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Reminder: Evaluating Estimator Performance

Consistency: L LU EE R EEERT RS

= Does the estimate converge to the true value? N I :
lim 6 =@ ? E
n— oo E_ - —:

Bias:

= Does the average of many measurements converge : “ H :

towards the true value? Otherwise: bias b 8688 0 102 104 o8 o t(;

E[6] =6

Efficiency:

Example: Estimators for the lifetime of a particle

= How small is the uncertainty for a given amount of data | | | |
, , , Estimator Consistent? Unbiased? Efficient?
and how fast does it decrease with n”
7= Athledh  yeg yes yes
Robustness: Nttt it
T = A—=25" yes no no
= Does the estlmatorl still work if we are sllght y wrong S—_— o vos o
about the assumptions of the data (e.g. in the presence
of rare outliers)? http://www.terascale.de/e149980/index_eng.htm
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Drawing random numbers from a uniform distribution

= Draw k numbers from an even distribution between 1 and N

= The MVUE is N = (1 + k~Ym — 1, where m is the largest number in the
sample

N2

» 1he variance of the estimator is V[N | ~ =

= Known as the German tank problem

= How to estimate the total numlber of produced
units from the serial numbers of a few
investigated ones”

Month Statistical estimate  Intelligence estimate German records
June 1940 169 1,000 122
D T B 1,990 = https://en.wikipedia.org/wiki/German_tank_problem
August 1942 327 1,550 342
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ESTIMATED PRODUCTION
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The end of the world
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The doomsday argument

= Make N the total number of humans that have been and will ever been born

= Now number them consecutively by date of birth

= You are one random sample from this distribution (1)

s N=(1+kYHm-1

= m is about 100b. SO we can estimate that around 200b people will ever exist

= Simple argument: If you are randomly one of all people who are ever born, then
you are likely somewhere in the middle of the numbered list (and unlikely to be
near the beginning or the end)
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Unblased estimators for mean and variance

Consider n independent and identically distributed measurements x; drawn
from a distribution with mean p and standard deviation o:

Estimator for the mean: = =) x;

Eli] = — E[Z Xi| = — Z Elxi] =1 — estimator is unbiased

2

V][a] = V[; in] — V[ZX, — — V[x] 0—, e, op =

n

S

n
Unbiased estimator for the oo o\
variance: ) n—1 20 =)
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Unbiased estimator of the variance: Derivation (1)

Consider n independent and identically distributed randcm variables x;:

u = E[x], = Vlx], Xx:= ZX,
We'll use:
0? = E[x}] —p* ~  EX]=p’+0°
72 2

V([x] = V[Zx, = —V[X, — S E[R -~ E[R = +u

) )

Now we calculate the expectation value of Y1 (xi — X)?

zn:(x,-—i)zzzn:x?—2x,->_<—|— = (ZX) — nx?
i=1 i=1

E[> (s — X2 = E[Y_ 7] — E[n%*] = n(4® + %) — 0> =y = (n — 1)o°
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Unbiased estimator of the variance: Derivation (2)

his means that

1 n
2 . Y.
= El (x; — X)

s an unbiased estimator of the variance, i.e., E[s°] = a?

Multiplying the sample variance by n/(n—1) is known as Bessel's correction.

Note that s is not an unbiased estimator of the standard deviation:
https://en.wikipedia.org/wiki/Unbiased estimation of standard deviation

Unbiased estimator for the standard deviation for the normal distribution (E[6] = o)

Rule of thumb:

n

) : Y R T A 1 L
5 = a(n)Vst C“(")_\/n—w("l)_1 4n 32m2 UN\n—l.S g(x’_x)
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https://en.wikipedia.org/wiki/Unbiased_estimation_of_standard_deviation

Reminder: Probability of the data & likelihood

o p(c? | 5) s the probability distribution of the data for different parameters

= \When considered as a function of 5 INstead, 1t I1s called the likellhood

= Often called &£ or L with fZ(é\ j) - p(c?\ 5)
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Likellhood function Is not a probablility density function

The integral of L(Xx, 5) with respect to the parameter is not necessarily equal
to unity (L(x, &) might not be integrable at all).

