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6.4 Influence of Normal Processes in Heat Transport

a) Poiseuille flow

N-processes are visible in heat transport experiments under special circumstances

ultralow temperatures (no umklapp processes) and low defect scattering

phonon flow in a thin crystal can be described like viscose flow of atoms in capillaries

condition: 6.3 Significance of N-processes in Heat Transport 191

!N ! d ! !R (6.34)

holds. Here, d stands for the diameter of the crystal and the capillary, respec-
tively. !R is the mean free path for scattering processes giving rise to thermal
resistance. If !D stands for the mean free path due to defect scattering, !R is
given by !−1

R = !−1
U + !−1

D .
The mass flow dm/dt of a gas through a capillary is described by the

famous Hagen–Poiseuille law
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where ∇p denotes the pressure gradient, η the viscosity, and r the radius of
the capillary. Inserting the expression η = 1

3# vth !g for the viscosity leads
to the right side of the equation. Here, vth is the average thermal velocity of
the gas atoms and !g their mean free path. The mass transport is limited by
viscosity or, in other words, by the transfer of momentum to the capillary
wall. The momentum transfer becomes increasingly effective with rising !g.

Let us now consider the Poiseuille flow in a gas of phonons. If the con-
dition (6.34) is satisfied, we may use the analogy and replace the mass
flow dm/dt in (6.35) by the heat flow Q̇ and the pressure gradient by the
temperature gradient, and obtain for the thermal conductivity the expression
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A comparison with the Hagen–Poiseuille equation shows that, as a first
approximation, we may write leff ≈ r2/!N for the effective mean free path.
As in ordinary heat conduction in the Casimir regime, the heat resistance is
the result of surface scattering. However, because of the frequently occurring
N-processes, phonons perform a random walk and cover on average a dis-
tance r2/!N before they reach the crystal surface. This means that the mean
free path becomes much larger than the sample diameter for scattering events
that do not conserve quasimomentum. A more precise calculation leads to

Λ =
1
3

CV v
5 d2

32 !N
, (6.37)

i.e., the effective mean free path is enlarged by a factor 5d/32!N in comparison
with ordinary heat transport. Surprisingly, under this condition the thermal
conductivity varies inversely proportional to !N. Since !N ∝ T−5 (see (6.29)),
the thermal conductivity in the Poiseuille regime should exhibit the strong
temperature variation Λ ∝ T 8.

Because of the different temperature dependence of the mean free path of
N- and U-processes (!N ∝ T−5 and !U ∝ eΘ/2T ) it is, in principle, always pos-
sible to satisfy condition (6.34) in a limited temperature interval if a suitable
sample diameter is chosen. However, for real crystals the restriction (6.34) is
difficult to fulfill, and until recently Poiseuille flow has only been observed in
solid helium.
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classical gas:  Hagen-Poiseuille law
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πr2

1
|∇p | =

#

8
r2

η
=

3
8

1
vth

r2

!g
, (6.35)

where ∇p denotes the pressure gradient, η the viscosity, and r the radius of
the capillary. Inserting the expression η = 1

3# vth !g for the viscosity leads
to the right side of the equation. Here, vth is the average thermal velocity of
the gas atoms and !g their mean free path. The mass transport is limited by
viscosity or, in other words, by the transfer of momentum to the capillary
wall. The momentum transfer becomes increasingly effective with rising !g.

Let us now consider the Poiseuille flow in a gas of phonons. If the con-
dition (6.34) is satisfied, we may use the analogy and replace the mass
flow dm/dt in (6.35) by the heat flow Q̇ and the pressure gradient by the
temperature gradient, and obtain for the thermal conductivity the expression

− Q̇

πr2

1
|∇T | = Λ =

1
3
CV v !eff . (6.36)

A comparison with the Hagen–Poiseuille equation shows that, as a first
approximation, we may write leff ≈ r2/!N for the effective mean free path.
As in ordinary heat conduction in the Casimir regime, the heat resistance is
the result of surface scattering. However, because of the frequently occurring
N-processes, phonons perform a random walk and cover on average a dis-
tance r2/!N before they reach the crystal surface. This means that the mean
free path becomes much larger than the sample diameter for scattering events
that do not conserve quasimomentum. A more precise calculation leads to

Λ =
1
3

CV v
5 d2

32 !N
, (6.37)

i.e., the effective mean free path is enlarged by a factor 5d/32!N in comparison
with ordinary heat transport. Surprisingly, under this condition the thermal
conductivity varies inversely proportional to !N. Since !N ∝ T−5 (see (6.29)),
the thermal conductivity in the Poiseuille regime should exhibit the strong
temperature variation Λ ∝ T 8.

Because of the different temperature dependence of the mean free path of
N- and U-processes (!N ∝ T−5 and !U ∝ eΘ/2T ) it is, in principle, always pos-
sible to satisfy condition (6.34) in a limited temperature interval if a suitable
sample diameter is chosen. However, for real crystals the restriction (6.34) is
difficult to fulfill, and until recently Poiseuille flow has only been observed in
solid helium.

analog equation for phonon transport (phonon gas)
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6.4 Influence of Normal Processes in Heat Transport

Interpretation:  heat resistance by scattering at the surface, but
                        each phonon has to travel the statistical path
                        because of very frequent N-processes before it reaches 
                        the surface  

the observed mean free path in transport measurements are longer than the sample diameter
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where ∇p denotes the pressure gradient, η the viscosity, and r the radius of
the capillary. Inserting the expression η = 1

3# vth !g for the viscosity leads
to the right side of the equation. Here, vth is the average thermal velocity of
the gas atoms and !g their mean free path. The mass transport is limited by
viscosity or, in other words, by the transfer of momentum to the capillary
wall. The momentum transfer becomes increasingly effective with rising !g.
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approximation, we may write leff ≈ r2/!N for the effective mean free path.
As in ordinary heat conduction in the Casimir regime, the heat resistance is
the result of surface scattering. However, because of the frequently occurring
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i.e., the effective mean free path is enlarged by a factor 5d/32!N in comparison
with ordinary heat transport. Surprisingly, under this condition the thermal
conductivity varies inversely proportional to !N. Since !N ∝ T−5 (see (6.29)),
the thermal conductivity in the Poiseuille regime should exhibit the strong
temperature variation Λ ∝ T 8.
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N- and U-processes (!N ∝ T−5 and !U ∝ eΘ/2T ) it is, in principle, always pos-
sible to satisfy condition (6.34) in a limited temperature interval if a suitable
sample diameter is chosen. However, for real crystals the restriction (6.34) is
difficult to fulfill, and until recently Poiseuille flow has only been observed in
solid helium.
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As in ordinary heat conduction in the Casimir regime, the heat resistance is
the result of surface scattering. However, because of the frequently occurring
N-processes, phonons perform a random walk and cover on average a dis-
tance r2/!N before they reach the crystal surface. This means that the mean
free path becomes much larger than the sample diameter for scattering events
that do not conserve quasimomentum. A more precise calculation leads to

Λ =
1
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CV v
5 d2

32 !N
, (6.37)

i.e., the effective mean free path is enlarged by a factor 5d/32!N in comparison
with ordinary heat transport. Surprisingly, under this condition the thermal
conductivity varies inversely proportional to !N. Since !N ∝ T−5 (see (6.29)),
the thermal conductivity in the Poiseuille regime should exhibit the strong
temperature variation Λ ∝ T 8.

