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Bardeen – Josephson Debate

Physics Today  54, 46-51 (2001)

The Nobel Laureate Versus the Graduate Student 

In a recent note, Josephson uses a somewhat
similar formulation to discuss the possibility of
superfluid flow across the tunneling region, in 
which no quasi-particles are created. However, 
as pointed out by the author [Bardeen, in a 
previous publication], pairing does not extend into
the barrier, so that there can be no such 
superfluid flow.
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Carbon-allotrope

LaH10 @ 188 GPa  

10.4 Unconventional Superconductors
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10.4 Unconventional Superconductors

s-wave    conventional superconductors                      0                            0

S L

p-wave    (Sr2RuO4)                                                           1                            1

d-wave cuprate high-Tc superconductors                        0                            2

f-wave     (UPt3)                                                                  1                           3

Quantum states

energy gap

conventional superconductors       isotropic

cuprate high-Tc superconductors          2D

Sr2RuO4         axial 2D

UPt3         3D

UBe13         axial 3D

nodes

1
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10.4 Unconventional Superconductors

cuprate high-Tc superconductors 

discovered June 1986

Georg Bednorz            Karl Alexander Müller

APS March Meeting of 1987
The "Woodstock of Physics“ Hilton Hotel New York
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10.4 Unconventional Superconductors

best investigated system: YBCO

important are the Cu-O planes             different phases depending on hole concentration introduced 
                                                             by oxygen surplus

phase diagram

AF     anti-ferromagnetic phase
PG    pseudo gap
CDW charge density wave

SM    strange metal
FL     Fermi liquid phase hole concentration p

0 < d < 0.4     insulator
d ≈ 0.4          insulator-metal transition 
d > 0.4           superconductor
d = 0.92          superconductor with Tc = 95 K

Yttrium barium copper oxide

perovskite
structure
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10.4 Unconventional Superconductors

superconducting transition

b) specific heat

a) resistance

► resistivity depends on crystal direction
► in c-direction (perpendicular to CuO2 planes)

resistivity is much higher 

► second order phase transition
► rounded onset of transition caused by large fluctuation

indicates short coherence length 
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10.4 Unconventional Superconductors

Critical fields

► Bc1 depends on crystal direction
► Bc1 is very small at T = 0

factor 10 larger as for AllL = 150 nm
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factor 100 less Cooper pairs

► Bc2 depends on crystal direction
► Bc2 is very large at T = 0

very short coherence length xGL = 1.5 nm

Bc2  >  800 T  for 
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10.4 Unconventional Superconductors

Experimental determination of d-wave nature of Cooper pairs inYBCO

flux quantization

Josephson effect

a) flux quantization   

normal geometry  -- YBCO ring

440 10 Superconductivity

observed gap function of Bi-2212 is compatible with the expected dx2−y2 sym-
metry of the order parameter.

Flux Quantization and SQUID Experiments

Flux quantization occurs as the consequence of the existence of a macro-
scopic wave function. The trace in Fig. 10.80 demonstrates the existence of
flux quantization in high-Tc superconductors. In this experiment, the mag-
netic flux in a YBCO ring was measured with a SQUID magnetometer. Flux
changes were induced by periodically giving the system an electrical shock.
The fact that the flux is quantized with the usual quantum h/2e proves that
the superconductivity in this class of materials is also caused by Cooper pairs.

0 100 200 300
Time t / s

0

2

4

6

8

10

12

δΦ
/

Φ
0

1
m

V Fig. 10.80. Flux trapped
in a sintered ring of YBCO.
The flux was measured with
a conventional SQUID. The
distance between the dashed
lines corresponds to the
change by one flux quan-
tum h/2e [540]

An abundance of information on the nature of superconductivity is ob-
tained by SQUID experiments. The key feature is the sensitivity to the
anisotropy of the phase of the order parameter (or macroscopic wave func-
tion) rather than to its magnitude. As we will see, this enables us to test
the most characteristic feature of the proposed d-wave state, namely the sign
change of the order parameter in different directions.