This is why L(X, 5) IS not a probability density function.

—xample: exponential decay, one measurement at t = 1h.

1 1 -
L(T)==e /"~ = as 71— o, / L(7)dT not defined
r 0

Note: With Jeffreys' prior 1/1 the posterior L(T) 11(T) IS normalizable.
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How much do we learn from a result”?

= For Bayes:
» Narrower posterior distribution means more . .
Knowledge SRt
— k=201, N=300
» Happens when likelihood distribution is A
narrow
= Generally: Narrower likelihood distributions  o.6- 4 -
contain more information y e
= [or large statistics, likelihood becomes 0.04- ~6°
Gaussian, log L becomes parabola
0.02 - _8 -
P .
= d,log L(0) relates to width \
= |or frequentist approach, interested in 20 e oz oa o6 o8 10 oo oz os oo
fluctuations when experiment is repeated ° °
- E[_ag log L(Q)] |S thus a measure for the Likelihood for binomial distribution

information content (evaluated at the true 6)
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The Fisher Information Matrix

I(0) = E[—0;10g L(0)] = E[(d,10og L(0))”]
IS called the Fisher Information

= |t is larger for narrower likelihood distributions and fulfils
L =1+ 15,
which Is what we want from an information measure.

= For more than one parameter (0, ..., 0,) this generalises to
I, = E[-0,0;log L(B)] = E[(9;log L(B)) (9;1og L(B))].

the Fisher Information Matrix.
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Minimum Variance Bound

= Consider an unbiased estimator:

(0) = E[0] = J@(x) p(x]0)dx = [.@(x) LO|x)dx =0

x \What can we learn about the variance of the estimator?

dloglL dL 1
- Use =
do do L
dL dlog L
1. |Ldx=1 = |—dx=0 = |0 Ldx =0
do do
A ~dL ~dlog L
2. OLdx=0 — |0—dx= |86 Ldx=1
doé do

and thus

. dlosL . dloeL
J(@-@) 22 L dx = (B — ) —=

) =1
do do
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Minimum Variance Bound (ll)

iInequality:

|

with u = (6 — 6’)\/Z and v =

P

(I

. dlog L A dlog L
b — ) —S"Ldx = (0 — )—==) = |
do do
dlog L
C(I)Hg \/L, we can now use the Cauchy-Schwarz
A ) dlog L .
) — 0)°Ldx Ldx ) >1,or
do
n 1
Vo] >

= (dlog L/dOY?)  1[6]

= [his is the Cramér-Rao minimum variance bound

= NO unbilased estimato

Cauchy-Schwarz inequality:

[ ( [was)

Statistical Methods in Particle Physics WS 2023/24 | K. Reygers, M. Volkl | 5. Maximum Likelihood Estimation

r can be better than this

15



Likelihood function and maximum likelihood

Principle of maximum likelihood:

= [he best estimate of the parameters 0 is that value which maximizes the
Ikelihood function

m [his IS called the maximum likelihood estimator

In the limit of infinite statistics, the maximum likelihood estimator:
= |s unbiased

= Achieves the Cramer-Rao bound (meaning it is maximally efficient)

= |n most practical cases it is thus prudent to simply take the maximum likelihood
estimator, rather than look for a MVUE
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Properties of the ML estimator

= [he ML Estimator is invariant under parameter transtormation:

p=g0) = =g

= ML does not provide a goodness-of-fit measure
= [t tells you which parameter set fits best with the data
= |t does not tell you if it fits well in an absolute sense (N0 goodness-of-fit
measure)

= Sometimes the maximum has to be found numerically
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Maximum likelihood example 1: Exponential Decay

Consider exponential pdf: f(t;7) = le—t/T
T
Independent measurements drawn from this distribbution: t1, b, ..., t,
Likelinood function:  L(r) = ] ~e~%/"
-

