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5.1 Specific heat and phase diagram

dilute solutions of 3He in He-II (c3 < 0.15, T < 0.5 K)

► Tl depends on c3
► pure 3He: transition Fermi gas à Fermi liquid
► high T, dilute solution: classical gas with m*
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refrigerator (see Sect. 11.4), a cooling technique that is based on the proper-
ties of 3He/4He, is the fact that even at T = 0 a finite solvability of 3He in
liquid 4He exists. As we will see in Sect. 5.1.3, the reason for this extraordi-
nary behavior is the interplay of zero-point energy and binding energy. Before
we discuss this point further, we shall consider in the following section the
specific heat of dilute solutions of 3He in helium II at very low temperatures.

5.1.2 Specific Heat of Dilute Solutions of 3He in Helium II

Mixtures with 3He concentrations up to about c3 = 0.15 are often referred
to as dilute solutions of 3He in helium II. The 4He part of these solutions
behaves practically like a passive background fluid below about 0.5 K because
the normal-fluid component and thus the thermal excitations such as phonons
and rotons are negligible. The excitations in mixtures under these conditions
stem mainly from 3He atoms, which can be described as an interacting Fermi
gas. As mentioned previously, dilute solutions are an important touchstone
for theories of interacting fermions, since the quasiparticle interaction can be
varied in a well-defined way by changing the 3He concentration.

Figure 5.4 shows the temperature dependence of the specific heat of
3He/4He mixtures with low 3He concentration in comparison with the specific
heat of pure 3He and pure 4He. This plot demonstrates nicely that the specific
heat of dilute solutions at low temperatures is dominated by the contribution
from 3He atoms. Below about T = 0.5 K the specific-heat contribution of 4He
is negligible.

At very low concentrations, the 3He atoms in 3He/4He mixtures can ap-
proximately be described as a free gas in a ‘massive vacuum’. However, one
has to consider that a 3He atom in motion must constantly be displacing
4He atoms. This can be incorporated into the description by defining an
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effective mass m∗
3 for 3He atoms. The experimental value in the dilute limit,

c3 → 0, is given by m∗
3 = 2.4m3. This is about 15% lower than the effec-

tive mass of the quasiparticles in pure 3He (see Table 3.2). With increasing
3He concentration the interaction between the 3He atoms becomes important
and adds to the effective mass leading to m∗

3 ≈ 2.5m3 at c3 = 0.08. Depend-
ing on temperature and concentration, 3He in dilute solutions behaves either
as a classical gas or as a degenerate Fermi gas. According to (3.10) the Fermi
temperature is given by

TF =
!2

2m∗
3kB

(
3π2n3

)2/3 ∝ c2/3
3 , (5.3)

with the number density n3 = c3N/V for the 3He atoms. Figure 5.5 shows
the temperature dependence of the specific heat of dilute solutions of 3He in
4He at low temperatures. The transition from the classical behavior to that
of a degenerate Fermi gas takes place at roughly the temperature T ≈ TF/3.
The solid lines in Fig 5.5 represent the theoretical prediction for an ideal
Fermi gas taking into account the effective mass. The agreement between the
fit and the data is very good over the whole temperature range.
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5.1.3 Finite Solubility of 3He in Liquid 4He at T = 0

The finite solubility of 3He in 4He at absolute zero is ultimately a consequence
of the difference in the zero-point energies of 3He and 4He. As we mentioned
in Sect. 1.1, the Van der Waals potentials of both isotopes are identical. But
due to its smaller mass a 3He atom exhibits a larger zero-point motion than
a 4He atom. Therefore, it will be closer to 4He atoms than it would be to
3He atoms, and consequently, its binding to a 4He atom is stronger than a
3He–3He bond.