Because of the different temperature dependence of the mean free path of
N- and U-processes (!N ∝ T−5 and !U ∝ eΘ/2T ) it is, in principle, always pos-
sible to satisfy condition (6.34) in a limited temperature interval if a suitable
sample diameter is chosen. However, for real crystals the restriction (6.34) is
difficult to fulfill, and until recently Poiseuille flow has only been observed in
solid helium.
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holds. Here, d stands for the diameter of the crystal and the capillary, respec-
tively. !R is the mean free path for scattering processes giving rise to thermal
resistance. If !D stands for the mean free path due to defect scattering, !R is
given by !−1
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The mass flow dm/dt of a gas through a capillary is described by the
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where ∇p denotes the pressure gradient, η the viscosity, and r the radius of
the capillary. Inserting the expression η = 1

3# vth !g for the viscosity leads
to the right side of the equation. Here, vth is the average thermal velocity of
the gas atoms and !g their mean free path. The mass transport is limited by
viscosity or, in other words, by the transfer of momentum to the capillary
wall. The momentum transfer becomes increasingly effective with rising !g.

Let us now consider the Poiseuille flow in a gas of phonons. If the con-
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holds. Here, d stands for the diameter of the crystal and the capillary, respec-
tively. !R is the mean free path for scattering processes giving rise to thermal
resistance. If !D stands for the mean free path due to defect scattering, !R is
given by !−1
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where ∇p denotes the pressure gradient, η the viscosity, and r the radius of
the capillary. Inserting the expression η = 1

3# vth !g for the viscosity leads
to the right side of the equation. Here, vth is the average thermal velocity of
the gas atoms and !g their mean free path. The mass transport is limited by
viscosity or, in other words, by the transfer of momentum to the capillary
wall. The momentum transfer becomes increasingly effective with rising !g.

Let us now consider the Poiseuille flow in a gas of phonons. If the con-
dition (6.34) is satisfied, we may use the analogy and replace the mass
flow dm/dt in (6.35) by the heat flow Q̇ and the pressure gradient by the
temperature gradient, and obtain for the thermal conductivity the expression
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A comparison with the Hagen–Poiseuille equation shows that, as a first
approximation, we may write leff ≈ r2/!N for the effective mean free path.
As in ordinary heat conduction in the Casimir regime, the heat resistance is
the result of surface scattering. However, because of the frequently occurring
N-processes, phonons perform a random walk and cover on average a dis-
tance r2/!N before they reach the crystal surface. This means that the mean
free path becomes much larger than the sample diameter for scattering events
that do not conserve quasimomentum. A more precise calculation leads to
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i.e., the effective mean free path is enlarged by a factor 5d/32!N in comparison
with ordinary heat transport. Surprisingly, under this condition the thermal
conductivity varies inversely proportional to !N. Since !N ∝ T−5 (see (6.29)),
the thermal conductivity in the Poiseuille regime should exhibit the strong
temperature variation Λ ∝ T 8.

Because of the different temperature dependence of the mean free path of
N- and U-processes (!N ∝ T−5 and !U ∝ eΘ/2T ) it is, in principle, always pos-
sible to satisfy condition (6.34) in a limited temperature interval if a suitable
sample diameter is chosen. However, for real crystals the restriction (6.34) is
difficult to fulfill, and until recently Poiseuille flow has only been observed in
solid helium.
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details we would like to give a plausible argument for the strong tempera-
ture dependence of this scattering process. Without proof, we state that the
scattering cross section σ for phonon–phonon collisions is proportional to the
square of the strain amplitude e0 of the scattered phonons. This means that
σ ∝

∏
i ωi, where the index i denotes the participating phonons. For three-

phonon processes of thermal phonons we thus obtain σ ∝ ω1ω2ω3 ∝ T 3. At
low temperatures the number density ñ of the dominant phonons increases
proportional to T 2 since the phonon density of states is proportional to ω2. In
this way, it follows from (6.26) that the inverse mean free path for N-processes
should obey the relation

#−1
N ∝ T 5 . (6.29)

Umklapp Processes

It is possible for q3 to lie outside the first Brillouin zone even if three phonons
take part, as in the N-process. In this case, the addition of a reciprocal lattice
vector brings the wave vector of the generated phonon back into the first zone.
However, the total quasimomentum P is changed by these umklapp processes
and consequently the heat flow is degraded.

At high temperatures, the overwhelming number of excited phonons are
phonons with a frequency close to the Debye frequency ωD and a wave vector
comparable with that of the zone boundary. As a consequence, virtually every
collision leads to a final state outside the Brillouin zone and is therefore an
umklapp process. At T > Θ the number of thermally excited phonons and
hence the density of scattering centers ñ rises proportional to T . Since the
frequency of the dominant phonons is ωD that does not change with temper-
ature, the cross section σ for the phonon–phonon collisions is constant. Thus
(6.26) leads to a phonon mean free path #U limited by umklapp scattering
that varies as #U ∝ T−1, and it follows from (6.20) that Λ ∝ T−1 since CV is
approximately constant at high temperatures. It should be noted that there
is a gradual transition from N-processes to U-processes, i.e., from # ∝ T−5 to
# ∝ T−1.

Umklapp processes are only possible if the colliding phonons carry high
enough momenta. Roughly speaking, this condition is fulfilled for phonons
with the frequency ω > ωD/2. At intermediate temperatures, i.e., below the
Debye temperature, the number of phonons with energy !ωD/2 decreases
rapidly on cooling. The probability for finding such phonons follows from the
occupation number f(ω, T ). Since !ωD > kBT , we may use the approxima-
tion f(ω, T ) = [exp(!ωD/2kBT ) − 1]−1 ≈ exp(−!ωD/2kBT ) = exp(−Θ/2T ),
meaning that the density ñ of the relevant phonons varies exponentially
with temperature. This exponential temperature dependence dominates the
weaker dependence on temperature of σ and CV with the result that

Λ ∝ #U ∝ eΘ/2T . (6.30)
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!N ! d ! !R (6.34)

holds. Here, d stands for the diameter of the crystal and the capillary, respec-
tively. !R is the mean free path for scattering processes giving rise to thermal
resistance. If !D stands for the mean free path due to defect scattering, !R is
given by !−1

R = !−1
U + !−1

D .
The mass flow dm/dt of a gas through a capillary is described by the

famous Hagen–Poiseuille law
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where ∇p denotes the pressure gradient, η the viscosity, and r the radius of
the capillary. Inserting the expression η = 1

3# vth !g for the viscosity leads
to the right side of the equation. Here, vth is the average thermal velocity of
the gas atoms and !g their mean free path. The mass transport is limited by
viscosity or, in other words, by the transfer of momentum to the capillary
wall. The momentum transfer becomes increasingly effective with rising !g.

