrow temperature range
(0.5 to 0.8 K), it is difficult to deduce the correct power law. In addition,
the crystals investigated in these studies were possibly not completely free of
dislocations. Scattering by dislocations reduces the temperature dependence
of the conductivity and hence masks the temperature variation of ℓN. In fact,
in different experiments the temperature dependence of ℓN deduced from the
data, was found to vary within the range ℓN ∝ T 3−5 [286].
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Fig. 6.16. Temperature dependence of
the mean free paths. ℓeff (squares) and
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the thermal conductivity of solid 4He.
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respectively [285]

6.3.2 Second Sound

In Sect. 2.1.2, we discussed the occurrence of second sound in superfluid
helium. As we shall see, it can also be observed in solids. Sound waves in gases
are density waves propagating with the velocity vs, which can be estimated
via the simple relation

vs ≈
1√
3

vth , (6.38)

where vth is the average thermal velocity of the gas atoms. Similarly, second
sound may be considered as a density wave in a phonon gas. Because of this
analogy the velocity v2 of second sound can also be expressed by (6.38) after
replacing the velocity of the gas atoms by the velocity of phonons:

v2 ≈ 1√
3

vs . (6.39)

It should be pointed out that this picture is only applicable if resistive scat-
tering processes can be neglected.

► separation of        and
► instead of
► possible explanation: influence of dislocations 
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ℓN ≪ d ≪ ℓR (6.34)

holds. Here, d stands for the diameter of the crystal and the capillary, respec-
tively. ℓR is the mean free path for scattering processes giving rise to thermal
resistance. If ℓD stands for the mean free path due to defect scattering, ℓR is
given by ℓ−1

R = ℓ−1
U + ℓ−1

D .
The mass flow dm/dt of a gas through a capillary is described by the

famous Hagen–Poiseuille law

− ṁ

πr2

1
|∇p | =

ϱ

8
r2

η
=

3
8

1
vth

r2

ℓg
, (6.35)

where ∇p denotes the pressure gradient, η the viscosity, and r the radius of
the capillary. Inserting the expression η = 1

3ϱ vth ℓg for the viscosity leads
to the right side of the equation. Here, vth is the average thermal velocity of
the gas atoms and ℓg their mean free path. The mass transport is limited by
viscosity or, in other words, by the transfer of momentum to the capillary
wall. The momentum transfer becomes increasingly effective with rising ℓg.

Let us now consider the Poiseuille flow in a gas of phonons. If the con-
dition (6.34) is satisfied, we may use the analogy and replace the mass
flow dm/dt in (6.35) by the heat flow Q̇ and the pressure gradient by the
temperature gradient, and obtain for the thermal conductivity the expression

− Q̇

πr2

1
|∇T | = Λ =

1
3
CV v ℓeff . (6.36)

A comparison with the Hagen–Poiseuille equation shows that, as a first
approximation, we may write leff ≈ r2/ℓN for the effective mean free path.
As in ordinary heat conduction in the Casimir regime, the heat resistance is
the result of surface scattering. However, because of the frequently occurring
N-processes, phonons perform a random walk and cover on average a dis-
tance r2/ℓN before they reach the crystal surface. This means that the mean
free path becomes much larger than the sample diameter for scattering events
that do not conserve quasimomentum. A more precise calculation leads to

Λ =
1
3

CV v
5 d2

32 ℓN
, (6.37)

i.e., the effective mean free path is enlarged by a factor 5d/32ℓN in comparison
with ordinary heat transport. Surprisingly, under this condition the thermal
conductivity varies inversely proportional to ℓN. Since ℓN ∝ T−5 (see (6.29)),
the thermal conductivity in the Poiseuille regime should exhibit the strong
temperature variation Λ ∝ T 8.