There are two important aspects in these experiments. First, Josephson
tunnel junctions serve as directional probes of the phase inside the crystal.
Because of the strong thickness dependence of tunneling, this phenomenon
is highly directional, so that each junction senses the order parameter in
the direction perpendicular to the crystal surface. Secondly, as discussed in
Sect. 10.4.3, the two superconductors and two junctions form a multiply
connected loop around which phase coherence of the order parameter must be
maintained in order that the macroscopic wave function be single valued. This
leads to the periodic dependence of the electronic properties on the applied
magnetic field and a sensitivity to phase shifts within the superconducting
material.

► flux quantization measured with SQUID
► result:   F0 = h/2e



SS 2023
MVCMP-1

388

10.4 Unconventional Superconductors

Experimental determination of d-wave nature of Cooper pairs in YBCO

unconventional flux quantization

► YBCO film is grown epitaxially on SrTiO3 substrate
► SrTiO3 is suitably tailored having 3 crystal orientations
► YBCO is patterned by ion milling to produces rings

► rings are positioned that they contain grain boundaries
► macroscopic quantum states in different parts of

► the grain boundaries produce p junctions

tri-crystalline rings

the rings have different orientations 

0 or even number of p junctions

odd number of p junctions

ground state !!0, while the " ring has a ladder of states
shifted by !0/2 from those of the 0 state, centered on a
doubly degenerate ground state with (in the limit !Ic!L
"!0) #!0/2 spontaneous magnetization.

In short, in the limit !Ic!L"!0 ,

!!n!0 for N even #0 ring$ (37)

and

!!" n$
1
2 #!0 for N odd #" ring$, (38)

where N is an integer. The last, half-integer flux-
quantum effect,13 is in striking contrast to the integer
flux-quantum effect observed by Gough et al. (1987).

C. Paramagnetic Meissner effect

Conventional superconductors generally tend to expel
a small external magnetic field upon cooling into the
superconducting state. This ‘‘Meissner effect’’ leads to
complete or (due to remnant trapped flux, e.g., in ce-
ramic samples composed of grains and voids) partial dia-
magnetism. Therefore it came as a surprise when a para-
magnetic signal was observed in ceramic Bi2Sr2CaCu2O8
(Svedlindh et al., 1989; Braunisch et al., 1992, 1993; Hei-
nzel, 1993; Niskanen, 1994; Shrivastava, 1994). The ori-
gin of this effect has been controversial. Braunisch et al.
(1992, 1993) and Kusmartsev (1992) proposed that some
form of spontaneous orbital currents was responsible,
giving rise to magnetic moments that could be aligned
by the magnetic field. This proposal for spontaneous or-
bital currents (the Wohlleben effect) in turn led Sigrist
and Rice (1992, 1995) to propose that an intrinsic dx2%y2

symmetry of the superconducting state would naturally
lead to frustrated Josephson-junction circuits (" rings)
in a ceramic sample where randomly oriented grains
contact each other. The origin of this explanation for
paramagnetic shielding can be understood from Fig. 6: if
2"LIc /!0&1, a zero ring has an induced flux with the

opposite sign to the applied flux for small applied fields
(diamagnetic shielding), but a " ring has an induced flux
with the same sign as the applied flux (paramagnetic
shielding). Further, if 2"LIc /!0'1, then the " ring ex-
hibits spontaneous magnetization that is larger than the
applied flux for small applied fields. The paramagnetic
shielding in these samples has been associated with
anomalies in other properties (Khomskii, 1994; Sigrist
and Rice, 1995), including microwave absorption (Brau-
nisch et al., 1992; Knauf, 1998), second harmonics in the
magnetic susceptibility (Heinzel et al., 1993), and noise
in the magnetization (Magnusson et al., 1997), which can
also be understood in terms of the magnetic properties
of superconducting " rings (Khomskii, 1994; Sigrist and
Rice, 1995).

However, paramagnetic shielding has also been ob-
served in bulk Nb (Thompson et al., 1995; Kostić et al.,
1996; Pŏst et al., 1998) and Al disks (Geim et al., 1998).
Both are presumably conventional s-wave supercon-
ductors. This has been taken as evidence against the in-
terpretation of the Wohlleben effect in terms of intrinsic
superconducting " rings (Kostić et al., 1996; Geim et al.,
1998). For large Nb disks it has been suggested that, due
to sample inhomogeneity, during the cooling process the
surface region nucleates superconductivity before the
bulk, so that magnetic flux in the sample is compressed
and creates an enhanced magnetization (Koshelev and
Larkin, 1995; Obhukov, 1998). For small disks, flux cap-
tured at the third (surface) critical field inside the super-
conducting sheath compresses into a smaller volume, al-
lowing extra flux to penetrate at the surface
(Moschalkov et al., 1997; Geim et al., 1998). A small