Let us now consider the Poiseuille flow in a gas of phonons. If the con-
dition (6.34) is satisfied, we may use the analogy and replace the mass
flow dm/dt in (6.35) by the heat flow Q̇ and the pressure gradient by the
temperature gradient, and obtain for the thermal conductivity the expression

− Q̇

πr2

1
|∇T | = Λ =
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3
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A comparison with the Hagen–Poiseuille equation shows that, as a first
approximation, we may write leff ≈ r2/!N for the effective mean free path.
As in ordinary heat conduction in the Casimir regime, the heat resistance is
the result of surface scattering. However, because of the frequently occurring
N-processes, phonons perform a random walk and cover on average a dis-
tance r2/!N before they reach the crystal surface. This means that the mean
free path becomes much larger than the sample diameter for scattering events
that do not conserve quasimomentum. A more precise calculation leads to

Λ =
1
3

CV v
5 d2

32 !N
, (6.37)

i.e., the effective mean free path is enlarged by a factor 5d/32!N in comparison
with ordinary heat transport. Surprisingly, under this condition the thermal
conductivity varies inversely proportional to !N. Since !N ∝ T−5 (see (6.29)),
the thermal conductivity in the Poiseuille regime should exhibit the strong
temperature variation Λ ∝ T 8.

Because of the different temperature dependence of the mean free path of
N- and U-processes (!N ∝ T−5 and !U ∝ eΘ/2T ) it is, in principle, always pos-
sible to satisfy condition (6.34) in a limited temperature interval if a suitable
sample diameter is chosen. However, for real crystals the restriction (6.34) is
difficult to fulfill, and until recently Poiseuille flow has only been observed in
solid helium.
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Here, the question arises why Poiseuille flow is not found in ‘ordinary’
crystals like silicon, which can be produced with nearly perfect quality. The
transport of heat is accompanied by the flow of quasimomentum from the
core of the sample to its surface. If p is the average number of scattering
events taking place before the surface is reached, the inequality !R > p !N has
to be satisfied in order to have a negligible influence of resistive processes.
As indicated above, the momentum transfer is caused by a random walk
of the heat-carrying phonons, i.e., we may write r ≈ √

p !N. Consequently,
!R > r2/!N has to be satisfied. From (6.34) it follows that !N # r, meaning
that !N should be as small as possible, and !R as large as possible.

Because the two inequalities are difficult to meet simultaneously, Poiseuille
flow has only been found in solid 4He [281, 282] and 3He [283], and re-
cently in the quasi-one-dimensional single crystals Ta1−xNbxSe4I with x = 0,
0.008 and 0.01 [284]. Measurements of the thermal conductivity of 4He and
3He crystals are shown in Fig. 6.15. In 4He crystals it was found that between
0.5 K and 0.8 K the conductivity varies as Λ ∝ T 6, i.e., the temperature vari-
ation is much stronger than the T 3-dependence known from the Casimir
regime. Measurements on solid 3He also indicate the occurrence of Poiseuille
flow (curves A to C) just below the conductivity maximum, although the
effect is less pronounced. In the measurement of curve D, Poiseuille flow was
suppressed by the presence of 100 ppm 4He impurities, i.e., by isotope scat-
tering.
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Fig. 6.15. Thermal conductivity of solid helium. (a) Measurement on solid 4He
[285]. (b) Measurement on solid 3He at different pressures (A to C). Curve D was
obtained on 3He doped with 100 ppm 4He [283]

From an analysis of the 4He data, not only !eff but also !N can be deter-
mined [285]. The result is shown in Fig. 6.16. It demonstrates unambiguously
that within a certain temperature range, !eff exceeds the diameter of the sam-
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From an analysis of the 4He data, not only !eff but also !N can be deter-
mined [285]. The result is shown in Fig. 6.16. It demonstrates unambiguously
that within a certain temperature range, !eff exceeds the diameter of the sam-

experimental evidence

► steeper than T 3 temperature dependence observed

► temperature dependence is T 6  instead of T 8  

► only small temperature range     

► A,B,C crystals with different densities
► D contains 100 ppm 4He
► slightly steeper temperature dependence     

as T 3 
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analysis of 4He data
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ple considerably. Below 0.5 K, !eff approaches the Casimir limit. Although
the temperature variation of Λ is much stronger than T 3, it is weaker than ex-
pected. From Λ ∝ T 6, it follows that !N is proportional to T 3 rather than T 5.
Because experimental data are only available in a narrow temperature range
(0.5 to 0.8 K), it is difficult to deduce the correct power law. In addition,
the crystals investigated in these studies were possibly not completely free of
dislocations. Scattering by dislocations reduces the temperature dependence
of the conductivity and hence masks the temperature variation of !N. In fact,
in different experiments the temperature dependence of !N deduced from the
data, was found to vary within the range !N ∝ T 3−5 [286].
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Fig. 6.16. Temperature dependence of
the mean free paths. !eff (squares) and
!N (circles) deduced from the data on
the thermal conductivity of solid 4He.
Full lines represent the temperature
variations of !N ∝ T−3 and !U ∝ eΘ/2T ,
respectively [285]

6.3.2 Second Sound

In Sect. 2.1.2, we discussed the occurrence of second sound in superfluid
helium. As we shall see, it can also be observed in solids. Sound waves in gases
are density waves propagating with the velocity vs, which can be estimated
via the simple relation

vs ≈
1√
3

vth , (6.38)

where vth is the average thermal velocity of the gas atoms. Similarly, second
sound may be considered as a density wave in a phonon gas. Because of this
analogy the velocity v2 of second sound can also be expressed by (6.38) after
replacing the velocity of the gas atoms by the velocity of phonons:

v2 ≈ 1√
3

vs . (6.39)

It should be pointed out that this picture is only applicable if resistive scat-
tering processes can be neglected.
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ple considerably. Below 0.5 K, !eff approaches the Casimir limit. Although
the temperature variation of Λ is much stronger than T 3, it is weaker than ex-
pected. From Λ ∝ T 6, it follows that !N is proportional to T 3 rather than T 5.
Because experimental data are only available in a narrow temperature range
(0.5 to 0.8 K), it is difficult to deduce the correct power law. In addition,
the crystals investigated in these studies were possibly not completely free of
dislocations. Scattering by dislocations reduces the temperature dependence
of the conductivity and hence masks the temperature variation of !N. In fact,
in different experiments the temperature dependence of !N deduced from the
data, was found to vary within the range !N ∝ T 3−5 [286].
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!N ! d ! !R (6.34)

holds. Here, d stands for the diameter of the crystal and the capillary, respec-
tively. !R is the mean free path for scattering processes giving rise to thermal
resistance. If !D stands for the mean free path due to defect scattering, !R is
given by !−1

R = !−1
U + !−1

D .
The mass flow dm/dt of a gas through a capillary is described by the

famous Hagen–Poiseuille law

− ṁ

πr2

1
|∇p | =

#

8
r2

η
=

3
8

1
vth

r2

!g
, (6.35)

where ∇p denotes the pressure gradient, η the viscosity, and r the radius of
the capillary. Inserting the expression η = 1

3# vth !g for the viscosity leads
to the right side of the equation. Here, vth is the average thermal velocity of
the gas atoms and !g their mean free path. The mass transport is limited by
viscosity or, in other words, by the transfer of momentum to the capillary
wall. The momentum transfer becomes increasingly effective with rising !g.