=1

L (1) Is maximum when In L(T) is maximum:

InL(7) = Zlnf(t T) = Z( ! :)

FInd maximum:

OlnL(t) d I A o1
87‘ —O S Z( - | 7_2)—0 e T =— ;;
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MVB example: Exponential decay

Minimum variance bound (MVB):

=1 =1

1 72
V T > — p— - —
TEECA -] s (o)

Variance of ML estimator:
R - ] & 1] & 2
T=— )1 Vigl=V =) ¢ =—22V[tl]=—
i=1 & =1 "l i=1 "

So 7 reaches the MVB for any n.
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Maximum likelihood example 2: Gaussian (l)

Consider x1, X2, ..., X» drawn from Gaussian(u, 02)

1 (x—p)?
f(x; p,0%) = =€

Log-likelihood function:

nL(n,0%) = I 02) = 3 ('” ¢127r o~ )

=1

Derivatives w.r.t. g and o2:

(9InL(,u,02):ix,-—,u 8InL(,u,02):i<(x,-—,u)2 1 >

ou — o 00? — 204 2072
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Maximum likelihood example 2: Gaussian (ll)

Setting the derivatives w.r.t. y and 02 to zero and solving the equations:

0

1 « ~ 1 X
- IZ:;XI, 0% = p ;(x; — 1)?

We find that the ML estimator for 02 Is biased!
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Maximum likelihood example 3: Cauchy distribution

1/(ry)
1+ (x — p)?/y?

= For 8 measurements, maximise:

I — H 1/(ry)

L+ (x; — w)?ly?
= Solving derivative for i gives complicated polynomial —
solve numerically instead

Cauchy: p(x) =

px(x), normalized counts

m A bit better than the median estimator

1.0 -

O
o

O
o

O
S
|

0.2 -

0.0

original cauchy
average of 8
median of 8
maximum likelihood
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Uncertainty of the ML estimator:
Approximating the minimum variance bound

In many cases It Is iImpractical to calculate the MVB analytically. Instead, one
uses the following approximation which is good for large n:

E- 82|nL_N 0% In L
020 | 0% |,_,
The variance of the ML estimator is given by:
A 1
V(0] =
02 1In L
020 0—0

—xample: Exponential decay

0% In L(7) /1 t; n 2« n 27
02T :Z<T2 2§>272 T3Zti:§(1 7')

=1
) 92InL\ " 72
V[T]:_(aw) ~n
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Maximum likelihood uncertainty

Consider maximum likelihood estimate of a parameter 6. Methods to estimate
Uncertainty of ©:

1.

op from Monte Carlo

Generate pseudo-data by sampling the assumed distribution using the ML
estimate 6 as parameter

. Use minimum variance bound

1
Vg In L(6)

O’é‘:

. AlnL = — 1/2 method:

1

InL(0+ o) =InL(6) — >

For a Gaussian likelihood function all methods agree.

Method 3 usually gives asymmetric uncertainties (which are messy).
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Asymptotic normality of the likelihood function

For any probability function f(x; @) the likelihood function L approaches a

Gaussian for large n, i.e., for a large num
ML estimator reaches the minimum varia

10 data points

approximation

In L(7)

—15.0:- \

I N Quadratic
—155__ A‘\\

_ ) of In L(1)
-16.0} AN
-16.51 \

i \

i \

T S S R PR R T S T T RN N

1.0 1.5 2.0 2.9

quadfatic approximation 6f
In L(1) is not very good

Data points sampled from
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In L(7)
-861.0}

ner of events, and the variance of the
nNce bound.