13Spontaneous magnetization upon entering the supercon-
ducting state was historically the first-discussed aspect (Bulae-
vski et al., 1977), and is arguably the most striking aspect of the
physics of superconducting samples in a frustrated geometry.
For the sake of simplicity, we have confined the above discus-
sion to a ring geometry. In this geometry the spontaneous
magnetization for a frustrated ring can be less than !0/2 if LIc
is comparable to !0 or if there is broken time-reversal symme-
try. However, to date, symmetry tests on the widest variety of
the cuprates (Table IV) have been performed in a blanket film
geometry (Sec. IV.C.4). In this geometry, the total magnetic
field spontaneously generated in the sample must be exactly
!0/2 for a frustrated sample, in the absence of broken time-
reversal symmetry, independent of the strength of the Joseph-
son coupling across the grain boundaries. Further, to date
there is no evidence for broken time-reversal symmetry from
tricrystal or thin-film SQUID magnetometry experiments in
any of the cuprates, at any temperature (Sec. IV.E.3). There-
fore we use the term ‘‘half-integer flux-quantum effect’’ ge-
nerically in this review.

FIG. 7. Free energy of a superconducting ring with a single
junction in different configurations, with zero external applied
field [Eq. (36)]: (a) zero ring; (b) " ring. Here %!2"LIc /!0
!5.
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ground state !!0, while the " ring has a ladder of states
shifted by !0/2 from those of the 0 state, centered on a
doubly degenerate ground state with (in the limit !Ic!L
"!0) #!0/2 spontaneous magnetization.

In short, in the limit !Ic!L"!0 ,

!!n!0 for N even #0 ring$ (37)

and

!!" n$
1
2 #!0 for N odd #" ring$, (38)

where N is an integer. The last, half-integer flux-
quantum effect,13 is in striking contrast to the integer
flux-quantum effect observed by Gough et al. (1987).

C. Paramagnetic Meissner effect

Conventional superconductors generally tend to expel
a small external magnetic field upon cooling into the
superconducting state. This ‘‘Meissner effect’’ leads to
complete or (due to remnant trapped flux, e.g., in ce-
ramic samples composed of grains and voids) partial dia-
magnetism. Therefore it came as a surprise when a para-
magnetic signal was observed in ceramic Bi2Sr2CaCu2O8
(Svedlindh et al., 1989; Braunisch et al., 1992, 1993; Hei-
nzel, 1993; Niskanen, 1994; Shrivastava, 1994). The ori-
gin of this effect has been controversial. Braunisch et al.
(1992, 1993) and Kusmartsev (1992) proposed that some
form of spontaneous orbital currents was responsible,
giving rise to magnetic moments that could be aligned
by the magnetic field. This proposal for spontaneous or-
bital currents (the Wohlleben effect) in turn led Sigrist
and Rice (1992, 1995) to propose that an intrinsic dx2%y2

symmetry of the superconducting state would naturally
lead to frustrated Josephson-junction circuits (" rings)
in a ceramic sample where randomly oriented grains
contact each other. The origin of this explanation for
paramagnetic shielding can be understood from Fig. 6: if
2"LIc /!0&1, a zero ring has an induced flux with the

opposite sign to the applied flux for small applied fields
(diamagnetic shielding), but a " ring has an induced flux
with the same sign as the applied flux (paramagnetic
shielding). Further, if 2"LIc /!0'1, then the " ring ex-
hibits spontaneous magnetization that is larger than the
applied flux for small applied fields. The paramagnetic
shielding in these samples has been associated with
anomalies in other properties (Khomskii, 1994; Sigrist
and Rice, 1995), including microwave absorption (Brau-
nisch et al., 1992; Knauf, 1998), second harmonics in the
magnetic susceptibility (Heinzel et al., 1993), and noise
in the magnetization (Magnusson et al., 1997), which can
also be understood in terms of the magnetic properties
of superconducting " rings (Khomskii, 1994; Sigrist and
Rice, 1995).