Let us now consider the Poiseuille flow in a gas of phonons. If the con-
dition (6.34) is satisfied, we may use the analogy and replace the mass
flow dm/dt in (6.35) by the heat flow Q̇ and the pressure gradient by the
temperature gradient, and obtain for the thermal conductivity the expression

− Q̇

πr2

1
|∇T | = Λ =

1
3
CV v !eff . (6.36)

A comparison with the Hagen–Poiseuille equation shows that, as a first
approximation, we may write leff ≈ r2/!N for the effective mean free path.
As in ordinary heat conduction in the Casimir regime, the heat resistance is
the result of surface scattering. However, because of the frequently occurring
N-processes, phonons perform a random walk and cover on average a dis-
tance r2/!N before they reach the crystal surface. This means that the mean
free path becomes much larger than the sample diameter for scattering events
that do not conserve quasimomentum. A more precise calculation leads to

Λ =
1
3

CV v
5 d2

32 !N
, (6.37)

i.e., the effective mean free path is enlarged by a factor 5d/32!N in comparison
with ordinary heat transport. Surprisingly, under this condition the thermal
conductivity varies inversely proportional to !N. Since !N ∝ T−5 (see (6.29)),
the thermal conductivity in the Poiseuille regime should exhibit the strong
temperature variation Λ ∝ T 8.

Because of the different temperature dependence of the mean free path of
N- and U-processes (!N ∝ T−5 and !U ∝ eΘ/2T ) it is, in principle, always pos-
sible to satisfy condition (6.34) in a limited temperature interval if a suitable
sample diameter is chosen. However, for real crystals the restriction (6.34) is
difficult to fulfill, and until recently Poiseuille flow has only been observed in
solid helium.
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Here, the question arises why Poiseuille flow is not found in ‘ordinary’
crystals like silicon, which can be produced with nearly perfect quality. The
transport of heat is accompanied by the flow of quasimomentum from the
core of the sample to its surface. If p is the average number of scattering
events taking place before the surface is reached, the inequality !R > p !N has
to be satisfied in order to have a negligible influence of resistive processes.
As indicated above, the momentum transfer is caused by a random walk
of the heat-carrying phonons, i.e., we may write r ≈ √

p !N. Consequently,
!R > r2/!N has to be satisfied. From (6.34) it follows that !N # r, meaning
that !N should be as small as possible, and !R as large as possible.

Because the two inequalities are difficult to meet simultaneously, Poiseuille
flow has only been found in solid 4He [281, 282] and 3He [283], and re-
cently in the quasi-one-dimensional single crystals Ta1−xNbxSe4I with x = 0,
0.008 and 0.01 [284]. Measurements of the thermal conductivity of 4He and
3He crystals are shown in Fig. 6.15. In 4He crystals it was found that between
0.5 K and 0.8 K the conductivity varies as Λ ∝ T 6, i.e., the temperature vari-
ation is much stronger than the T 3-dependence known from the Casimir
regime. Measurements on solid 3He also indicate the occurrence of Poiseuille
flow (curves A to C) just below the conductivity maximum, although the
effect is less pronounced. In the measurement of curve D, Poiseuille flow was
suppressed by the presence of 100 ppm 4He impurities, i.e., by isotope scat-
tering.
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Fig. 6.15. Thermal conductivity of solid helium. (a) Measurement on solid 4He
[285]. (b) Measurement on solid 3He at different pressures (A to C). Curve D was
obtained on 3He doped with 100 ppm 4He [283]

From an analysis of the 4He data, not only !eff but also !N can be deter-
mined [285]. The result is shown in Fig. 6.16. It demonstrates unambiguously
that within a certain temperature range, !eff exceeds the diameter of the sam-

crystal radius number of scattering 
processes necessary to
reach surface
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at the same time no scattering processes leading to heat resistance should occur

(i)
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where ∇p denotes the pressure gradient, η the viscosity, and r the radius of
the capillary. Inserting the expression η = 1

3# vth !g for the viscosity leads
to the right side of the equation. Here, vth is the average thermal velocity of
the gas atoms and !g their mean free path. The mass transport is limited by
viscosity or, in other words, by the transfer of momentum to the capillary
wall. The momentum transfer becomes increasingly effective with rising !g.

Let us now consider the Poiseuille flow in a gas of phonons. If the con-
dition (6.34) is satisfied, we may use the analogy and replace the mass
flow dm/dt in (6.35) by the heat flow Q̇ and the pressure gradient by the
temperature gradient, and obtain for the thermal conductivity the expression
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A comparison with the Hagen–Poiseuille equation shows that, as a first
approximation, we may write leff ≈ r2/!N for the effective mean free path.
As in ordinary heat conduction in the Casimir regime, the heat resistance is
the result of surface scattering. However, because of the frequently occurring
N-processes, phonons perform a random walk and cover on average a dis-
tance r2/!N before they reach the crystal surface. This means that the mean
free path becomes much larger than the sample diameter for scattering events
that do not conserve quasimomentum. A more precise calculation leads to

Λ =
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, (6.37)

i.e., the effective mean free path is enlarged by a factor 5d/32!N in comparison
with ordinary heat transport. Surprisingly, under this condition the thermal
conductivity varies inversely proportional to !N. Since !N ∝ T−5 (see (6.29)),
the thermal conductivity in the Poiseuille regime should exhibit the strong
temperature variation Λ ∝ T 8.

Because of the different temperature dependence of the mean free path of
N- and U-processes (!N ∝ T−5 and !U ∝ eΘ/2T ) it is, in principle, always pos-
sible to satisfy condition (6.34) in a limited temperature interval if a suitable
sample diameter is chosen. However, for real crystals the restriction (6.34) is
difficult to fulfill, and until recently Poiseuille flow has only been observed in
solid helium.
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Here, the question arises why Poiseuille flow is not found in ‘ordinary’
crystals like silicon, which can be produced with nearly perfect quality. The
transport of heat is accompanied by the flow of quasimomentum from the
core of the sample to its surface. If p is the average number of scattering
events taking place before the surface is reached, the inequality !R > p !N has
to be satisfied in order to have a negligible influence of resistive processes.
As indicated above, the momentum transfer is caused by a random walk
of the heat-carrying phonons, i.e., we may write r ≈ √

p !N. Consequently,
!R > r2/!N has to be satisfied. From (6.34) it follows that !N # r, meaning
that !N should be as small as possible, and !R as large as possible.