500 data points

861.5}
-862.0f

-862.5}

llllll

llllllllll

f(t;7) = —e ¥/7 with

T

1.5 2.0 2.5 3.0

quadratic approximation of
In L(7) is excellent

T =2
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Uncertainty of the ML estimator:
AlnL = — 1/2 method

1 [from MVB, |
aylor expansion of In L around the maximum: /02 g;ti;‘aifﬁ;”ggf’
A [OInL] ~ 1 [0°InL A
In L(6) = In L(0 ) —0)+— 0 —6)>+ ...
nLO) =InL@)+ | | (0-0)+g || (007 +
—
=0

f L(B) Is approximately Gaussian (In L(B) then is a approximately a parabola):

(6 — 0)? good approximation in
-5 the large sample limit

In L(é’) ~ In Loy
202

One can then estimate the uncertainties from the points where In L has
dropped by 1/2 from its maximum:

A 1
In L(@ T (l)\'é) ~ In Lmax — 5
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llustration ofthe AInL = — 1/2 method

log[ L(u)] + K

[ is Gaussian «— InL is a parabola

C. Pruneau, Data Analysis Techniques for the Physical Scientist

| l

2 ] 3
U
u
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Averaging measurements with Gaussian uncertainties

pdf for measurement (same mean, different o):

1 (X—H)2 n

f(X;:u' 012) — \/%O','e it In L(,u) — Z (In \/% In O (XI2_O_§L) )

Weighted average = ML estimate

O In L(,u) _ ZX/

Pl L >
O B S

Xi

1 52
I

1
52
I

U=

Uncertainty”? In this case L is Gaussian and we can write it as

. (p;g})z | . 1
(1) ox e i with o7 = S %
We obtain the formula for the weighted average: |
. Zln 1 % i 1
TELE T SL
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Minimum variance bound for m parameters

—

f(x;0), ) = (601,65, ...,0m)

Fisher information matrix 1(5) (M x M matrix):

= - 02
Ix[0] = —E
k] 96,00,

In L(x, 5)_

Covariance matrix of the parameters:  Vj; := cov|6;, 6]

Cramér-Rao-Frechet bound for an unbiased estimator then states that V—I"1is a
positive-semidefinite matrix.

In particular one obtained for the variance:

VIO = (1(6) ),
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Variance of the ML estimator for m parameters

For any probability function f(x; 67) the likelihood function L approaches a
multi-variate Gaussian for large n

AN
—_ —_ —_

L(B) o e~ (0= V61 (5-0)

The variance of the ML estimator then reaches the MVB;
V[6] — 1(9)~?

or equivalently:

Covariance matrix of the estimated parameters: (V-110)); = 0 g]ngg); 0)
i00; | =
_ _ - —1 60=0
> 0%1n L(X: 0
V(0] ~ 2(_, )
B ]

Standard deviation of a single parameters:

39} — \/(V[g])jj
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Example: Two-parameter ML fit (from Cowan's book)

1 + ax + bx?
2+ 2b/3

Scattering angle distribution, x = cos ©: f(x;a, b) =

Normalization: / f(x;a, b)dx =1

Xmin

—xample: a= 0.5, b =0.5; xmin = —0.95, Xmax = 0.95, 1000 MC events

Numerical minimization with MINUIT: | |
[link to jupyter notebook]

a=0.53+0.08 nistogram only W4
b—=051<+016 0.81 for visual representation, il /|
N . full data set used in fit 1
cov|a, b] = 0.006 Q 0.6- P
(V)
= 0.48 > _ =
P X o04- —L —
Uncertainties and covariance from 05
inverse of Hessian matrix H:
V — 1 (H);j = 07 InL > 100-075-050-0.25 0.00 025 0.50 0.75 1.00
/ (9(9,(99] 9-*:93* X
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Example: Two-parameter ML fit (iminuit)

import numpy as np

import matplotlib.pyplot as plt
from iminuit import Minuit

X = np.loadtxt("data.txt")

def f(x, a, b):

"""mormalized fit function"""

xmin = -0.95
Xxmax = 0.95

return (6 * (1 + a * X + b % X * x)) /
((xmax = xmin) * (3 * a * (xmax + xmin) +
2 % (3 + b * (xmax * xmax + xmax * xmin + xmin * xmin))))

def negative_log_likelihood(a, b):
p = np.log(f(x, a, b))

return -np.sum(p)