4He: passive background fluid
3He: “free” atoms in a quasi vacuum and effective mass   

5.1 Specific Heat, Phase Diagram and Solubility 151

effective mass m∗
3 for 3He atoms. The experimental value in the dilute limit,

c3 → 0, is given by m∗
3 = 2.4m3. This is about 15% lower than the effec-

tive mass of the quasiparticles in pure 3He (see Table 3.2). With increasing
3He concentration the interaction between the 3He atoms becomes important
and adds to the effective mass leading to m∗

3 ≈ 2.5m3 at c3 = 0.08. Depend-
ing on temperature and concentration, 3He in dilute solutions behaves either
as a classical gas or as a degenerate Fermi gas. According to (3.10) the Fermi
temperature is given by

TF =
!2

2m∗
3kB

(
3π2n3

)2/3 ∝ c2/3
3 , (5.3)

with the number density n3 = c3N/V for the 3He atoms. Figure 5.5 shows
the temperature dependence of the specific heat of dilute solutions of 3He in
4He at low temperatures. The transition from the classical behavior to that
of a degenerate Fermi gas takes place at roughly the temperature T ≈ TF/3.
The solid lines in Fig 5.5 represent the theoretical prediction for an ideal
Fermi gas taking into account the effective mass. The agreement between the
fit and the data is very good over the whole temperature range.

0 100 200
Temperature T / mK

0.00

0.02

0.04

2
C

/
3

R

-- TF
1
3

TF

-- TF
1
3

c3 = 0.013

c3 = 0.05

Fig. 5.5. Reduced specific heat
2C/3R of two 3He/4He mixtures
with different 3He concentration as
a function of temperature [224]. The
solid lines are calculated for an ideal
Fermi gas with the corresponding ef-
fective masses

5.1.3 Finite Solubility of 3He in Liquid 4He at T = 0

The finite solubility of 3He in 4He at absolute zero is ultimately a consequence
of the difference in the zero-point energies of 3He and 4He. As we mentioned
in Sect. 1.1, the Van der Waals potentials of both isotopes are identical. But
due to its smaller mass a 3He atom exhibits a larger zero-point motion than
a 4He atom. Therefore, it will be closer to 4He atoms than it would be to
3He atoms, and consequently, its binding to a 4He atom is stronger than a
3He–3He bond.

Fermi gas

► low T: transition classical gas à Fermi gas
► lines correspond to theory

p

p0
= e�mgh/kBT URV

mgh = kBT ln

✓
p

p0

◆
UkV

dd CV =
1

6
D0⇡

2k2BT / T UjV

d U9V

v0 = v1


1 +

2

5

✓
1 + 1

5F2

1 + F0

◆�
U8V

T <
1

3
TF, C / T UeV

T > TF, C / c3T
0 ( b= 3

2
R) UdV

(h̄!/�m(T )) U3V

/
r

4

5

T

Tc
UNV

G = U(1)L ⇥ U(1)S URyV

/ T

TF
S URRV

� = 4.780(2) URkV

⌫ = 0.67155(27) URjV

⌘ = 0.0380(4) UR9V

vs = �%n
%s

vn UR8V

p =
%n
%s%

 
Q̇

AST

!2
UReV

%n = %n,ph + %n,r URdV

R

high T

low T



SS 2024
MVCMP-1

242

5.1 Specific heat and phase diagram

Finite solubility of 3He in liquid 4He at T = 0

reason: difference in zero-point motion of 3He and 4He 

v. Waals interaction identical for 3He-3He and 3He-4He

but: larger zero-point motion of 3He weakens the bonding

3He 4Hestronger effective binding  for                          

compared to 3He 3He

in equilibrium on finds

dilute concentrated

► c3 = 1  for concentrated phase (pure 3He)

► necessary energy to bring one 3He atom into “vacuum”

► dilute phase:                                                      binding energy

► with increasing concentration, the effective binding energy for 3He is reduced
because of the Pauli principle                Fermi gas:  
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In equilibrium, the chemical potentials of the concentrated – or 3He-rich –
phase and the dilute – or 3He-poor – phase are equal:

µ3,d(T, c3,d) = µ3,c(T, c3,c) . (5.4)

Here, the indices d and c refer to the dilute and concentrated phase, respec-
tively. At T = 0 the concentrated phase consists of pure 3He. The energy
required to move one atom from the concentrated phase into vacuum is given
by the latent heat per atom L3(T = 0) and thus the chemical potential per
atom can by expressed by µ3,c(0, 1) = µ3(0) = −L3(0). The experimentally
determined value is µ3(0)/kB = −2.473 K [225].