Because the two inequalities are difficult to meet simultaneously, Poiseuille
flow has only been found in solid 4He [281, 282] and 3He [283], and re-
cently in the quasi-one-dimensional single crystals Ta1−xNbxSe4I with x = 0,
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flow (curves A to C) just below the conductivity maximum, although the
effect is less pronounced. In the measurement of curve D, Poiseuille flow was
suppressed by the presence of 100 ppm 4He impurities, i.e., by isotope scat-
tering.

Temperature T / K

10-1

100

101

102

T
he

rm
al

co
nd

uc
tiv

ity
Λ

/W
cm

−1
K

−1

T 3

T 6

0.5 1 20.3

Solid 4He

Temperature T / K

1

T
he

rm
al

co
nd

uc
tiv

ity
Λ

/W
cm

−1
K

−1

A
B
C
D

0.1 0.2 0.5 1

Solid 3He

0.01

0.1

Fig. 6.15. Thermal conductivity of solid helium. (a) Measurement on solid 4He
[285]. (b) Measurement on solid 3He at different pressures (A to C). Curve D was
obtained on 3He doped with 100 ppm 4He [283]

From an analysis of the 4He data, not only !eff but also !N can be deter-
mined [285]. The result is shown in Fig. 6.16. It demonstrates unambiguously
that within a certain temperature range, !eff exceeds the diameter of the sam-
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!N ! d ! !R (6.34)

holds. Here, d stands for the diameter of the crystal and the capillary, respec-
tively. !R is the mean free path for scattering processes giving rise to thermal
resistance. If !D stands for the mean free path due to defect scattering, !R is
given by !−1

R = !−1
U + !−1

D .
The mass flow dm/dt of a gas through a capillary is described by the

famous Hagen–Poiseuille law
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, (6.35)

where ∇p denotes the pressure gradient, η the viscosity, and r the radius of
the capillary. Inserting the expression η = 1

3# vth !g for the viscosity leads
to the right side of the equation. Here, vth is the average thermal velocity of
the gas atoms and !g their mean free path. The mass transport is limited by
viscosity or, in other words, by the transfer of momentum to the capillary
wall. The momentum transfer becomes increasingly effective with rising !g.

Let us now consider the Poiseuille flow in a gas of phonons. If the con-
dition (6.34) is satisfied, we may use the analogy and replace the mass
flow dm/dt in (6.35) by the heat flow Q̇ and the pressure gradient by the
temperature gradient, and obtain for the thermal conductivity the expression

− Q̇

πr2

1
|∇T | = Λ =

1
3
CV v !eff . (6.36)

A comparison with the Hagen–Poiseuille equation shows that, as a first
approximation, we may write leff ≈ r2/!N for the effective mean free path.
As in ordinary heat conduction in the Casimir regime, the heat resistance is
the result of surface scattering. However, because of the frequently occurring
N-processes, phonons perform a random walk and cover on average a dis-
tance r2/!N before they reach the crystal surface. This means that the mean
free path becomes much larger than the sample diameter for scattering events
that do not conserve quasimomentum. A more precise calculation leads to

Λ =
1
3

CV v
5 d2

32 !N
, (6.37)

i.e., the effective mean free path is enlarged by a factor 5d/32!N in comparison
with ordinary heat transport. Surprisingly, under this condition the thermal
conductivity varies inversely proportional to !N. Since !N ∝ T−5 (see (6.29)),
the thermal conductivity in the Poiseuille regime should exhibit the strong
temperature variation Λ ∝ T 8.

Because of the different temperature dependence of the mean free path of
N- and U-processes (!N ∝ T−5 and !U ∝ eΘ/2T ) it is, in principle, always pos-
sible to satisfy condition (6.34) in a limited temperature interval if a suitable
sample diameter is chosen. However, for real crystals the restriction (6.34) is
difficult to fulfill, and until recently Poiseuille flow has only been observed in
solid helium.
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conditions:

pulse length

can be fulfilled more easily than 
condition of Poiseuille flow  if 

► no umklapp processes, no defect scattering
►  
 

194 6 Phonons

Experiments investigating the propagation of second sound are generally
carried out with heat pulses such that the collision time τN = "N/vs for
N-processes is much shorter than the duration tp of the heat pulse. Therefore,
the inequality

"N ! vstp ! "R (6.40)

has to be satisfied. From a comparison of (6.34) and (6.40) it is obvious
that the latter condition is less restrictive. If "R " "N, in principle, only the
duration of the heat pulse has to be adjusted to allow the observation of
second sound. However, it turns out that the temperature range over which
these conditions can be met, is rather narrow. Only a few elements and
compounds are potential candidates for second-sound propagation because
isotope scattering also destroys the conservation of quasimomentum. Second
sound has been observed in solid 3He [287] and 4He [288] as well as in NaF
[289] and Bi [290].

A typical setup used in second-sound experiments in solids is schemati-
cally shown in Fig. 6.17. A short heat pulse with a duration of the order of a
microsecond is generated with a heater. The pulse travels across the sample
with the characteristic velocity v2 and is detected by the bolometer on the
other side of the sample. Alternatively, it is possible to generate temperature
waves using a periodic excitation of the heater.

Heater

Sample

Bolometer

Fig. 6.17. Schematic drawing of an ex-
perimental setup to investigate second
sound in solids

As an example of second-sound propagation in solids, we show in Fig. 6.18
a measurement on the same NaF crystal that exhibited the especially high
maximum thermal conductivity of 240 W cm−1 K−1 shown in Fig. 6.8. The
‘temperature window’ for the observation of second sound was between 13 K
and 17 K in this experiment. At 9 K the propagation of phonons is ballistic,
i.e., N-processes do not occur frequently enough and phonons travel from the
heater to the bolometer virtually without interaction. At low temperatures,
the detector signal exhibits two maxima that can be ascribed to longitudinal
and transverse phonons (see the following Sect. 6.4). With increasing tem-
perature the first maximum gradually disappears, and above 11 K the second
maximum shifts towards longer delay times. Within a narrow temperature
range the heat pulse travels with the characteristic velocity v2. At higher
temperatures (T > 17 K) U-processes become important, the propagation of
phonons becomes diffusive, and the second-sound signal disappears.
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Fig. 6.18. Bolometer signal regis-
tered in a heat-pulse experiment on
a NaF crystal. The tinted regions
observed at temperatures between
13 K and 17.5 K are attributed to
second sound [291]

6.4 Ballistic Propagation of Phonons

If crystals are cooled to sufficiently low temperatures, N-processes die out
and finally phonons propagate ballistically. In Fig. 6.19, two possible exper-
imental arrangements for the investigation of ballistic phonons are depicted
schematically. In one case (see Fig. 6.19a), a small metal film is evaporated
onto a disc-shaped sample and serves as a heater. Because the film has a low
heat capacity, short heat pulses can be generated and detected on the other
side of the sample by a fast superconducting bolometer or tunnel junction
(see Sect. 10.3.6). In Fig. 6.19b, a setup is shown that is used in so-called
phonon-focusing experiments. One side of the sample is covered by a thin
metal film that is heated by a focused laser pulse. Again, a bolometer is used
for the heat-pulse detection on the other side. While the detector is fixed, the
laser beam scans over the surface, thus providing a movable heat source. As
we shall see, in such an experiment two-dimensional images can be generated
that reflect the elastic anisotropy of crystals.