Iminuit uses introspection to
detect the parameter names

///////// of your function
m = Minuit(negative_log_likelihood,

a=1l, b=1, error_a=0.01, error _b=0.01, errordef=Minuit.LIKELIHOOD)

m.migrad()

Statistical Methods in Particle Physics WS 2023/24 | K. Reygers, M. Volkl | 5. Maximum Likelihood Estimation

32



Example: Two-Parameter ML Fit (iminuit)

m.migrad()

FCN = 606.5 Ncalls = 10 (146 total)
EDM = 1.33e-10 (Goal: 0.0001) up = 0.5
Valid Min. Valid Param. Above EDM Reached call limit

Hesse failed Has cov. Accurate Pos. def. Forced

Name Value Hesse Error Minos Error- Minos Error+ Limit- Limit+ Fixed

0 a 053 0.08
1 b 051 0.16

Nttps://iminuit.readthedocs.io/en/stable/

nttps://nbviewer.jupyter.org/qithub/scikit-hep/iminuit/blob/master/tutorial/basic tutorial.ipynb
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Example: Two-Parameter ML Fit (iminuit)

# covariance matrix
m.matrix()

a b
a 0.006 0.006
b 0006 0.026

m.draw_contour('a','b');

0.8

0.7 -

0.6 1

< 05 -

04 -

0.3 -1

0.2 - T T ! '
0.40 0.45 0.50 0.55 0.60 0.65
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Extended maximum likelihood method (1)

Standard ML fit: information is in the shape of the distribution of the data x;.

—xtended ML fit: normalization becomes a fit parameter

Sometimes the number of observed events contains information
about the parameters of interest, e.g., when we measure a rate.

Normal ML method;

/f(x, A dx = 1

—xtended ML method:

/ q(x, 5) dx = V(J) — predicted number of events

Statistical Methods in Particle Physics WS 2023/24 | K. Reygers, M. Volkl | 5. Maximum Likelihood Estimation
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Extended maximum likelihood method (2)

Normalized pdf: /f(x, 5) dx = 1

Likelihood function;

| 74

L(9) = Y §|_ H f(xi; 0) where v = v(h)
- i=1

Log-Likelihood function:

nL(8) = — In(n!) — v(8) + Z In[f (x;; O)v ()]

IN(n!) does not depend on the parameters. So we need to minimize:

~InL(8) = v(6) = Y In[f(x; 6)v(6)]

porediction for total
number of events
Statistical Methods in Particle Physics WS 2023/24 | K. Reygers, M. Volkl | 5. Maximum Likelihood Estimation
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Application of the extended ML method:
Linear combination of signal and background PDF (1)

3501 Signal s = 1873 # 54 Two-component fit
histogram only | . .
3001 for visual (signal + linear background)
55 - Eepkr)esenéa}ic))n
0 unbinned fit _
. Parameters.
3 - signal counts s
O 120 - background counts b
100 - linear background (slope, intercept)
50 - - Gaussian peak: y, o
0 T T T T T T T
2.6 2.8 3.0 3.2 3.4 3.6 3.8 I :
T (GaV) Normalized pdf: ] ]
f(x;r,0)=rf(x,0)+ (1—r)fp(x,0)
Sighals =33 =7
. negative log-likelihood:
v 67 —In Z(g):5+b—nIn(s+b)—Z|n[f(x;;5)]
- )
= i=1
84- o 1 V(S1b):S_|_b1 r:S—IS—b
il l L Unbinned ML fit works fine also in case
0 | . Il . . . . I of low statistics
2.6 2.8 3.0 3.2 3.4 3.6 3.8
m (GeV)
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Application of the extended ML method:
Linear combination of signal and background PDF (2)

Discussion:

We could have just fitted the normalized pdf:

f(x;rs,0) = rfu(x,0) + (1= r) fp(x, 0)

Good estimate of the number of signal events:  nsignal = rn

However, o, n Is not a good estimate of the variation of the numler of signal
events (ignores fluctuations of n)

[C. Blocker, Maximum Likelihood Primer]

(Trivial) example (L. Lyons): Drotons heavy nuclei
96 protons and 4 heavy nuclel have ot

. . ML estimate 96 + 2 4+ 2
been measured In a cosmic ray
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Maximum likelihood fits with binned data (1)

K
Common practice: data put into a histogram: = (nq, ..., Nk), Mot = Z n;
=1

Model prediction for the expected counts in bin / for fixed Niot:
Vi(g):ntot/ f(X; g)dx V,‘((g—)):(yl,...,yk)
bin i

f ntot IS fixed the probability to get a certain s given by the
multinomial distribution.

Multinomial distribution (generalization of binomial distribution):

K
— k different possible outcomes, probability for outcome iis pi, ) p; =
| =1
— — nt t- n n —
f(n’ ntOt’p): | - |p11pkk p:(p].rrpk)
n: - ng:
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Maximum likelihood fits with binned Data (2)

With p; = vi/niot we write the likelihood of a certain ni, ..., Nk outcome as:
—, ntot! 1 & ( UV >nk —
[(0) = vi(0) = (vq, ...,V
( ) n]_!°...°nk! (ntot) ntot ( ) ( 1 k)

Log-likelihood function:

In L(A) = Z ninvi(6) + C

=1

Limit of zero bin width — usual unbinned maximum likelihood method
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Maximum likelihood fits with binned Data (3)

—xtended log-likelihood fit for binned data:

k k
Niot fluctuates, predicted average: Viot Viot = Z Vi, DNt = Z n;
i=1 i=1
Likelihood function:
N T Niot | v\ e\ K
L) = U e _pml ()" ()
Neot ! nl- oo mh \ ot Vtot
k n;
Vi —U;
— H e !
n,-!
i=1
Function that needs to be maximized (dropping terms that do not
depend on the parameters):
k k
In L((g) — Z n; In Vi — Vj = —Viot T Z n; In Vi, 1/,-( ) — (1/1, - Vk)
=1 =1
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Maximum likelihood fits with binned Data (4)

= Can also be understood with Poisson distribution: There is an expectation value
of the number of particles in each bin v;

= \When repeating the experiment, the counts of particles in each bin fluctuate as
described by Poisson distribution

- viexp(—v;) |
oisson: p(n; | v;) = ' for each bin
n;.

viexp(—r;)

, So the likelihood is L = | | '
n;.

= And the log-likelihood is log L = Z nlogr, — v,
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The likelihood principle

The likelihood L(6 | d) contains all information in the data d that is relevant for the
parameters @ within the context of this model.
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Optional stopping

= Option 1: Perform an experiment N times
and count number of successes

= Option 2: Perform the experiment until k
successes are reached

N) (1 — GV

Binomial: p,(k | N, ¢) = (k

= Probability distribution is different

= But likelihoods are the same (apart from Negative Binomial:
constant prefactors) m4k— 1
= Do we draw the same conclusions? p,(m|k, @) = ( - )¢k(1 —P)"

(m = N — k)

= |[f we think the experimenter used one rule,
out later find they used another, does this
change our conclusions for the same data?
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Example

= Measurements were made by a student
on a voltmeter going to 10V

s All measurements below

= Average gives unbiased estimator of

some quantity

= But since there is a maximum, suddenly
the measurement is biased

= Should this affect the conclusions even if
the value was never reached?

= \What If there was a second voltmeter that

could be used In
= \What If afterwarc

such cases”?
s you find out that the

second voltmete

rwas broken?
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Birnbaums argument

Consider two possible experiments. We now flip a coin to decide which one we
perform. The result of our analysis can only depend on the experiment we actually
did, not the potential other one.

Statistical Methods in Particle Physics WS 2023/24 | K. Reygers, M. Volkl | 5. Maximum Likelihood Estimation

46



Statistical Methods in Particle Physics WS 2023/24 | K. Reygers, M. Volkl | 5. Maximum Likelihood Estimation

47