In the dilute phase, E3 = −µ3,d(0, 0) is the binding energy of one
3He atom in liquid 4He at T = 0 and c3,d → 0. The stronger binding of
3He atoms in liquid 4He than in 3He is expressed by µ3,d(0, 0) > µ3(0). With
rising 3He concentration the effective binding energy per 3He atom decreases,
because of the Pauli exclusion principle. In calculating µ3,d, we must take into
account the Fermi energy EF = kBTF(c3). In addition, we have to consider
the changes in the binding energy with increasing 3He concentration, due to
the interaction between the 3He atoms. Using (5.4) we can calculate the equi-
librium concentration of 3He in liquid 4He at absolute zero via the equation

−L3(0) = −E3(0, c3) + kBTF(c3) . (5.5)

The variation of these quantities with c3 is depicted in Fig. 5.6a. The calcu-
lation of E3(0, c3) requires several assumptions. An early model that is often
used was developed by Bardeen, Baym and Pines in 1967 and is commonly
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Fig. 5.6. (a) Binding energy −E3(0, c3) and chemical potential µ3(0, c3) as a func-
tion of the 3He concentration [222]. The dashed line represents the chemical poten-
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equilibrium concentration at T = 0
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► maximum at 8.7 bar
► concentration c3 = 0.096

pressure dependence

► calculation of E3(0,c3) is not trivial
Bardeen, Baym, Pines model
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5.2 Normalfluid Component

determination of                      Andronikasvili-type experiment          

5.2 Normal-Fluid Component 153

referred to as the BBP theory [230]. The BBP theory leads to a satisfying
description at saturated vapor pressure. At low concentrations, the binding
energy decreases roughly linearly with c3. Using the BBP theory together
with the effective potential suggested by Ebner [231] allows also a qualita-
tively description to be given of the pressure dependence of the equilibrium
concentration of 3He in liquid 4He at absolute zero. One finds a maximal
solubility of roughly 9.6% at a pressure of about 8.7 bar. The pressure de-
pendence of the limiting equilibrium concentration of 3He in 4He is shown in
Fig. 5.6b.

5.2 Normal-Fluid Component

In the previous sections, we saw that one way to describe the low-temperature
properties of dilute solutions of 3He in liquid 4He is to assume that the
3He atoms act as excitations in superfluid 4He. This is the starting point of
a model developed by Landau and Pomeranchuk in 1948 [232]. They treat
the 3He atoms as quasiparticles with energy E and momentum p, similar to
phonons and rotons in helium II. Under the assumption that the interaction
between the 3He quasiparticles is negligible compared to their kinetic energy,
the excitation spectrum can be approximated by E(p) = −E3 + p2/(2m∗

3).
In the following, we will discuss two experiments that show the validity of
this picture.

5.2.1 Andronikashvili Experiment

In dilute 3He/4He mixtures, 3He atoms behave like the normal-fluid com-
ponent in superfluid 4He. This can be proven in an experiment similar to
that performed by Andronikasvili in helium II. In this experiment, 15 mica
discs with a diameter of 4 mm were used. The mica discs were mounted at
the end of a torsion pendulum separated by only 190µm from each other.
The oscillation period varied between 3 and 5 s. Figure 5.7 shows the re-
sult of such a measurement. In contrast to the behavior of pure helium II,
the normal-fluid component ϱn does not vanish at low temperatures, but
becomes constant below about 1 K. This constant value of ϱn is due to the
contribution of the 3He atoms. In further experiments, it was shown that the
constant contribution of the 3He atoms in dilute solutions is proportional to
the 3He concentration, as we would expect for noninteracting quasiparticles
(see Sect. 5.3.2). The normal-fluid density can be expressed by

ϱn = ϱn,4 + ϱ
m∗

3

m4
c3 , (5.6)

where ϱn,4 denotes the normal-fluid density of pure helium II.
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5.2 Normalfluid Component

Osmotic pressure

154 5 Mixtures of 3He and 4He
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Fig. 5.7. Normal-fluid component ϱn/ϱ
of a 3He/4He mixture with 3.3% 3He as
a function of temperature [233]

5.2.2 Osmotic Pressure

The fact that 3He atoms in dilute solutions behave like the normal-fluid
component in helium II, can also be seen in experiments in which two vessels
containing 3He/4He mixtures with different 3He concentrations are connected
via a superleak.