6.4.1 Time-Resolved Measurements of Phonon Propagation

The time ti = d/vi needed by phonons to travel through the sample of thick-
ness d from the heater to the detector (see Fig. 6.19a) depends on their
polarization, where the index i labels the phonon branch. The detector sig-
nal produced by heat pulses propagating along the [111] direction of InSb
crystals is shown in Fig. 6.20. In pure samples (upper trace) two heat pulses
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a measurement on the same NaF crystal that exhibited the especially high
maximum thermal conductivity of 240 W cm−1 K−1 shown in Fig. 6.8. The
‘temperature window’ for the observation of second sound was between 13 K
and 17 K in this experiment. At 9 K the propagation of phonons is ballistic,
i.e., N-processes do not occur frequently enough and phonons travel from the
heater to the bolometer virtually without interaction. At low temperatures,
the detector signal exhibits two maxima that can be ascribed to longitudinal
and transverse phonons (see the following Sect. 6.4). With increasing tem-
perature the first maximum gradually disappears, and above 11 K the second
maximum shifts towards longer delay times. Within a narrow temperature
range the heat pulse travels with the characteristic velocity v2. At higher
temperatures (T > 17 K) U-processes become important, the propagation of
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► T  = 9 K à ballistic propagation:        too long
► T >  17 K  à diffusive phonon scattering
► 9 K < T < 17 K  à  indications for second sound
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Fig. 6.19. Schematic drawings of experimental arrangements for heat-pulse exper-
iments. (a) Setup for time-resolved measurements, (b) setup for phonon-focusing
experiments

can clearly be distinguished, which are attributed to longitudinal and trans-
verse phonons. Only a single pulse of transverse phonons is observed because
the two transverse branches are degenerate in InSb along this direction.

The main purpose of this experiment was the investigation of the polariza-
tion dependence of the electron–phonon interaction [292]. Electrons couple to
lattice vibrations via density changes. Since pure transverse phonons produce
no change in density, it is expected that in metals or semiconductors with
a spherical Fermi surface, only longitudinal phonons couple to electrons. To
test this prediction, heat-pulse propagation was first studied in a nominally
pure InSb sample (impurity content n ≈ 2 × 1014 cm−3). A strong signal
due to longitudinal (L) phonons was found. In the n-doped sample (donor
concentration n ≈ 5 × 1017 cm−3), however, the longitudinal heat pulse was
strongly attenuated because of the strong electron–phonon interaction. In
contrast, transverse (T) phonons are hardly influenced by the presence of
electrons.
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Fig. 6.20. Propagation of heat pulses in
pure and n-doped InSb at 1.68 K. Heat
pulses were generated in a gold film of 450 Å
thickness and detected by a superconduct-
ing Al-Sn bolometer [292]
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the two transverse branches are degenerate in InSb along this direction.

The main purpose of this experiment was the investigation of the polariza-
tion dependence of the electron–phonon interaction [292]. Electrons couple to
lattice vibrations via density changes. Since pure transverse phonons produce
no change in density, it is expected that in metals or semiconductors with
a spherical Fermi surface, only longitudinal phonons couple to electrons. To
test this prediction, heat-pulse propagation was first studied in a nominally
pure InSb sample (impurity content n ≈ 2 × 1014 cm−3). A strong signal
due to longitudinal (L) phonons was found. In the n-doped sample (donor
concentration n ≈ 5 × 1017 cm−3), however, the longitudinal heat pulse was
strongly attenuated because of the strong electron–phonon interaction. In
contrast, transverse (T) phonons are hardly influenced by the presence of
electrons.
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6.4 Ballistic Propagation of Phonons

If crystals are cooled to sufficiently low temperatures, N-processes die out
and finally phonons propagate ballistically. In Fig. 6.19, two possible exper-
imental arrangements for the investigation of ballistic phonons are depicted
schematically. In one case (see Fig. 6.19a), a small metal film is evaporated
onto a disc-shaped sample and serves as a heater. Because the film has a low
heat capacity, short heat pulses can be generated and detected on the other
side of the sample by a fast superconducting bolometer or tunnel junction
(see Sect. 10.3.6). In Fig. 6.19b, a setup is shown that is used in so-called
phonon-focusing experiments. One side of the sample is covered by a thin
metal film that is heated by a focused laser pulse. Again, a bolometer is used
for the heat-pulse detection on the other side. While the detector is fixed, the
laser beam scans over the surface, thus providing a movable heat source. As
we shall see, in such an experiment two-dimensional images can be generated
that reflect the elastic anisotropy of crystals.

6.4.1 Time-Resolved Measurements of Phonon Propagation

The time ti = d/vi needed by phonons to travel through the sample of thick-
ness d from the heater to the detector (see Fig. 6.19a) depends on their
polarization, where the index i labels the phonon branch. The detector sig-
nal produced by heat pulses propagating along the [111] direction of InSb
crystals is shown in Fig. 6.20. In pure samples (upper trace) two heat pulses

time of phonon with polarization i 
from heater to detector  
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6.5 Ballistic Propagation of Phonons

► samples with different doping level
► electrons interact with phonons via density variation
► longitudinal phonons: density variation à strong coupling

► transverse phonons: no density variation à no coupling 

Example: InSb,  investigation of electron-phonon coupling

a) time resolved measurements
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6.5 Ballistic Propagation of Phonons

► [110] 3 branches L, FT, ST
► [100], [111], FT, ST degenerate

2nd example:  GaAs:O, GaAs:Cr,  phonon-defect coupling is investigated
                                                      free electrons are unimportant

6.4 Ballistic Propagation of Phonons 197

As a further example, we show in Fig. 6.21 data from the propagation
of ballistic phonons in GaAs crystals. The samples, discs 2.6 mm thick, were
doped with oxygen and chromium as indicated. Heat pulses were generated
by Joule heating of a constantan film and detected with a superconducting
bolometer. In the [100] and [111] directions, the fast and the slow transverse
phonon branch (denoted by FT and ST, respectively) are degenerate. The
relative amplitudes of the signals depend on the direction of propagation,
on the density of states of the respective phonon branches and on ‘focusing
effects’ due to the elastic anisotropy of GaAs. Scattering by free electrons
was unimportant in these experiments.
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Fig. 6.21. Propagation of ballistic phonons in GaAs at 1.5 K. The specimens were
doped with oxygen and chromium [293]