Because of the different temperature dependence of the mean free path of
N- and U-processes (ℓN ∝ T−5 and ℓU ∝ eΘ/2T ) it is, in principle, always pos-
sible to satisfy condition (6.34) in a limited temperature interval if a suitable
sample diameter is chosen. However, for real crystals the restriction (6.34) is
difficult to fulfill, and until recently Poiseuille flow has only been observed in
solid helium.
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Here, the question arises why Poiseuille flow is not found in ‘ordinary’
crystals like silicon, which can be produced with nearly perfect quality. The
transport of heat is accompanied by the flow of quasimomentum from the
core of the sample to its surface. If p is the average number of scattering
events taking place before the surface is reached, the inequality ℓR > p ℓN has
to be satisfied in order to have a negligible influence of resistive processes.
As indicated above, the momentum transfer is caused by a random walk
of the heat-carrying phonons, i.e., we may write r ≈ √

p ℓN. Consequently,
ℓR > r2/ℓN has to be satisfied. From (6.34) it follows that ℓN ≪ r, meaning
that ℓN should be as small as possible, and ℓR as large as possible.

Because the two inequalities are difficult to meet simultaneously, Poiseuille
flow has only been found in solid 4He [281, 282] and 3He [283], and re-
cently in the quasi-one-dimensional single crystals Ta1−xNbxSe4I with x = 0,
0.008 and 0.01 [284]. Measurements of the thermal conductivity of 4He and
3He crystals are shown in Fig. 6.15. In 4He crystals it was found that between
0.5 K and 0.8 K the conductivity varies as Λ ∝ T 6, i.e., the temperature vari-
ation is much stronger than the T 3-dependence known from the Casimir
regime. Measurements on solid 3He also indicate the occurrence of Poiseuille
flow (curves A to C) just below the conductivity maximum, although the
effect is less pronounced. In the measurement of curve D, Poiseuille flow was
suppressed by the presence of 100 ppm 4He impurities, i.e., by isotope scat-
tering.
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Fig. 6.15. Thermal conductivity of solid helium. (a) Measurement on solid 4He
[285]. (b) Measurement on solid 3He at different pressures (A to C). Curve D was
obtained on 3He doped with 100 ppm 4He [283]

From an analysis of the 4He data, not only ℓeff but also ℓN can be deter-
mined [285]. The result is shown in Fig. 6.16. It demonstrates unambiguously
that within a certain temperature range, ℓeff exceeds the diameter of the sam-

crystal radius number of scattering 
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at the same time no scattering processes leading to heat resistance should occur

(i)
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to the right side of the equation. Here, vth is the average thermal velocity of
the gas atoms and ℓg their mean free path. The mass transport is limited by
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A comparison with the Hagen–Poiseuille equation shows that, as a first
approximation, we may write leff ≈ r2/ℓN for the effective mean free path.
As in ordinary heat conduction in the Casimir regime, the heat resistance is
the result of surface scattering. However, because of the frequently occurring
N-processes, phonons perform a random walk and cover on average a dis-
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free path becomes much larger than the sample diameter for scattering events
that do not conserve quasimomentum. A more precise calculation leads to
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i.e., the effective mean free path is enlarged by a factor 5d/32ℓN in comparison
with ordinary heat transport. Surprisingly, under this condition the thermal
conductivity varies inversely proportional to ℓN. Since ℓN ∝ T−5 (see (6.29)),
the thermal conductivity in the Poiseuille regime should exhibit the strong
temperature variation Λ ∝ T 8.

Because of the different temperature dependence of the mean free path of
N- and U-processes (ℓN ∝ T−5 and ℓU ∝ eΘ/2T ) it is, in principle, always pos-
sible to satisfy condition (6.34) in a limited temperature interval if a suitable
sample diameter is chosen. However, for real crystals the restriction (6.34) is
difficult to fulfill, and until recently Poiseuille flow has only been observed in
solid helium.

192 6 Phonons

Here, the question arises why Poiseuille flow is not found in ‘ordinary’
crystals like silicon, which can be produced with nearly perfect quality. The
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to be satisfied in order to have a negligible influence of resistive processes.
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that ℓN should be as small as possible, and ℓR as large as possible.

Because the two inequalities are difficult to meet simultaneously, Poiseuille
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cently in the quasi-one-dimensional single crystals Ta1−xNbxSe4I with x = 0,
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3He crystals are shown in Fig. 6.15. In 4He crystals it was found that between
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Fig. 6.15. Thermal conductivity of solid helium. (a) Measurement on solid 4He
[285]. (b) Measurement on solid 3He at different pressures (A to C). Curve D was
obtained on 3He doped with 100 ppm 4He [283]

From an analysis of the 4He data, not only ℓeff but also ℓN can be deter-
mined [285]. The result is shown in Fig. 6.16. It demonstrates unambiguously
that within a certain temperature range, ℓeff exceeds the diameter of the sam-
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ℓN ≪ d ≪ ℓR (6.34)

holds. Here, d stands for the diameter of the crystal and the capillary, respec-
tively. ℓR is the mean free path for scattering processes giving rise to thermal
resistance. If ℓD stands for the mean free path due to defect scattering, ℓR is
given by ℓ−1

R = ℓ−1
U + ℓ−1

D .
The mass flow dm/dt of a gas through a capillary is described by the

famous Hagen–Poiseuille law
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where ∇p denotes the pressure gradient, η the viscosity, and r the radius of
the capillary. Inserting the expression η = 1

3ϱ vth ℓg for the viscosity leads
to the right side of the equation. Here, vth is the average thermal velocity of
the gas atoms and ℓg their mean free path. The mass transport is limited by
viscosity or, in other words, by the transfer of momentum to the capillary
wall. The momentum transfer becomes increasingly effective with rising ℓg.

Let us now consider the Poiseuille flow in a gas of phonons. If the con-
dition (6.34) is satisfied, we may use the analogy and replace the mass
flow dm/dt in (6.35) by the heat flow Q̇ and the pressure gradient by the
temperature gradient, and obtain for the thermal conductivity the expression

− Q̇

πr2

1
|∇T | = Λ =

1
3
CV v ℓeff . (6.36)

A comparison with the Hagen–Poiseuille equation shows that, as a first
approximation, we may write leff ≈ r2/ℓN for the effective mean free path.
As in ordinary heat conduction in the Casimir regime, the heat resistance is
the result of surface scattering. However, because of the frequently occurring
N-processes, phonons perform a random walk and cover on average a dis-
tance r2/ℓN before they reach the crystal surface. This means that the mean
free path becomes much larger than the sample diameter for scattering events
that do not conserve quasimomentum. A more precise calculation leads to

Λ =
1
3

CV v
5 d2

32 ℓN
, (6.37)

i.e., the effective mean free path is enlarged by a factor 5d/32ℓN in comparison
with ordinary heat transport. Surprisingly, under this condition the thermal
conductivity varies inversely proportional to ℓN. Since ℓN ∝ T−5 (see (6.29)),
the thermal conductivity in the Poiseuille regime should exhibit the strong
temperature variation Λ ∝ T 8.

Because of the different temperature dependence of the mean free path of
N- and U-processes (ℓN ∝ T−5 and ℓU ∝ eΘ/2T ) it is, in principle, always pos-
sible to satisfy condition (6.34) in a limited temperature interval if a suitable
sample diameter is chosen. However, for real crystals the restriction (6.34) is
difficult to fulfill, and until recently Poiseuille flow has only been observed in
solid helium.
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6.4 Influence of Normal Processes in Heat Transport

conditions:

pulse length

can be fulfilled more easily than 
condition of Poiseuille flow  if 

► no umklapp processes, no defect scattering
►

194 6 Phonons

Experiments investigating the propagation of second sound are generally
carried out with heat pulses such that the collision time τN = ℓN/vs for
N-processes is much shorter than the duration tp of the heat pulse. Therefore,
the inequality

ℓN ≪ vstp ≪ ℓR (6.40)

has to be satisfied. From a comparison of (6.34) and (6.40) it is obvious
that the latter condition is less restrictive. If ℓR ≫ ℓN, in principle, only the
duration of the heat pulse has to be adjusted to allow the observation of
second sound. However, it turns out that the temperature range over which
these conditions can be met, is rather narrow. Only a few elements and
compounds are potential candidates for second-sound propagation because
isotope scattering also destroys the conservation of quasimomentum. Second
sound has been observed in solid 3He [287] and 4He [288] as well as in NaF
[289] and Bi [290].

A typical setup used in second-sound experiments in solids is schemati-
cally shown in Fig. 6.17. A short heat pulse with a duration of the order of a
microsecond is generated with a heater. The pulse travels across the sample
with the characteristic velocity v2 and is detected by the bolometer on the
other side of the sample. Alternatively, it is possible to generate temperature
waves using a periodic excitation of the heater.

Heater

Sample

Bolometer

Fig. 6.17. Schematic drawing of an ex-
perimental setup to investigate second
sound in solids

As an example of second-sound propagation in solids, we show in Fig. 6.18
a measurement on the same NaF crystal that exhibited the especially high
maximum thermal conductivity of 240 W cm−1 K−1 shown in Fig. 6.8. The
‘temperature window’ for the observation of second sound was between 13 K
and 17 K in this experiment. At 9 K the propagation of phonons is ballistic,
i.e., N-processes do not occur frequently enough and phonons travel from the
heater to the bolometer virtually without interaction. At low temperatures,
the detector signal exhibits two maxima that can be ascribed to longitudinal
and transverse phonons (see the following Sect. 6.4). With increasing tem-
perature the first maximum gradually disappears, and above 11 K the second
maximum shifts towards longer delay times. Within a narrow temperature
range the heat pulse travels with the characteristic velocity v2. At higher
temperatures (T > 17 K) U-processes become important, the propagation of
phonons becomes diffusive, and the second-sound signal disappears.
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compounds are potential candidates for second-sound propagation because
isotope scattering also destroys the conservation of quasimomentum. Second
sound has been observed in solid 3He [287] and 4He [288] as well as in NaF
[289] and Bi [290].

A typical setup used in second-sound experiments in solids is schemati-
cally shown in Fig. 6.17. A short heat pulse with a duration of the order of a
microsecond is generated with a heater. The pulse travels across the sample
with the characteristic velocity v2 and is detected by the bolometer on the
other side of the sample. Alternatively, it is possible to generate temperature
waves using a periodic excitation of the heater.
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As an example of second-sound propagation in solids, we show in Fig. 6.18
a measurement on the same NaF crystal that exhibited the especially high
maximum thermal conductivity of 240 W cm−1 K−1 shown in Fig. 6.8. The
‘temperature window’ for the observation of second sound was between 13 K
and 17 K in this experiment. At 9 K the propagation of phonons is ballistic,
i.e., N-processes do not occur frequently enough and phonons travel from the
heater to the bolometer virtually without interaction. At low temperatures,
the detector signal exhibits two maxima that can be ascribed to longitudinal
and transverse phonons (see the following Sect. 6.4). With increasing tem-
perature the first maximum gradually disappears, and above 11 K the second
maximum shifts towards longer delay times. Within a narrow temperature
range the heat pulse travels with the characteristic velocity v2. At higher
temperatures (T > 17 K) U-processes become important, the propagation of
phonons becomes diffusive, and the second-sound signal disappears.
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Fig. 6.18. Bolometer signal regis-
tered in a heat-pulse experiment on
a NaF crystal. The tinted regions
observed at temperatures between
13 K and 17.5 K are attributed to
second sound [291]

6.4 Ballistic Propagation of Phonons

If crystals are cooled to sufficiently low temperatures, N-processes die out
and finally phonons propagate ballistically. In Fig. 6.19, two possible exper-
imental arrangements for the investigation of ballistic phonons are depicted
schematically. In one case (see Fig. 6.19a), a small metal film is evaporated
onto a disc-shaped sample and serves as a heater. Because the film has a low
heat capacity, short heat pulses can be generated and detected on the other
side of the sample by a fast superconducting bolometer or tunnel junction
(see Sect. 10.3.6). In Fig. 6.19b, a setup is shown that is used in so-called
phonon-focusing experiments. One side of the sample is covered by a thin
metal film that is heated by a focused laser pulse. Again, a bolometer is used
for the heat-pulse detection on the other side. While the detector is fixed, the
laser beam scans over the surface, thus providing a movable heat source. As
we shall see, in such an experiment two-dimensional images can be generated
that reflect the elastic anisotropy of crystals.

6.4.1 Time-Resolved Measurements of Phonon Propagation

The time ti = d/vi needed by phonons to travel through the sample of thick-
ness d from the heater to the detector (see Fig. 6.19a) depends on their
polarization, where the index i labels the phonon branch. The detector sig-
nal produced by heat pulses propagating along the [111] direction of InSb
crystals is shown in Fig. 6.20. In pure samples (upper trace) two heat pulses
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As an example of second-sound propagation in solids, we show in Fig. 6.18
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maximum thermal conductivity of 240 W cm−1 K−1 shown in Fig. 6.8. The
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range the heat pulse travels with the characteristic velocity v2. At higher
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► T  = 9 K à ballistic propagation:        too long
► T >  17 K  à diffusive phonon scattering
► 9 K < T < 17 K à indications for second sound
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6.5 Ballistic Propagation of Phonons

196 6 Phonons
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Fig. 6.19. Schematic drawings of experimental arrangements for heat-pulse exper-
iments. (a) Setup for time-resolved measurements, (b) setup for phonon-focusing
experiments

can clearly be distinguished, which are attributed to longitudinal and trans-
verse phonons. Only a single pulse of transverse phonons is observed because
the two transverse branches are degenerate in InSb along this direction.

The main purpose of this experiment was the investigation of the polariza-
tion dependence of the electron–phonon interaction [292]. Electrons couple to
lattice vibrations via density changes. Since pure transverse phonons produce
no change in density, it is expected that in metals or semiconductors with
a spherical Fermi surface, only longitudinal phonons couple to electrons. To
test this prediction, heat-pulse propagation was first studied in a nominally
pure InSb sample (impurity content n ≈ 2 × 1014 cm−3). A strong signal
due to longitudinal (L) phonons was found. In the n-doped sample (donor
concentration n ≈ 5 × 1017 cm−3), however, the longitudinal heat pulse was
strongly attenuated because of the strong electron–phonon interaction. In
contrast, transverse (T) phonons are hardly influenced by the presence of
electrons.
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Fig. 6.20. Propagation of heat pulses in
pure and n-doped InSb at 1.68 K. Heat
pulses were generated in a gold film of 450 Å
thickness and detected by a superconduct-
ing Al-Sn bolometer [292]
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tered in a heat-pulse experiment on
a NaF crystal. The tinted regions
observed at temperatures between
13 K and 17.5 K are attributed to
second sound [291]

6.4 Ballistic Propagation of Phonons

If crystals are cooled to sufficiently low temperatures, N-processes die out
and finally phonons propagate ballistically. In Fig. 6.19, two possible exper-
imental arrangements for the investigation of ballistic phonons are depicted
schematically. In one case (see Fig. 6.19a), a small metal film is evaporated
onto a disc-shaped sample and serves as a heater. Because the film has a low
heat capacity, short heat pulses can be generated and detected on the other
side of the sample by a fast superconducting bolometer or tunnel junction
(see Sect. 10.3.6). In Fig. 6.19b, a setup is shown that is used in so-called
phonon-focusing experiments. One side of the sample is covered by a thin
metal film that is heated by a focused laser pulse. Again, a bolometer is used
for the heat-pulse detection on the other side. While the detector is fixed, the
laser beam scans over the surface, thus providing a movable heat source. As
we shall see, in such an experiment two-dimensional images can be generated
that reflect the elastic anisotropy of crystals.

6.4.1 Time-Resolved Measurements of Phonon Propagation

The time ti = d/vi needed by phonons to travel through the sample of thick-
ness d from the heater to the detector (see Fig. 6.19a) depends on their
polarization, where the index i labels the phonon branch. The detector sig-
nal produced by heat pulses propagating along the [111] direction of InSb
crystals is shown in Fig. 6.20. In pure samples (upper trace) two heat pulses

time of phonon with polarization i
from heater to detector  
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6.5 Ballistic Propagation of Phonons

► samples with different doping level
► electrons interact with phonons via density variation
► longitudinal phonons: density variation à strong coupling

► transverse phonons: no density variation à no coupling 

Example: InSb,  investigation of electron-phonon coupling

a) time resolved measurements
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6.5 Ballistic Propagation of Phonons

► [110] 3 branches L, FT, ST
► [100], [111], FT, ST degenerate

2nd example:  GaAs:O, GaAs:Cr,  phonon-defect coupling is investigated
free electrons are unimportant

6.4 Ballistic Propagation of Phonons 197

As a further example, we show in Fig. 6.21 data from the propagation
of ballistic phonons in GaAs crystals. The samples, discs 2.6 mm thick, were
doped with oxygen and chromium as indicated. Heat pulses were generated
by Joule heating of a constantan film and detected with a superconducting
bolometer. In the [100] and [111] directions, the fast and the slow transverse
phonon branch (denoted by FT and ST, respectively) are degenerate. The
relative amplitudes of the signals depend on the direction of propagation,
on the density of states of the respective phonon branches and on ‘focusing
effects’ due to the elastic anisotropy of GaAs. Scattering by free electrons
was unimportant in these experiments.
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Fig. 6.21. Propagation of ballistic phonons in GaAs at 1.5 K. The specimens were
doped with oxygen and chromium [293]

Heat-pulse experiments are well suited for the investigation of point de-
fects. In the oxygen-doped samples, the phonons propagate ballistically to the
bolometer. But in the chromium-doped samples (n ≈ 1×1017 cm−3) the prop-
agation of transverse (T) phonons in the [111] direction, and the propagation
of slow transverse (ST) phonons in the [110] direction is particularly impeded.
These phonons, along with the weaker scattered longitudinal phonons, end
up in a diffusive pulse observed after a few microseconds. A closer analysis
shows that the dominant scattering mechanism is not Rayleigh scattering
but resonant interaction between phonons and chromium impurities. Since
the cross section for this process depends on the polarization and propagation
direction, information on the site symmetry of the defects can be obtained.
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effects’ due to the elastic anisotropy of GaAs. Scattering by free electrons
was unimportant in these experiments.
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Fig. 6.21. Propagation of ballistic phonons in GaAs at 1.5 K. The specimens were
doped with oxygen and chromium [293]

Heat-pulse experiments are well suited for the investigation of point de-
fects. In the oxygen-doped samples, the phonons propagate ballistically to the
bolometer. But in the chromium-doped samples (n ≈ 1×1017 cm−3) the prop-
agation of transverse (T) phonons in the [111] direction, and the propagation
of slow transverse (ST) phonons in the [110] direction is particularly impeded.
These phonons, along with the weaker scattered longitudinal phonons, end
up in a diffusive pulse observed after a few microseconds. A closer analysis
shows that the dominant scattering mechanism is not Rayleigh scattering
but resonant interaction between phonons and chromium impurities. Since
the cross section for this process depends on the polarization and propagation
direction, information on the site symmetry of the defects can be obtained.

► [100] no change
► [111]  FT, ST disappear 
► [110] ST disappears, FT reduced

► diffused phonons appear in [110], [111]
► reason: resonant scattering with Cr defects 
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As a further example, we show in Fig. 6.21 data from the propagation
of ballistic phonons in GaAs crystals. The samples, discs 2.6 mm thick, were
doped with oxygen and chromium as indicated. Heat pulses were generated
by Joule heating of a constantan film and detected with a superconducting
bolometer. In the [100] and [111] directions, the fast and the slow transverse
phonon branch (denoted by FT and ST, respectively) are degenerate. The
relative amplitudes of the signals depend on the direction of propagation,
on the density of states of the respective phonon branches and on ‘focusing
effects’ due to the elastic anisotropy of GaAs. Scattering by free electrons
was unimportant in these experiments.
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Heat-pulse experiments are well suited for the investigation of point de-
fects. In the oxygen-doped samples, the phonons propagate ballistically to the
bolometer. But in the chromium-doped samples (n ≈ 1×1017 cm−3) the prop-
agation of transverse (T) phonons in the [111] direction, and the propagation
of slow transverse (ST) phonons in the [110] direction is particularly impeded.
These phonons, along with the weaker scattered longitudinal phonons, end
up in a diffusive pulse observed after a few microseconds. A closer analysis
shows that the dominant scattering mechanism is not Rayleigh scattering
but resonant interaction between phonons and chromium impurities. Since
the cross section for this process depends on the polarization and propagation
direction, information on the site symmetry of the defects can be obtained.


