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Fig. 6.8. Thermal conductivity of a
sodium fluoride crystal as a function
of temperature [269]

In the following section we briefly consider mechanisms of phonon scat-
tering that play an important role at low temperatures. However, before we
start with this discussion we consider first the interaction between phonons
that limits the thermal conductivity at higher temperatures.

6.2.3 Phonon–Phonon Scattering

The most important interaction process between phonons is the three-phonon
process in which two phonons merge into a single phonon, or a single phonon
decays into two phonons. Conservation of energy and quasimomentum re-
quires:

!ω1 ± !ω2 = !ω3 and !q1 ± !q2 = !q3 + !G . (6.27)

Depending on the signs, these equations reflect the creation or annihilation of
a phonon in the collision process. A characteristic feature of quasimomentum
conservation is the occurrence of a reciprocal lattice vector G in this equation.
Processes that do not involve a reciprocal lattice vector are called normal
processes, whereas those that do, are called umklapp processes. Frequently,
N-process and U-process are used as abbreviations. In Fig. 6.9, the two types
of processes are shown for the case of phonon annihilation.

The scattering event exclusively takes place in the first Brillouin zone
if the wave vectors q1 and q2 of the colliding phonons are relatively small.
No reciprocal lattice vector is involved, and the sum of quasimomenta stays
unchanged. This also holds for the reverse process where a single phonon
decays into two phonons. If, however, the resulting vector q3 ends outside the
first Brillouin zone, a nonzero reciprocal lattice vector G has to be added.
Although the vector q′

3 = q3 + G lies again inside the first Brillouin zone
(see Fig. 6.9b), the sum of quasimomenta of the participating phonons is
changed.

phonon-phonon scatteringphonon-defect scattering
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details we would like to give a plausible argument for the strong tempera-
ture dependence of this scattering process. Without proof, we state that the
scattering cross section σ for phonon–phonon collisions is proportional to the
square of the strain amplitude e0 of the scattered phonons. This means that
σ ∝

∏
i ωi, where the index i denotes the participating phonons. For three-

phonon processes of thermal phonons we thus obtain σ ∝ ω1ω2ω3 ∝ T 3. At
low temperatures the number density ñ of the dominant phonons increases
proportional to T 2 since the phonon density of states is proportional to ω2. In
this way, it follows from (6.26) that the inverse mean free path for N-processes
should obey the relation

#−1
N ∝ T 5 . (6.29)

Umklapp Processes

It is possible for q3 to lie outside the first Brillouin zone even if three phonons
take part, as in the N-process. In this case, the addition of a reciprocal lattice
vector brings the wave vector of the generated phonon back into the first zone.
However, the total quasimomentum P is changed by these umklapp processes
and consequently the heat flow is degraded.

At high temperatures, the overwhelming number of excited phonons are
phonons with a frequency close to the Debye frequency ωD and a wave vector
comparable with that of the zone boundary. As a consequence, virtually every
collision leads to a final state outside the Brillouin zone and is therefore an
umklapp process. At T > Θ the number of thermally excited phonons and
hence the density of scattering centers ñ rises proportional to T . Since the
frequency of the dominant phonons is ωD that does not change with temper-
ature, the cross section σ for the phonon–phonon collisions is constant. Thus
(6.26) leads to a phonon mean free path #U limited by umklapp scattering
that varies as #U ∝ T−1, and it follows from (6.20) that Λ ∝ T−1 since CV is
approximately constant at high temperatures. It should be noted that there
is a gradual transition from N-processes to U-processes, i.e., from # ∝ T−5 to
# ∝ T−1.

Umklapp processes are only possible if the colliding phonons carry high
enough momenta. Roughly speaking, this condition is fulfilled for phonons
with the frequency ω > ωD/2. At intermediate temperatures, i.e., below the
Debye temperature, the number of phonons with energy !ωD/2 decreases
rapidly on cooling. The probability for finding such phonons follows from the
occupation number f(ω, T ). Since !ωD > kBT , we may use the approxima-
tion f(ω, T ) = [exp(!ωD/2kBT ) − 1]−1 ≈ exp(−!ωD/2kBT ) = exp(−Θ/2T ),
meaning that the density ñ of the relevant phonons varies exponentially
with temperature. This exponential temperature dependence dominates the
weaker dependence on temperature of σ and CV with the result that

Λ ∝ #U ∝ eΘ/2T . (6.30)
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Fig. 6.9. Three-phonon processes. Full circles represent the reciprocal lattice.
(a) Normal process: the wave vectors of all phonons lie within the grey tinted first
Brillouin zone. (b) Umklapp process: the resulting vector q3 ends outside the first
Brillouin zone. Addition of the reciprocal lattice vector G leads to the vector q′

3

inside the zone

Phonon–phonon collisions are subjected to ‘selection rules’ because con-
servation of energy and quasimomentum (6.27) have to be fulfilled simulta-
neously. As a result, collisions between arbitrary phonons are not possible.
The main consequence of this restriction is that only phonons of different
polarization and hence with different velocity can take part in collisions [270].
However, for the following quantitative discussion such ‘subtleties’ are unim-
portant.

Normal Processes

As already mentioned, the sum of the quasimomenta of the colliding phonons
is conserved in N-processes, and consequently the total quasimomentum P
of all phonons is also conserved. Therefore

P =
∑

q

nq!q = const. (6.28)

is satisfied, where nq represents the number density of the phonons with
the wave vector q. Since N-processes influence neither the flux of momen-
tum nor the transport of energy they do not degrade the thermal current.
With increasing temperatures, higher-order processes, such as four-phonon
processes, become important. Because these processes also conserve the total
quasimomentum P , they do not give rise to heat resistance either.

Although normal collisions do not diminish the transport of momentum,
they do change the frequency of the colliding phonons and thus contribute
to the establishment of the local thermal equilibrium. Without going into

umklapp processnormal process
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An analysis of the data of Fig. 6.8 shows that the thermal conductivity
of NaF (ΘNaF = 492K) indeed varies roughly exponentially on the high-
temperature side of the conductivity peak. A more quantitative analysis of
the temperature variation of Λ in the regime where umklapp processes dom-
inate is beyond the scope of this discussion.

6.2.4 Defect Scattering

If the temperature decreases further, the rate of umklapp processes becomes
vanishingly small and only N-processes remain. Nevertheless, the thermal
conductivity does not continue to increase on cooling because the phonon
mean free path is finally limited by defect scattering. In the following sec-
tion, we consider the influence of different types of defects that are generally
present in solids.

Surfaces

The most important ‘defect’ of a solid is its finite size. The existence of a
surface becomes important as soon as the mean free path becomes comparable
to the characteristic dimension d of the sample, e.g., the diameter, if the
sample has a cylindrical shape. Therefore, we may put # ≈ d below a certain
cross-over temperature and the conductivity is given by Λ ≈ 1

3 CV vd. In
this low-temperature regime, the so-called Casimir regime, the temperature
dependence of Λ is determined by CV leading to the relation Λ ∝ T 3 [271].

The size dependence of Λ is demonstrated by Fig. 6.10a. This graph shows
measurements of the thermal conductivity of several LiF crystals with dif-
ferent cross-sectional areas. At high temperatures, Λ is not influenced by the
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Fig. 6.10. (a) Thermal conductivity versus temperature of LiF crystals with dif-
ferent cross-sectional areas [272]. (b) Thermal conductivity of silicon crystals with
polished (•) and rough (◦) surface, respectively [273]
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Fig. 6.14. (a) Refraction of a sound wave due to the different orientations (in-
dicated by their c-axis) of adjacent crystallites. The thickness of the tinted drawn
grain boundary is neglected since it is, in general, much smaller than the wave-
length of low-temperature thermal phonons. (b) Comparison between the thermal
conductivity of a single crystal of sapphire and a sintered powder of Al2O3 with a
mean grain size of about 20 µm [280]

the diameter of the sample (d = 1.5 mm), but in the sintered powder by the
size of the crystallites, which ranged from 5 to 30µm.

6.3 Significance of N-processes in Heat Transport

In the discussion of isotope scattering, it was mentioned that under certain
circumstances, normal processes can have an influence on the thermal con-
ductivity. Here, we consider two phenomena where N-processes play a crucial
role, namely Poiseuille flow and second sound .

6.3.1 Poiseuille Flow

If a crystal is cooled to such a low temperature that U-processes and defect
scattering can be neglected, there exists a similarity between the motion of gas
atoms and the motion of phonons. First, energy and momentum are conserved
in atomic collisions as well as in N-processes. Secondly, the number of atoms
and the average number of phonons remains unchanged in the respective
processes. The last statement sounds surprising at first glance since in a
single N-process the number of phonons is always changed. However, in the
sum of all phonon-collision processes, creation and annihilation balance one
another, and the average number of phonons is a constant. In particular, it
is possible to describe the flow of phonons through a ‘thin’ crystal like the
viscous flow of atoms through a capillary, provided that the inequality
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Fig. 1. SEM micrograph of suspended nanostructure designed
to isolate and measure the four one-dimensional acoustic modes
of thermal transport. See text for description.

!DC-SQUIDS have been provided by M. Ketchen, IBM.

(1 mK!). For temperatures below 70 mK, the micro-
scopic resistor no longer follows the refrigerator temper-
ature which could be caused by an unknown spurious
power source of +10"!# W.

The twisted pair connected to the nanostructure heater
requires extensive electronic "ltering. This is to attenuate
the heat load from radio and microwave frequency
black-body radiation generated by the Johnson noise of
resistors at higher temperatures. We have installed two
sets of "lters, one set at 1 K and the other set at the
mixing chamber. Each "lter comprises of a 10-pole RC
network and a separate stainless-steel powder "lter. With
this system we attain an e!ective passband of only 140
Hz from 300 K and over 200 db of attenuation from
1 MHz to '20 GHz. This limits the total power radi-
ated down the heater wires to (10"!$ W.

We have demonstrated all of the essential techniques
to measure the phonon thermal conduction through
one-dimensional channels and expect to con"rm the
recent prediction of a universal thermal conductance.

These experiments are the beginning of a very exciting
new realm which may lead to the measurement of the
quantum nature of thermal transport involving single
phonons [12].
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Ni = 4 × 4 legs  = 16

modes:
1 longitudinal (dilatation)
1 torsional 
2 bending

► transition roughly at 0.8 K
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