However, paramagnetic shielding has also been ob-
served in bulk Nb (Thompson et al., 1995; Kostić et al.,
1996; Pŏst et al., 1998) and Al disks (Geim et al., 1998).
Both are presumably conventional s-wave supercon-
ductors. This has been taken as evidence against the in-
terpretation of the Wohlleben effect in terms of intrinsic
superconducting " rings (Kostić et al., 1996; Geim et al.,
1998). For large Nb disks it has been suggested that, due
to sample inhomogeneity, during the cooling process the
surface region nucleates superconductivity before the
bulk, so that magnetic flux in the sample is compressed
and creates an enhanced magnetization (Koshelev and
Larkin, 1995; Obhukov, 1998). For small disks, flux cap-
tured at the third (surface) critical field inside the super-
conducting sheath compresses into a smaller volume, al-
lowing extra flux to penetrate at the surface
(Moschalkov et al., 1997; Geim et al., 1998). A small

13Spontaneous magnetization upon entering the supercon-
ducting state was historically the first-discussed aspect (Bulae-
vski et al., 1977), and is arguably the most striking aspect of the
physics of superconducting samples in a frustrated geometry.
For the sake of simplicity, we have confined the above discus-
sion to a ring geometry. In this geometry the spontaneous
magnetization for a frustrated ring can be less than !0/2 if LIc
is comparable to !0 or if there is broken time-reversal symme-
try. However, to date, symmetry tests on the widest variety of
the cuprates (Table IV) have been performed in a blanket film
geometry (Sec. IV.C.4). In this geometry, the total magnetic
field spontaneously generated in the sample must be exactly
!0/2 for a frustrated sample, in the absence of broken time-
reversal symmetry, independent of the strength of the Joseph-
son coupling across the grain boundaries. Further, to date
there is no evidence for broken time-reversal symmetry from
tricrystal or thin-film SQUID magnetometry experiments in
any of the cuprates, at any temperature (Sec. IV.E.3). There-
fore we use the term ‘‘half-integer flux-quantum effect’’ ge-
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half-flux quantum 
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Experimental result
scanning SQUID microscopy

► rings with even number of p junctions show no flux

► ring in the middle with 3 p junctions shows spontaneous formation of half-flux quantum
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11. Cooling Techniques

4He bath cryostat: glass dewar
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11.1 Bath Cryostats

4He Bath cryostat: metal dewar
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helium transport vessel helium transfer tube

11.1 Bath Cryostats
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multiple radiation shields à smaller steps à
reduction of heat flow

30 to 80 layers of low conductivity 
high reflection material  à aluminized  Mylar

apparent thermal conductivity  
                                  ~ 10–4 to 10–5 W/(m K)

Radiation shields – super insulation

11.1 Bath Cryostats
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Cryostats with 1-K-Pot

11.1 Bath Cryostats

11.3 Simple Helium-Bath Cryostats 469

1 10 100
Temperature T / K
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Fig. 11.16. Vapor pressure of different
cryogenic liquids as a function of tem-
perature (after [574]). The points (•)
indicate the lowest temperatures that
can be achieved in practice with mod-
erate efforts

the exponential relation between vapor pressure and temperature. Therefore,
the evaporation rate, and in turn the cooling power, can hardly be increased
under these conditions.

The use of 3He has two essential advantages over 4He. First, the high
vapor pressure allows temperatures as low as 0.3 K to be reached with modest
pumping systems. Secondly, 3He does not possess the problem created by the
creeping superfluid film, which leads to an unwanted heat transport from
warm to cold parts in 4He evaporation cryostats. However, the cost for 3He
is much higher than for 4He. The first 3He evaporation cryostat was build by
Roberts and Sydoriak in 1954 to measure the vapor pressure and the specific
heat of 3He [575].