Starting with equal levels, but with different amounts of 3He, one ob-
serves that an osmotic pressure is quickly built up, as illustrated in Fig. 5.8.
The reason is that superfluid 4He flows through the superleak to even the
3He concentration in both vessels. The 3He atoms cannot contribute to the
reduction of the concentration gradient, because they cannot pass through
the superleak due to their viscosity. The osmotic pressure can be viewed as
being equivalent to the fountain pressure discussed in Sect. 2.2, where the dif-
ference in the normal-fluid density was established by heating. To avoid any
influence of the thermomechanical effect in the osmotic pressure experiments
both vessels are kept at the same temperature. For T → 0, a concentration
difference of one per cent leads to a difference in height of about 20 cm.

He4 Superleak
Pure

Solution

BA

capillary

Fig. 5.8. Schematic illustration of
an experimental arrangement used
to demonstrate the osmotic pressure
buildup between two vessels that are
connected via a superleak and con-
tain 3He/4He mixtures with different
3He concentrations
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The osmotic pressure Π, that 3He atoms produce in helium II, can be
described at high temperatures in the classical limit T ≫ TF by the Van’t
Hoff law . Analogous to the ideal gas law, one can write

Π = n3kBT ∝ c3T . (5.7)

For a degenerate Fermi gas at T ≪ TF, the osmotic pressure can be calcu-
lated directly from the internal energy given by (3.12). Using the relation
p = −(∂U/∂V )S,N one obtains

Π =
2
5
n3kBTF ∝ c5/3

3 = const. (5.8)

Figure 5.9 shows the osmotic pressures of dilute mixtures below 250 mK.
For the mixtures investigated, the transition from the classical behavior to
that of a degenerate Fermi gas occurs in the temperature range shown in this
graph. In addition, the expected strong dependence of the osmotic pressure
on the 3He concentration is observed.
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5.3 Sound Propagation

Without going into the details of the hydrodynamics of mixtures of 3He and
4He we will make some brief remarks on the sound propagation in these
mixtures.1 As we have seen before, the 3He atoms contribute to the normal-
fluid component. The properties of first and second sound in mixtures of
3He and 4He depend therefore on the 3He concentration c3. In the absence
of dissipation, sound propagation in 3He/4He mixtures can be described,
analogous to (2.26) and (2.27), by three coupled differential equations:
1 A nice discussion of the hydrodynamics of 3He/4He mixtures can be found in

Khalatnikov’s book [235].
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Here, the quantities µ3 and µ4 denote the chemical potentials of 3He and
4He atoms in the solution. Using this set of equations, first- and second-
sound modes in 3He/3He mixtures can be derived in a similar way to the
derivation for pure 4He that was presented in Sect. 2.2.8.

5.3.1 First Sound

In the dissipationless regime, the velocity of first sound in 3He/4He mixtures
is given by

v2
1 =

(
∂p

∂ϱ

)

S,c3

[
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ϱs

ϱn

(
∂ϱ

∂c3

c3

ϱ

)2
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. (5.12)

The propagation of first sound has been investigated in mixtures of
3He and 4He using different methods (e.g., [236–238]). Here, we discuss
data obtained at 600 MHz in Brillouin-scattering experiments, which cover
a wide range of concentrations and temperatures. In Brillouin-scattering
experiments, laser light couples to thermally excited density fluctuations
in the liquid. The wave vector q of the observed fluctuations is given by
q = 2k0 sin(Θ/2), where k0 denotes the wave vector of the incident light
and Θ the scattering angle. The sound velocity can be obtained from the
frequency shift ∆ω of the Brillouin line relative to the Rayleigh line via the
relation v1 = ∆ω/q. The wavelength of the fluctuations studied in this exper-
iment was about 350 nm. In the temperature range 0.4 K to 1.8 K, where this
experiment was carried out, this wavelength is much longer than the mean
free path of the thermal excitations. Therefore, one can use the hydrodynamic
equations of motion to describe this experiment.

Figure 5.10 shows the temperature dependence of the velocity of first
sound for mixtures with different 3He concentration derived in Brillouin-
scattering experiments. With increasing temperature the sound velocity in
helium II decreases, because of the rising density of phonons and rotons. This
general temperature dependence is also found in mixtures of 3He and 4He.
However, the presence of the 3He adds to the excitation spectrum and thus
lowers the velocity of first sound with increasing 3He concentration.
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5.3.2 Second Sound

Second sound in dilute 3He/4He mixtures was predicted by Pomeranchuk in
1949 [239]. The first experimental observation of the propagation of second
sound in mixtures of 3He and 4He was made by Lynton and Fairbank in
1950 [215].