Heat-pulse experiments are well suited for the investigation of point de-
fects. In the oxygen-doped samples, the phonons propagate ballistically to the
bolometer. But in the chromium-doped samples (n ≈ 1×1017 cm−3) the prop-
agation of transverse (T) phonons in the [111] direction, and the propagation
of slow transverse (ST) phonons in the [110] direction is particularly impeded.
These phonons, along with the weaker scattered longitudinal phonons, end
up in a diffusive pulse observed after a few microseconds. A closer analysis
shows that the dominant scattering mechanism is not Rayleigh scattering
but resonant interaction between phonons and chromium impurities. Since
the cross section for this process depends on the polarization and propagation
direction, information on the site symmetry of the defects can be obtained.
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Heat-pulse experiments are well suited for the investigation of point de-
fects. In the oxygen-doped samples, the phonons propagate ballistically to the
bolometer. But in the chromium-doped samples (n ≈ 1×1017 cm−3) the prop-
agation of transverse (T) phonons in the [111] direction, and the propagation
of slow transverse (ST) phonons in the [110] direction is particularly impeded.
These phonons, along with the weaker scattered longitudinal phonons, end
up in a diffusive pulse observed after a few microseconds. A closer analysis
shows that the dominant scattering mechanism is not Rayleigh scattering
but resonant interaction between phonons and chromium impurities. Since
the cross section for this process depends on the polarization and propagation
direction, information on the site symmetry of the defects can be obtained.

► [100] no change
► [111]  FT, ST  disappear 
► [110] ST  disappears, FT reduced

► diffused phonons appear in [110], [111]
► reason: resonant scattering with Cr defects 

6.4 Ballistic Propagation of Phonons 197
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b) position depended measurements
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Fig. 6.19. Schematic drawings of experimental arrangements for heat-pulse exper-
iments. (a) Setup for time-resolved measurements, (b) setup for phonon-focusing
experiments

can clearly be distinguished, which are attributed to longitudinal and trans-
verse phonons. Only a single pulse of transverse phonons is observed because
the two transverse branches are degenerate in InSb along this direction.

The main purpose of this experiment was the investigation of the polariza-
tion dependence of the electron–phonon interaction [292]. Electrons couple to
lattice vibrations via density changes. Since pure transverse phonons produce
no change in density, it is expected that in metals or semiconductors with
a spherical Fermi surface, only longitudinal phonons couple to electrons. To
test this prediction, heat-pulse propagation was first studied in a nominally
pure InSb sample (impurity content n ≈ 2 × 1014 cm−3). A strong signal
due to longitudinal (L) phonons was found. In the n-doped sample (donor
concentration n ≈ 5 × 1017 cm−3), however, the longitudinal heat pulse was
strongly attenuated because of the strong electron–phonon interaction. In
contrast, transverse (T) phonons are hardly influenced by the presence of
electrons.
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Fig. 6.20. Propagation of heat pulses in
pure and n-doped InSb at 1.68 K. Heat
pulses were generated in a gold film of 450 Å
thickness and detected by a superconduct-
ing Al-Sn bolometer [292]

single crystals are elastically anisotropic 
            sound waves are propagating not always in direction of 
              wave vector, but in direction of the group velocity 

198 6 Phonons

6.4.2 Phonon Focusing

Crystals are elastically anisotropic. As a consequence, the vibrational energy
of a (plane) sound wave does not, in general, flow in the direction of its wave
vector but in the direction of its group velocity. The locus of all possible
group velocities is known as the group-velocity surface, or wave surface. This
concept is illustrated in Fig. 6.22. The left figure shows the schematic drawing
of a constant-frequency curve in q-space. The group velocity v = dω(q)/dq
for a given wave vector is normal to this curve. In the figure on the right,
the wave surface is constructed by connecting the tails of all group-velocity
vectors. This leads to the folded curve shown in Fig. 6.22b. It defines the shape
of a vibrational wavefront emanating from a point source in the crystal. One
unusual consequence of a folded wave surface is that for a given direction of
propagation more than one pulse arrives at the detector.
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Fig. 6.22. Construction of a wave surface. (a) Schematic drawing of a constant-ω
curve in q-space. The group velocity v(q) for a given wave vector q is normal
to this curve. (b) Construction of the wave surface by connecting the tails of all
group-velocity vectors [294]

An experiment carried out with a setup of the type drawn schematically in
Fig. 6.19b produces the images shown in Fig. 6.23. The four crystals have cu-
bic symmetry and were cut perpendicularly to their [111] direction, resulting
in the observed three-fold symmetry. To understand the details of the inten-
sity distribution the exact shape of the wave surface of the crystals has to be
known. We do not discuss further this interesting topic in low-temperature
physics because here we only wanted to give a brief introduction to this field
and refer the reader to [295] for more details.

An elegant alternative method of demonstrating the occurrence of phonon
focusing is shown schematically in Fig. 6.24. This method makes use of
the properties of superfluid helium films. Because of the fountain effect
(see Sect. 2.2) the thickness of the saturated superfluid helium film on a sur-
face above a liquid bath depends upon its temperature. Focusing of phonons
generated at a point source on one surface of a crystal leads to a spatial vari-
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An elegant alternative method of demonstrating the occurrence of phonon
focusing is shown schematically in Fig. 6.24. This method makes use of
the properties of superfluid helium films. Because of the fountain effect
(see Sect. 2.2) the thickness of the saturated superfluid helium film on a sur-
face above a liquid bath depends upon its temperature. Focusing of phonons
generated at a point source on one surface of a crystal leads to a spatial vari-

Construction of wave front

constant w curve in k space wave front reconstruction

propagation in preferred directions

phonon focusing
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Phonon Focussing on Cubic Crystals in ⟨111⟩ direction

example:

four cubic crystals, [111] direction

3-fold symmetry
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Phonon Focusing made visible by 4He Films

demonstration using superfluid 4He

ballistic phonons           substrate locally heated  
fountain effect 

film thickness changes phonon density
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Phonon Focusing

CaF2 Nb at 1.8 K
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A. TOOLS OF THE TRADE 69

Figure 5 Wide-angle phonon images of Ge obtained by a single raster
scan over an obliquely oriented crystal. A pulsed Nd:YAG laser directly
excites the 1-cm cube immersed in liquid helium at 2 K. In (a) the detecting
bolometer is located at the center of the back left face, (001). In (b) the
detecting bolometer is located at the center of the back right face, (110).
Bright lines are phonon-focusing caustics. (From Northrop and Wolfe.3)
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Figure 6 Phonon image of y-cut quartz taken with an Al bolometer detec-
tor and a scanned electron beam as the heat-pulse source. (From Eichele
etalM)
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TeO2 

isotrop phonon propagation in glassexperimental technique

Phonon Focusing
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7. Conduction Electrons

7.1 Specific heat

a) simple metals

Drude  (1900)               Sommerfeld  (1927)                   Bloch (1940)

free electrons gas

free electrons gas:

phonons

electrons:
7.1 Specific Heat 207
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Fig. 7.1. Low-temperature specific heat of copper [301]. (a) C plotted linearly
versus temperature. The contribution of the electrons and of the phonons are rep-
resented by dashed and dashed-dotted lines, respectively. The full line reflects the
sum of the two contributions. (b) C/T versus T 2. This plot permits the separation
of the electronic and lattice contributions by graphical means

Since the calculated value of γ is proportional to the electronic mass m, the
fit to the experimental data is often improved by the introduction of an effec-

Table 7.1. Electron density n, Fermi temperature TF, experimental and theoretical
Sommerfeld coefficient γexp and γtheo, and the ratio γexp/γtheo. Apart from the
densities of the alkali metals Li (77 K), Na (5 K), K (5 K), Rb (5 K), and Cs (5 K),
the electron densities in the table were obtained at room temperature. After [302]

Element n TF γexp γtheo γexp/γtheo

(1022 cm−3) (104 K) [mJ (K2mol)−1] [mJ (K2mol)−1]

Li 4.70 5.51 1.75 0.75 2.3

Na 2.65 3.77 1.46 1.08 1.3

K 1.40 2.46 1.92 1.67 1.2

Rb 1.15 2.15 2.42 1.92 1.3

Cs 0.91 1.84 3.22 2.21 1.5

Cu 8.47 8.16 0.67 0.50 1.3

Ag 5.86 6.38 0.65 0.63 1.1

Au 5.90 6.42 0.65 0.63 1.1

Mg 8.61 8.23 1.34 1.00 1.7

Ba 3.15 4.23 2.72 1.96 1.4

Al 18.10 13.60 1.25 0.91 1.4

In 11.50 10.00 1.79 1.21 1.5

Sn 14.80 11.80 1.83 1.37 1.3

Pb 13.20 11.00 2.92 1.50 1.9

► electrons dominate below ∼ 4 K
► very good qualitative agreement
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7.1 Specific Heat

good qualitative agreement for simple metals

for quantitative agreement

ڱڹڳ ࡧ ڹ FɑǘƷ˥ʾʂɱ˒ Ȫɱ ýʂɑȪǃ˒
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but: transition series metals

example nickel:                                        reason is d-electrons contribute, which are not (completely) free

involved in covalent bond, highly oriented
no spherical Fermi surface 

► d-electrons with large density of state dominate at EF

► d-electrons are localized

7.1 Specific Heat
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b) metal with heavy electrons

examples:    CeCu2Si2               cer electronic configuration  [Xe] 5d1 4f1 6s2 

g = Cel / T extrapolated from high T

at low temperatures  T à 0

g  not constant below 15 K 

4f electrons are localized at high T
and form a conduction band at low T

effective mass: 

► T > 15 K,  D(E) and m* are constant

► T < 15 K,  C / T  increase strongly with decreasing temperature 

7.1 Specific Heat
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Heavy fermion systems

7.5 Heavy-Fermion Systems 237
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Fig. 7.23. Specific heat C/T of dif-
ferent heavy-fermion compounds as
a function of T 2. Substances with
a Sommerfeld coefficient γ = C/T
above the tinted area are consid-
ered to be heavy-fermion systems. For
comparison: this limit corresponds to
γ ≈ 270 γNa [329]

7.5.2 Susceptibility

Besides the enormously high specific heat, heavy-fermion systems also exhibit
a strongly enhanced susceptibility. In ordinary nonmagnetic metals there is
an almost temperature-independent susceptibility, the so-called Pauli suscep-
tibility

χ = µ0µ
2
BD(EF) ∝ n1/3m∗ . (7.43)

However, at high temperatures, heavy-fermion systems exhibit a Curie–Weiss
like behavior that can be attributed to the localized moment of f -electrons. At
temperatures below T ∗, the temperature variation of χ flattens and finally the
susceptibility remains approximately constant. The enhanced, temperature-
independent susceptibility can be interpreted as the Pauli susceptibility of
the heavy quasiparticles.

As an example, the susceptibility of CeAl3 is shown in Fig. 7.24. At high
temperatures, the expected Curie–Weiss behavior of systems with magnetic
moments is found. From these data it follows that all Ce-ions carry a magnetic
moment of 2.56 µB, corresponding roughly to that of free trivalent Ce-ions.3
As shown in the insert of the figure, the susceptibility becomes approximately
constant below 1.5 K and χ ≈ 3.6 × 10−2 cm3 mol−1 is found. This value is
about two orders of magnitude greater than that of free electrons. Just like
the specific heat, the susceptibility (7.43) is proportional to the density of
states and we conclude that the high effective mass of the quasiparticles is
the origin of this unusual behavior.

This conclusion is supported by the clear correlation between γ and χ
displayed in Fig. 7.25. In the range T $ T ∗, the strongly enhanced value
of the magnetic susceptibility and the specific heat of heavy-fermion systems
3 In a quantitative comparison it has to be taken into account that the crystal

field modifies the magnetic moments.

7.2 Electrical Conductivity 209

The specific heat divided by temperature C/T of a CeCu2Si2 crystal in
its normal conducting state is depicted in Fig. 7.3a. Below 20 K, γ is not
constant but rises with decreasing temperature. An extrapolation of the high-
temperature data to T = 0 leads to γ ≈ 30mJ (mol K2)−1. Extrapolating
the low-temperature data shown in the insert results in the astonishingly
high value γ ≈ 1050mJ (mol K2)−1. In Fig. 7.3b, the specific heat of CeAl3
is shown. The very high value γ ≈ 1800mJ (mol K2)−1 is found at 0.35 K.
For CeAlCu4, a Sommerfeld coefficient as high as γ ≈ 2200mJ (mol K2)−1 is
reported [304]. From the relation γ ∝ n1/3m∗

th it follows that the exceptionally
high values of γ are caused by the extremely large effective electron masses.
The reason for this anomaly and further interesting properties of this class
of substances will be discussed in Sect. 7.5 at the end of this chapter after
our discussion of the Kondo effect.
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Fig. 7.3. Specific heat of heavy-fermion systems. (a) Specific heat divided by
temperature C/T of CeCu2Si2 versus T 2. The low-temperature behavior is shown
in the insert in the upper part of the figure with spread scale [305]. (b) C/T of
CeAl3 versus T [306]

7.2 Electrical Conductivity

In this section, we discuss some interesting low-temperature aspects of the
electrical conductivity of metals. Superconductivity will be excluded from
our discussion because we will treat this phenomenon separately in Chap. 10.
To avoid unnecessary conceptual complications we mainly pay attention to
simple metals. Concerning transition metals we only make a very brief remark
since they often stand out due to peculiarities in their physical properties. As
mentioned before, in these metals not only s-electrons but also d-electrons are
present in the conduction band. Although the density of states of d-electrons
at the Fermi energy exceeds that of s-electrons they hardly contribute to

7.1 Specific Heat

► interesting class of solids with strongly correlated electrons

► effective masses m* up to 2000 me  observed

► origin: interaction with localized spins

Wilson ratio:

important: Fermi liquid theory

analogy to 3He reaches even further 

some heavy fermion systems show unconventional superconductivity (S ≠ 0) : UPt3, URu2Si2 …