Since then, many different types of 3He evaporation cryostats have been
designed, two of which are shown schematically in Fig. 11.17. To precool the

Thermal anchor

Return capillary

Space for

He bath at   1.3 K

experiments

He bath at   0.3 K

   He at 4.2 K

4He pump He pump3

Impedance

He return3

3

Constriction

4

4

He pump

3 ~~

~~

Fig. 11.17. Schematic illustration of two types of 3He evaporation cryostats for
(a) single shot and (b) continuous operation (After [576])

Clausius-Clapeyron equation

Vapor pressure curve of various cryogenic liquids

vapor pressure curve
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3He cryostats

cooling power

11.1 Bath Cryostats
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Cooling power of a 3He cryostat with charcoal absorption pump

11.1 Bath Cryostats
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11.2 Dilution Refrigerators

1951    basic idea suggested by Heinz London

1962 detailed concept worked out by London, Clark, Mendoza

1965 first realization Das, De Bruyn Ouboter, Taconis Tmin = 220 mK

1999    lowest temperature obtained , J.C.  Cousins et al. Tmin = 1.75 mK

History

Heinz London
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occurrence of miscibility gap

but 6.5 % 3He in 4He at T = 0 K 

reason:
zero-point motion weakens binding

stronger binding

as

but:  Fermi energy

max. 6.5%  3He in 4He  at T = 0 K 

Miscibility gap 3He 4He

3He 3He

11.2 Dilution Refrigerators
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principal of cooling by mixing  3He/4He

► transition of 3He into the 4He rich phase

► cooling by „evaporation“ of 3He into 4He quasi vacuum

heat of solubility per Mol:

superfluid 4He

11.2 Dilution Refrigerators
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11.4 Dilution Refrigerators 473

Dilute phase

impedance

Mixing chamber

Vapour

Heater
>90 %   He

< 1%   He

100 %   He

3

3

3

3

Still  0.7 K

To pump

3Almost pure   He

Heat exchangers

Dilute phase

0.01 K6.5 %   He
Dilute phase

Phase boundary

Concentrate phase

Heat
flow

flow impedance
Secondary

Main flow

From 1.5 K
condensor

heat exchanger
Still

1 K pot

Still

heat exchanger
Step

Mixing chamber

Flange

heat exchanger
Continuous

Fig. 11.20. (a) Scheme of the inner 3He/4He circuit of a dilution refrigerator
After [573]. (b) Design of the dilution unit of a commercial dilution refrigerator [583]

is driven by pumping the still. The still is heated to about 0.7 K to increase
the efficiency of the pumping. Because of its higher vapor pressure, 3He is
predominantly evaporated from the liquid, although the 3He concentration
in the liquid in the still is only about 1%. Once it has been pumped, the 3He
is cleaned outside the cryostat in a nitrogen trap before being returned to the
cryostat. Further cleaning often takes place in a helium trap in the helium
bath. Following this step, the 3He enters the vacuum chamber in a capillary
and is precooled at the 1 K pot.

The pressure of the 3He is maintained sufficiently high by using a flow
impedance before the still so that it condenses. After the still, the 3He is
led into the counterflow heat exchanger that consists, in most systems, of
two different types of heat exchangers (see Sect. 11.4.3). The first one is
called a continuous heat exchanger and is normally made of two tubes that
are arranged with one inside the other in a rather complicated manner so
that the interface between the two is as large as possible. The second heat
exchanger consists of several chambers each of which has a dividing wall with
sintered silver attached to it in order to increase the thermal contact area.

Realisation of 3He/4He cooling cycle continuous heat exchanger

step heat exchanger

11.2 Dilution Refrigerators
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11.2 Dilution Refrigerators

Snell‘s law of refraction

critical angle of total reflection

for liquid helium and copper

fraction of phonons incident within critical angle

► Kaptiza resistance occurs  at any solid-
solid, liquid-solid interface

► particular problematic for liquid helium 
because of the low sound velocity

► helium-copper

Kapitza Resistance － thermal boundary resistance

474 11 Cooling Techniques

This type of heat exchanger is called a step heat exchanger. After passing
through the heat exchangers the 3He enters the mixing chamber. The return
line to the still starts in the mixing chamber below the phase boundary in
the 4He-rich phase. On the way back to the still, the cold mixture again flows
through the heat exchangers and in this way precools the incoming 3He.
Pumping the still results in a concentration gradient and, in turn, to an
osmotic pressure that causes 3He to flow from the mixing chamber to the
still. This is, of course, only possible if 3He atoms cross the phase boundary
in the mixing chamber, which leads to cooling. With this method, typically
base temperatures of about 5 mK can be produced. The lowest temperature
obtained with a dilution refrigerator is 1.5 mK [584].