Measurements of second sound in 3He/4He mixtures have been used to
determine the normal-fluid component. As discussed before, the 3He atoms
contribute to the normal-fluid component. At sufficiently low temperatures
the only contribution to the normal-fluid component is the 3He content and
therefore second-sound modes in dilute solutions are identical to concentra-
tion waves. In this case, second sound is equivalent to the propagation of first
sound in an ideal 3He gas. Since the variation of the 3He concentration is,
in turn, also a density variation, the coupling of first and second sound in
mixtures of 3He and 4He is enhanced compared to the situation in helium II.

In the hydrodynamic regime, and in the absence of damping, the velocity
of second sound is given by

v2
2 =
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ϱn
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S
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3
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∂c3
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ϱ
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, (5.13)

with

S = S4,0 −
kB

m4
[c3 + ln(1 − c3)] +

kB

m3
c3 . (5.14)

Figure 5.11a shows the result of a measurement of the velocity of second
sound for two solutions with very low 3He concentration, in comparison with
the second-sound velocity in helium II. Clearly, at low temperatures, very
small amounts of 3He change the velocity of second sound drastically. At
the lowest temperature, in this experiment of 40 mK, the velocity of second
sound is only v2 ≈ 10m s−1 in a 1% solution, compared to about 130 m s−1

in helium II.
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Thermal transport
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At sufficiently low temperatures, a different mechanism of heat trans-
port dominates in dilute solutions. The heat is not carried predominantly by
phonons and rotons, but by 3He quasiparticles. As we have seen in Sect. 3.1.3,
the quasiparticle interaction limits the heat flow. It is remarkable that the
cross-over between heat transport mediated by phonons and quasiparticles
takes place at very low temperatures. For example, for a solution with 1% 3He
this transition occurs for T < 25 mK.

According to (3.17), the mean free path of a degenerate Fermi gas is
given by ℓ = vFτ ∝ (TF/T )2. The heat capacity varies at low temperatures
as C ∝ T/TF and thus we obtain the following expression for the thermal
conductivity due to weakly interacting 3He quasiparticles:

Λ =
1
3
C vF ℓ ∝ c3

T
. (5.15)

Note that the Fermi velocity is given by vF = (!/m∗
3)(3π2n3)1/3, contain-

ing the effective mass of the 3He quasiparticles. According to (3.36) in the
Landau model this quantity is related to the mass of a free 3He atom by
m∗

3 = (1 + F1/3)m3. Figure 5.12 shows the results of thermal-conductivity
measurements of dilute solutions of 3He in liquid 4He. For comparison, the
data for pure 3He are shown as well. At low temperatures, one indeed finds
the expected 1/T dependence. One also can see that with rising concentration
the thermal conductivity increases, as expected.
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5.4.2 Viscosity

As a further example of the influence of 3He atoms on dynamical processes
in dilute solutions, we briefly discuss the viscosity of the normal-fluid compo-
nent. The viscosity ηn is proportional to the mean free path of the excitations
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referred to as the BBP theory [230]. The BBP theory leads to a satisfying
description at saturated vapor pressure. At low concentrations, the binding
energy decreases roughly linearly with c3. Using the BBP theory together
with the effective potential suggested by Ebner [231] allows also a qualita-
tively description to be given of the pressure dependence of the equilibrium
concentration of 3He in liquid 4He at absolute zero. One finds a maximal
solubility of roughly 9.6% at a pressure of about 8.7 bar. The pressure de-
pendence of the limiting equilibrium concentration of 3He in 4He is shown in
Fig. 5.6b.

5.2 Normal-Fluid Component

In the previous sections, we saw that one way to describe the low-temperature
properties of dilute solutions of 3He in liquid 4He is to assume that the
3He atoms act as excitations in superfluid 4He. This is the starting point of
a model developed by Landau and Pomeranchuk in 1948 [232]. They treat
the 3He atoms as quasiparticles with energy E and momentum p, similar to
phonons and rotons in helium II. Under the assumption that the interaction
between the 3He quasiparticles is negligible compared to their kinetic energy,
the excitation spectrum can be approximated by E(p) = −E3 + p2/(2m∗

3).
In the following, we will discuss two experiments that show the validity of
this picture.