11.4.3 Problem of the Thermal Boundary Resistance

A special problem in constructing a dilution refrigerator is the enormous
difference in acoustic impedance between liquid helium and solids. This dif-
ference in impedance leads to large thermal resistances at the boundaries
between liquid helium and the metals that are used in the heat exchanger or
in the mixing chamber. This phenomenon is called Kapitza resistance [585].
One can mitigate this problem by enlarging the helium–metal contact in-
terface. Before discussing how this is realized technically, we shall briefly
consider, in the following section, the theoretical background of this effect in
the framework of a simple model.

Kapitza Resistance

In the so-called acoustic mismatch model, which was first introduced by Kha-
latnikov in 1952 [586], the fraction of phonons that can pass from one material
to the other despite the refraction taking place at the contact interface due
to the different acoustic impedances is calculated. A sketch of the situation
at the boundary is shown in Fig. 11.21.

A crucial quantity in these considerations is the critical angle of total
reflection. Using Snell’s law of refraction

αl

αs

Phonon

Liquid He

Solid state

Fig. 11.21. Schematic illustration of
the transition of a phonon from liquid
helium into a solid

transmission coefficient

acoustic impedances

fraction of phonons crossing the interface
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11.2 Dilution Refrigerators

heat flow from liquid to solid (using Debye model)

Kapitza resistance

476 11 Cooling Techniques

Finally, we obtain for the thermal boundary resistance, or Kapitza resistance,
the relation

RK =
A∆T

Q̇
=

15!3!sv3
s

2π2kB
4!!v!

1
T 3

. (11.19)

Whereas the heat flow described by (11.18) is proportional to the interface
area A, the Kapitza resistance RK itself is independent of the area. As shown
in Fig. 11.22, the experimental data obtained in the temperature range be-
tween 20 mK < T < 100 mK are well described by a T−3 dependence. Below
10mK, however, the simple model presented here is not sufficient. In this
temperature range, several additional effects have to be taken into account.
For example, the interaction between the phonons in the metal with the zero-
sound modes in 3He or second-sound modes in 4He have to be considered. In
addition, the discussion given above of the acoustic mismatch model is cer-
tainly too simple to describe the Kapitza resistance in layers of silver sinter
with very small grain sizes, because the wavelengths of the dominant phonons
at low temperatures become larger than the typical dimensions within the
grains. Experimentally, one finds a T−1 dependence for the thermal bound-
ary resistance between metal sinters and pure 3He, and a T−2 dependence
for 3He/4He mixtures and metal sinters.
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Temperature T / mK
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Å
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Fig. 11.22. Kapitza resistance be-
tween sintered silver powders of dif-
ferent grain sizes (indicated on each
curve) and pure 3He or 3He/4He mix-
tures as a function of temperature.
Note that the product RKT 3 is plot-
ted [587]

At higher temperatures, which are not shown in Fig. 11.22, the Kapitza
resistance RK is significantly lower than expected from the impedance-
mismatch model. This phenomenon is often referred to as anomalous Kapitza
resistance, the origin of which is not fully understood. In this connection, we
remark that the cleanliness of the metal surfaces is important for the absolute
magnitude of the thermal resistance. In general, one finds a reduction of the
Kapitza resistance due to the influence of impurities at the contact surface.

in equilibrium identical heat flow from solid to liquid

net flow in non-equilibrium (       ) 

►                                     good agreement 
with Debye model

► below 20 mK                      or

Kapitza resistance between pure 3He 
and 3He/4He mixtures and silver sinters 
of different grain sizes

anomalous Kapitza resistance
origin:  TLS, coupling to zero and second 
            sound modes, phonon wavelength 
            larger than sinter grains 

silver sinter
SEM image
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Cooling power

assuming 100% 3He circulation one finds in equilibrium: 

enthalpy of 3He-rich phaseheat leak and/or
available cooling power

temperature after last heat exchanger

inserting the enthalpies

11.2 Dilution Refrigerators

enthalpy of 3He-dilute phasecirculation rate

enthalpy

mixing chamber temperature
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still power

11.2 Dilution Refrigerators

Temperature and circulation rate dependence of the cooling power

limiting case of vanishing cooling power:

this underlines the importance of the 
heat exchanger quality

► for                                                          ,  

► heat leak determines lowest temperature
circulation rate
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