5.2.1 Andronikashvili Experiment

In dilute 3He/4He mixtures, 3He atoms behave like the normal-fluid com-
ponent in superfluid 4He. This can be proven in an experiment similar to
that performed by Andronikasvili in helium II. In this experiment, 15 mica
discs with a diameter of 4 mm were used. The mica discs were mounted at
the end of a torsion pendulum separated by only 190µm from each other.
The oscillation period varied between 3 and 5 s. Figure 5.7 shows the re-
sult of such a measurement. In contrast to the behavior of pure helium II,
the normal-fluid component ϱn does not vanish at low temperatures, but
becomes constant below about 1 K. This constant value of ϱn is due to the
contribution of the 3He atoms. In further experiments, it was shown that the
constant contribution of the 3He atoms in dilute solutions is proportional to
the 3He concentration, as we would expect for noninteracting quasiparticles
(see Sect. 5.3.2). The normal-fluid density can be expressed by

ϱn = ϱn,4 + ϱ
m∗

3

m4
c3 , (5.6)

where ϱn,4 denotes the normal-fluid density of pure helium II.

3He atoms diffuse back

3He form scattering centers for  
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discs with a diameter of 4 mm were used. The mica discs were mounted at
the end of a torsion pendulum separated by only 190µm from each other.
The oscillation period varied between 3 and 5 s. Figure 5.7 shows the re-
sult of such a measurement. In contrast to the behavior of pure helium II,
the normal-fluid component ϱn does not vanish at low temperatures, but
becomes constant below about 1 K. This constant value of ϱn is due to the
contribution of the 3He atoms. In further experiments, it was shown that the
constant contribution of the 3He atoms in dilute solutions is proportional to
the 3He concentration, as we would expect for noninteracting quasiparticles
(see Sect. 5.3.2). The normal-fluid density can be expressed by

ϱn = ϱn,4 + ϱ
m∗

3

m4
c3 , (5.6)

where ϱn,4 denotes the normal-fluid density of pure helium II.

reduction of heat transport

low Temp.:    3He atoms form FG
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5.5 Search For a Superfluid Phase of 3He in Mixture

very interesting:  3 superfluid phases in the same container              4He, 3He, and dilute 3He

162 5 Mixtures of 3He and 4He

1972. A corresponding transition for 3He in dilute 3He/4He mixtures has not
yet been observed. The precise transition temperatures have proven to be
difficult to calculate. It seems clear by now, however, that such a transition
in zero magnetic field is expected in the low µK range. Whether singlet or
triplet pairing should occur, depends on the 3He concentration. Under normal
pressure, for 3He concentrations up to the solubility limit of 6.48%, singlet
pairing is favored. At higher concentrations, which can be realized under
pressure, triplet paring might also occur. A theoretical prediction for the
transition temperature into a superfluid state as a function of concentration,
calculated in the framework of the BBP model with zero magnetic field, is
shown in Fig. 5.15.
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Fig. 5.15. Calculated transition tem-
peratures into a superfluid state of 3He
in dilute 3He/4He solutions. After [244]

Note that somewhat higher transition temperatures are predicted for spin-
polarized 3He/4He mixtures. However, these temperatures are still lower than
those obtained in experiments with liquid helium so far. The lowest temper-
atures to which mixtures of 3He and 4He have been cooled are just below
100 µK. The difficulty of cooling 3He/4He solution arises mainly from the
thermal boundary resistance between the solid container and the mixture.
We will discuss the origin of this so-called Kapitza resistance in Sect. 11.4.3.
To enhance the thermal flow, large contact areas have been used, which were
realized by covering the walls with thick layers of sintered silver. However, the
occurrence of various heat leaks prevented the cooling of 3He/3He solutions
to temperatures much below 100 µK so far. Nevertheless, the minimum tem-
perature reached by 3He/4He mixtures has been constantly improved in the
last 25 years, giving hope that one day superfluidity of 3He in dilute 3He/4He
solutions will be discovered. For a review of the experimental efforts to cool
3He/4He mixtures to ultralow temperatures we refer the reader to the recent
book by Dobbs [143].

Problem: 3He/4He mixtures are hard to cool to below 200 µK because of Kapitza resistance

acoustic mismatch hinders cooling

lowest temperature so far  90 µK

cooling by melting of 4He crystal

new initiative:


