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Ratio of Thermal Energy at Tc and Gap Energy Δ0

BCS Theory:

ڳڸڵ ࡧ ڲڲ ý˺ʳǘʾƷʂɱǃ˺Ʒ˥Ȫ̝Ȫ˥̰

˥̣ʂ ɩƆ˥ǘʾȪƆɑݱ˒ʳǘƷȪ͘Ʒܪ Ȅʾǘʹ˺ǘɱƷ̰ݱǃǘʳǘɱǃǘɱ˥ ʳƆʾƆɩǘ˥ǘʾ˒ܪ ɱƆɩǘɑ̰ ˥Țǘ ʳȚʂɱʂɱ ǃǘɱ˒Ȫ˥̰
Ɔɱǃ ˥Țǘ ǘ͍ǘƷ˥Ȫ̝ǘ ǘɑǘƷ˥ʾʂɱݱʳȚʂɱʂɱ Ʒʂ˺ʳɑȪɱȇܿ ŀȪ˥Ț ˥ȚȪ˒ ṷ̈́˥ǘɱ˒Ȫʂɱܪ ȇʂʂǃ Ɔȇʾǘǘɩǘɱ˥
ƭǘ˥̣ǘǘɱ ˥Țǘʂʾ̰ Ɔɱǃ ṷ̈́ʳǘʾȪɩǘɱ˥ ƷƆɱ ƭǘ ƆƷȚȪǘ̝ǘǃ ǘ̝ǘɱ Ȫɱ ƷƆ˒ǘ ʂȄ ˒˥ʾʂɱȇ Ʒʂ˺ʳɑȪɱȇܿ
vʂ̣ǘ̝ǘ ʾܪ ̣ǘ ̣Ȫɑɑ ɱʂ˥ ʳ˺ʾ˒˺ǘ ˥ȚȪ˒ Ɔ˒ʳǘƷ˥ Ȅ˺ʾ˥Țǘʾ Țǘʾǘܿ

ĊƆƭܿ ܩڵܿڲڲ F̭ʳǘʾȪɩǘɱ˥Ɔɑ ̝Ɔɑ˺ǘ˒ ʂȄ ��	�
�ॱ%ॡƷ ʂȄ ˒ʂɩǘ ˒˺ʳǘʾƷʂɱǃ˺Ʒ˥ʂʾ˒ܿ �Ȅ˥ǘʾݦ ñܿ ¬ǘʾ˒ǘ̝ṵ̈́ܪ
%ܿ%ܿ ýƷȚ̣Ɔʾ˥̀ܪ ý˺ʳǘʾƷʂɱǃ˺Ʒ˥Ȫ̝Ȫ˥̰ܪ ñܿ6ܿ êƆʾɈ˒ܪ ǘǃܿܪ 6ǘɈɈǘʾܪ ݧܿںڷںڲ

ý˺ʳǘʾƷʂɱǃ˺Ʒ˥ʂʾ �ɑ ,ǃ vȇ �ɱ ±ƭ êƭ ýɱ ĊƆ Ċɑ ŚɱॡƷ ݧ�ݦ ۍۆܿۆ ۇۊܿۅ ۊۆܿۉ ۅۉܿۈ ۊۇܿێ ۅۇܿی ۇیܿۈ یۉܿۉ ۍۈܿۇ ��ۋۍܿۅ	�
�ॱ%ॡƷ ۊܿۈ ۇܿۈ ۋܿۉ ۊܿۈ ۋܿۈ ۈܿۉ ۊܿۈ ۊܿۈ ۋܿۈ ۇܿۈ

ۈܿۇܿۆۆ F̭ʳǘʾȪɩǘɱ˥Ɔɑ F̝ȪǃǘɱƷǘ Ȅʂʾ Ɔɱ Fɱǘʾḛ̑ jƆʳ
� ƷȚƆʾƆƷ˥ǘʾȪ˒˥ȪƷ ʂȄ ˒˺ʳǘʾƷʂɱǃ˺Ʒ˥Ȫ̝Ȫ˥̰ Ȫ˒ ˥Țǘ ṷ̈́Ȫ˒˥ǘɱƷǘ ʂȄ Ɔɱ ǘɱǘʾḛ̑ ȇƆʳ Ȫɱ ˥Țǘ ṷ̈́ƷȪ˥Ɔ˥Ȫʂɱ
˒ʳǘƷ˥ʾ˺ɩ ʂȄ ˥Țǘ ǘɑǘƷ˥ʾʂɱ˒ܿ ĊȚȪ˒ ȇƆʳ ǃǘ˥ǘʾɩȪɱǘ˒ ˥Țǘ ɱ˺ɩƭǘʾ ʂȄ ṷ̈́ƷȪ˥ǘǃ ʹ˺Ɔ˒ȪʳƆʾ˥ȪƷɑǘ˒ܪ
̣ȚȪƷȚ Ɔʾǘ ȪɩɩǘǃȪƆ˥ǘɑ̰ ɱʂ˥ȪƷǘƆƭɑǘ Ȫɱ ˥Țǘ ˥ǘɩʳǘʾƆ˥˺ʾǘ Ʒ˺ʾ̝ǘ ʂȄ ˥Țǘ ˒ʳǘƷȪ͘Ʒ ȚǘƆ˥ܿ �Ȅ ˥Țǘ
˥ǘɩʳǘʾƆ˥˺ʾǘ Ȫ˒ ȪɱƷʾǘƆ˒ǘǃܪ ˥Țǘ ˥ȚǘʾɩƆɑ ǘɱǘʾḛ̑ ɑǘƆǃ˒ ˥ʂ ƭʾǘƆɈȪɱȇ ˺ʳ ɩʂʾǘ ,ʂʂʳǘʾ ʳƆȪʾ˒
Ɔɱǃ ˥Țǘ ȇǘɱǘʾƆ˥Ȫʂɱ ʂȄ ƆǃǃȪ˥ȪʂɱƆɑ ʹ˺Ɔ˒ȪʳƆʾ˥ȪƷɑǘ˒ܿ %ǘƷƆ˺˒ǘ ʂȄ ˥Țǘ ǘɱǘʾḛ̑ ȇƆʳ �	ॡ
 ˥Țǘ
ʳʾʂƭƆƭȪɑȪ˥̰ ʂȄ ˥Țǘ ʂƷƷ˺ʳƆ˥Ȫʂɱ ʂȄ ṷ̈́ƷȪ˥ǘǃ ˒˥Ɔ˥ǘ˒ Ɔɱǃ ˥Ț˺˒ ˥Țǘ ˒ʳǘƷȪ͘Ʒ ȚǘƆ˥ Ȫ˒ ʳʾʂʳʂʾ˥ȪʂɱƆɑ
˥ʂ ˥Țǘ %ʂɑ˥̀ɩƆɱɱ ȄƆƷ˥ʂʾ ṷ̈́ʳ ʺ÷�	ॡ
�ॱ%ॡˁܿ �Ȅ ˥Țǘ ˒ʳǘƷȪ͘Ʒ ȚǘƆ˥ ॐ˒ Ȫ˒ ʳɑʂ˥˥ǘǃ ɑʂȇƆʾȪ˥Țݱ
ɩȪƷƆɑɑ̰ Ɔ˒ Ɔ Ȅ˺ɱƷ˥Ȫʂɱ ʂȄ ˥Țǘ ʾǘƷȪʳʾʂƷƆɑ ˥ǘɩʳǘʾƆ˥˺ʾǘܪ Ɔ˒ Ȫɱ gȪȇ˺ʾǘ Ɔڹڲܿڲڲ Ȅʂʾ ̝ƆɱƆǃȪ˺ɩ
Ɔɱǃ ˥Ȫɱܪ ˥Țǘ ṷ̈́ʳǘƷ˥ǘǃ ˒˥ʾƆȪȇȚ˥ ɑȪɱǘ Ȫ˒ Ȅʂ˺ɱǃܿ ĊȚǘ ǃƆ˥Ɔ ǃǘ̝ȪƆ˥ǘ Ȅʾʂɩ ˥Țǘ ṷ̈́ʳʂɱǘɱ˥ȪƆɑ
Ʒ˺ʾ̝ǘ ʂɱɑ̰ Ȫɱ ˥Țǘ ̝ȪƷȪɱȪ˥̰ ʂȄ ˥Țǘ ˥ʾƆɱ˒Ȫ˥Ȫʂɱ ˥ǘɩʳǘʾƆ˥˺ʾǘܿ ĊȚȪ˒ Ȫ˒ ɱʂ˥ ˒˺ʾʳʾȪ˒Ȫɱȇܪ ƭǘƷƆ˺˒ǘ
˥Țǘ ǘɱǘʾḛ̑ ȇƆʳ ǃǘƷʾǘƆ˒ǘ˒ Ɔ˒ ˥Țǘ ˥ǘɩʳǘʾƆ˥˺ʾǘ ƆʳʳʾʂƆƷȚǘ˒ ˥Țǘ ˥ʾƆɱ˒Ȫ˥Ȫʂɱ ˥ǘɩʳǘʾƆ˥˺ʾǘܿ
ĊȚǘ %,ý ˥Țǘʂʾ̰ ʳʾǘǃȪƷ˥˒ ˥Țǘ ̝Ɔɑ˺ǘ 	ॐ˒ ÷ ॐɱ
�ॐɱ � ���� Ȅʂʾ ˥Țǘ ɀ˺ɩʳ Ȫɱ ˒ʳǘƷȪ͘Ʒ ȚǘƆ˥
Ɔ˥ ॡƷ ˒Țʂ̣ɱ Ȅʂʾ Ɔɑ˺ɩȪɱ˺ɩ Ȫɱ gȪȇ˺ʾǘ ܿڱڲܿڲڲ �ɱ ɩʂ˒˥ ƷƆ˒ǘ˒ܪ ˥Țǘ ṷ̈́ʳǘʾȪɩǘɱ˥Ɔɑ ̝Ɔɑ˺ǘ˒
Ɔȇʾǘǘ ̣Ȫ˥Ț ˥ȚȪ˒ ͘ȇ˺ʾǘܪ ƭ˺˥ ˥Țǘʾǘ Ɔʾǘ Ɔɑ˒ʂ ǃǘ̝ȪƆ˥Ȫʂɱ˒ Ȫɱ ˥Țǘ ƷƆ˒ǘ ʂȄ ˥Țǘ ˒˥ʾʂɱȇɑ̰ Ʒʂ˺ʳɑȪɱȇ
˒˺ʳǘʾƷʂɱǃ˺Ʒ˥ʂʾ˒ ǘǘ˒ݦ ĊƆƭɑǘ ܿݧڶܿڲڲ

ĊƆƭܿ ܩڶܿڲڲ F̭ʳǘʾȪɩǘɱ˥Ɔɑ ̝Ɔɑ˺ǘ˒ ʂȄ <	ॐ˒ ÷ ॐɱ
�ॐɱ>ॡƷ ʂȄ ˒ʂɩǘ ˒˺ʳǘʾƷʂɱǃ˺Ʒ˥ʂʾ˒ܿ �Ȅ˥ǘʾݦ ñܿ ¬ǘʾ˒ǘ̝ṵ̈́ܪ
%ܿ%ܿ ýƷȚ̣Ɔʾ˥̀ܪ ý˺ʳǘʾƷʂɱǃ˺Ʒ˥Ȫ̝Ȫ˥̰ܪ ñܿ6ܿ êƆʾɈ˒ܪ ǘǃܿܪ 6ǘɈɈǘʾܪ ݧܿںڷںڲ

ý˺ʳǘʾƷʂɱǃ˺Ʒ˥ʂʾ �ɑ ,ǃ vȇ �ɱ ±ƭ êƭ ýɱ ĊƆ Ċɑ ŚɱॡƷ ݧ�ݦ ۍۆܿۆ ۇۊܿۅ ۊۆܿۉ ۅۉܿۈ ۊۇܿێ ۅۇܿی ۇیܿۈ یۉܿۉ ۍۈܿۇ ˒ॐ	>ۋۍܿۅ ÷ ॐɱ
�ॐɱ>ॡƷ ۉܿۆ ۉܿۆ ۉܿۇ یܿۆ ێܿۆ یܿۇ ۋܿۆ ۋܿۆ ۊܿۆ ۈܿۆ
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Relative Change of Specific Heat at Tc

ڳڸڵ ࡧ ڲڲ ý˺ʳǘʾƷʂɱǃ˺Ʒ˥Ȫ̝Ȫ˥̰

˥̣ʂ ɩƆ˥ǘʾȪƆɑݱ˒ʳǘƷȪ͘Ʒܪ Ȅʾǘʹ˺ǘɱƷ̰ݱǃǘʳǘɱǃǘɱ˥ ʳƆʾƆɩǘ˥ǘʾ˒ܪ ɱƆɩǘɑ̰ ˥Țǘ ʳȚʂɱʂɱ ǃǘɱ˒Ȫ˥̰
Ɔɱǃ ˥Țǘ ǘ͍ǘƷ˥Ȫ̝ǘ ǘɑǘƷ˥ʾʂɱݱʳȚʂɱʂɱ Ʒʂ˺ʳɑȪɱȇܿ ŀȪ˥Ț ˥ȚȪ˒ ṷ̈́˥ǘɱ˒Ȫʂɱܪ ȇʂʂǃ Ɔȇʾǘǘɩǘɱ˥
ƭǘ˥̣ǘǘɱ ˥Țǘʂʾ̰ Ɔɱǃ ṷ̈́ʳǘʾȪɩǘɱ˥ ƷƆɱ ƭǘ ƆƷȚȪǘ̝ǘǃ ǘ̝ǘɱ Ȫɱ ƷƆ˒ǘ ʂȄ ˒˥ʾʂɱȇ Ʒʂ˺ʳɑȪɱȇܿ
vʂ̣ǘ̝ǘ ʾܪ ̣ǘ ̣Ȫɑɑ ɱʂ˥ ʳ˺ʾ˒˺ǘ ˥ȚȪ˒ Ɔ˒ʳǘƷ˥ Ȅ˺ʾ˥Țǘʾ Țǘʾǘܿ

ĊƆƭܿ ܩڵܿڲڲ F̭ʳǘʾȪɩǘɱ˥Ɔɑ ̝Ɔɑ˺ǘ˒ ʂȄ ��	�
�ॱ%ॡƷ ʂȄ ˒ʂɩǘ ˒˺ʳǘʾƷʂɱǃ˺Ʒ˥ʂʾ˒ܿ �Ȅ˥ǘʾݦ ñܿ ¬ǘʾ˒ǘ̝ṵ̈́ܪ
%ܿ%ܿ ýƷȚ̣Ɔʾ˥̀ܪ ý˺ʳǘʾƷʂɱǃ˺Ʒ˥Ȫ̝Ȫ˥̰ܪ ñܿ6ܿ êƆʾɈ˒ܪ ǘǃܿܪ 6ǘɈɈǘʾܪ ݧܿںڷںڲ

ý˺ʳǘʾƷʂɱǃ˺Ʒ˥ʂʾ �ɑ ,ǃ vȇ �ɱ ±ƭ êƭ ýɱ ĊƆ Ċɑ ŚɱॡƷ ݧ�ݦ ۍۆܿۆ ۇۊܿۅ ۊۆܿۉ ۅۉܿۈ ۊۇܿێ ۅۇܿی ۇیܿۈ یۉܿۉ ۍۈܿۇ ��ۋۍܿۅ	�
�ॱ%ॡƷ ۊܿۈ ۇܿۈ ۋܿۉ ۊܿۈ ۋܿۈ ۈܿۉ ۊܿۈ ۊܿۈ ۋܿۈ ۇܿۈ

ۈܿۇܿۆۆ F̭ʳǘʾȪɩǘɱ˥Ɔɑ F̝ȪǃǘɱƷǘ Ȅʂʾ Ɔɱ Fɱǘʾḛ̑ jƆʳ
� ƷȚƆʾƆƷ˥ǘʾȪ˒˥ȪƷ ʂȄ ˒˺ʳǘʾƷʂɱǃ˺Ʒ˥Ȫ̝Ȫ˥̰ Ȫ˒ ˥Țǘ ṷ̈́Ȫ˒˥ǘɱƷǘ ʂȄ Ɔɱ ǘɱǘʾḛ̑ ȇƆʳ Ȫɱ ˥Țǘ ṷ̈́ƷȪ˥Ɔ˥Ȫʂɱ
˒ʳǘƷ˥ʾ˺ɩ ʂȄ ˥Țǘ ǘɑǘƷ˥ʾʂɱ˒ܿ ĊȚȪ˒ ȇƆʳ ǃǘ˥ǘʾɩȪɱǘ˒ ˥Țǘ ɱ˺ɩƭǘʾ ʂȄ ṷ̈́ƷȪ˥ǘǃ ʹ˺Ɔ˒ȪʳƆʾ˥ȪƷɑǘ˒ܪ
̣ȚȪƷȚ Ɔʾǘ ȪɩɩǘǃȪƆ˥ǘɑ̰ ɱʂ˥ȪƷǘƆƭɑǘ Ȫɱ ˥Țǘ ˥ǘɩʳǘʾƆ˥˺ʾǘ Ʒ˺ʾ̝ǘ ʂȄ ˥Țǘ ˒ʳǘƷȪ͘Ʒ ȚǘƆ˥ܿ �Ȅ ˥Țǘ
˥ǘɩʳǘʾƆ˥˺ʾǘ Ȫ˒ ȪɱƷʾǘƆ˒ǘǃܪ ˥Țǘ ˥ȚǘʾɩƆɑ ǘɱǘʾḛ̑ ɑǘƆǃ˒ ˥ʂ ƭʾǘƆɈȪɱȇ ˺ʳ ɩʂʾǘ ,ʂʂʳǘʾ ʳƆȪʾ˒
Ɔɱǃ ˥Țǘ ȇǘɱǘʾƆ˥Ȫʂɱ ʂȄ ƆǃǃȪ˥ȪʂɱƆɑ ʹ˺Ɔ˒ȪʳƆʾ˥ȪƷɑǘ˒ܿ %ǘƷƆ˺˒ǘ ʂȄ ˥Țǘ ǘɱǘʾḛ̑ ȇƆʳ �	ॡ
 ˥Țǘ
ʳʾʂƭƆƭȪɑȪ˥̰ ʂȄ ˥Țǘ ʂƷƷ˺ʳƆ˥Ȫʂɱ ʂȄ ṷ̈́ƷȪ˥ǘǃ ˒˥Ɔ˥ǘ˒ Ɔɱǃ ˥Ț˺˒ ˥Țǘ ˒ʳǘƷȪ͘Ʒ ȚǘƆ˥ Ȫ˒ ʳʾʂʳʂʾ˥ȪʂɱƆɑ
˥ʂ ˥Țǘ %ʂɑ˥̀ɩƆɱɱ ȄƆƷ˥ʂʾ ṷ̈́ʳ ʺ÷�	ॡ
�ॱ%ॡˁܿ �Ȅ ˥Țǘ ˒ʳǘƷȪ͘Ʒ ȚǘƆ˥ ॐ˒ Ȫ˒ ʳɑʂ˥˥ǘǃ ɑʂȇƆʾȪ˥Țݱ
ɩȪƷƆɑɑ̰ Ɔ˒ Ɔ Ȅ˺ɱƷ˥Ȫʂɱ ʂȄ ˥Țǘ ʾǘƷȪʳʾʂƷƆɑ ˥ǘɩʳǘʾƆ˥˺ʾǘܪ Ɔ˒ Ȫɱ gȪȇ˺ʾǘ Ɔڹڲܿڲڲ Ȅʂʾ ̝ƆɱƆǃȪ˺ɩ
Ɔɱǃ ˥Ȫɱܪ ˥Țǘ ṷ̈́ʳǘƷ˥ǘǃ ˒˥ʾƆȪȇȚ˥ ɑȪɱǘ Ȫ˒ Ȅʂ˺ɱǃܿ ĊȚǘ ǃƆ˥Ɔ ǃǘ̝ȪƆ˥ǘ Ȅʾʂɩ ˥Țǘ ṷ̈́ʳʂɱǘɱ˥ȪƆɑ
Ʒ˺ʾ̝ǘ ʂɱɑ̰ Ȫɱ ˥Țǘ ̝ȪƷȪɱȪ˥̰ ʂȄ ˥Țǘ ˥ʾƆɱ˒Ȫ˥Ȫʂɱ ˥ǘɩʳǘʾƆ˥˺ʾǘܿ ĊȚȪ˒ Ȫ˒ ɱʂ˥ ˒˺ʾʳʾȪ˒Ȫɱȇܪ ƭǘƷƆ˺˒ǘ
˥Țǘ ǘɱǘʾḛ̑ ȇƆʳ ǃǘƷʾǘƆ˒ǘ˒ Ɔ˒ ˥Țǘ ˥ǘɩʳǘʾƆ˥˺ʾǘ ƆʳʳʾʂƆƷȚǘ˒ ˥Țǘ ˥ʾƆɱ˒Ȫ˥Ȫʂɱ ˥ǘɩʳǘʾƆ˥˺ʾǘܿ
ĊȚǘ %,ý ˥Țǘʂʾ̰ ʳʾǘǃȪƷ˥˒ ˥Țǘ ̝Ɔɑ˺ǘ 	ॐ˒ ÷ ॐɱ
�ॐɱ � ���� Ȅʂʾ ˥Țǘ ɀ˺ɩʳ Ȫɱ ˒ʳǘƷȪ͘Ʒ ȚǘƆ˥
Ɔ˥ ॡƷ ˒Țʂ̣ɱ Ȅʂʾ Ɔɑ˺ɩȪɱ˺ɩ Ȫɱ gȪȇ˺ʾǘ ܿڱڲܿڲڲ �ɱ ɩʂ˒˥ ƷƆ˒ǘ˒ܪ ˥Țǘ ṷ̈́ʳǘʾȪɩǘɱ˥Ɔɑ ̝Ɔɑ˺ǘ˒
Ɔȇʾǘǘ ̣Ȫ˥Ț ˥ȚȪ˒ ͘ȇ˺ʾǘܪ ƭ˺˥ ˥Țǘʾǘ Ɔʾǘ Ɔɑ˒ʂ ǃǘ̝ȪƆ˥Ȫʂɱ˒ Ȫɱ ˥Țǘ ƷƆ˒ǘ ʂȄ ˥Țǘ ˒˥ʾʂɱȇɑ̰ Ʒʂ˺ʳɑȪɱȇ
˒˺ʳǘʾƷʂɱǃ˺Ʒ˥ʂʾ˒ ǘǘ˒ݦ ĊƆƭɑǘ ܿݧڶܿڲڲ

ĊƆƭܿ ܩڶܿڲڲ F̭ʳǘʾȪɩǘɱ˥Ɔɑ ̝Ɔɑ˺ǘ˒ ʂȄ <	ॐ˒ ÷ ॐɱ
�ॐɱ>ॡƷ ʂȄ ˒ʂɩǘ ˒˺ʳǘʾƷʂɱǃ˺Ʒ˥ʂʾ˒ܿ �Ȅ˥ǘʾݦ ñܿ ¬ǘʾ˒ǘ̝ṵ̈́ܪ
%ܿ%ܿ ýƷȚ̣Ɔʾ˥̀ܪ ý˺ʳǘʾƷʂɱǃ˺Ʒ˥Ȫ̝Ȫ˥̰ܪ ñܿ6ܿ êƆʾɈ˒ܪ ǘǃܿܪ 6ǘɈɈǘʾܪ ݧܿںڷںڲ

ý˺ʳǘʾƷʂɱǃ˺Ʒ˥ʂʾ �ɑ ,ǃ vȇ �ɱ ±ƭ êƭ ýɱ ĊƆ Ċɑ ŚɱॡƷ ݧ�ݦ ۍۆܿۆ ۇۊܿۅ ۊۆܿۉ ۅۉܿۈ ۊۇܿێ ۅۇܿی ۇیܿۈ یۉܿۉ ۍۈܿۇ ˒ॐ	>ۋۍܿۅ ÷ ॐɱ
�ॐɱ>ॡƷ ۉܿۆ ۉܿۆ ۉܿۇ یܿۆ ێܿۆ یܿۇ ۋܿۆ ۋܿۆ ۊܿۆ ۈܿۆ

BCS Theory:

506 11 Supraleitung

modifiziert. In seinen Ausdruck für die Sprungtemperatur gehen zwei materialspezifi-
sche, frequenzabhängige Parameter ein, nämlich die Phononendichte und die effektive
Elektron-Phonon-Kopplung. Mit dieser Erweiterung erzielt man gute Übereinstim-
mung von Theorie und Experiment auch bei starker Kopplung. Wir wollen hier jedoch
diesen Aspekt nicht weiter verfolgen.

Tabelle 11.4: Verhältnis 2∆(0)/kBTc von Energielücke zu Sprungtemperatur einiger Supraleiter. (Nach
R. Mersevey, B.B. Schwartz, Superconductivity, R.D. Parks, ed., Dekker, 1969.)

Supraleiter Al Cd Hg In Nb Pb Sn Ta Tl Zn

2∆(0)/kBTc 3,5 3,2 4,6 3,5 3,6 4,3 3,5 3,5 3,6 3,2
Tc (K) 1,18 0,52 4,15 3,40 9,25 7,20 3,72 4,47 2,38 0,86

11.2.3 Nachweis der Energielücke

Ein Charakteristikum der Supraleitung ist die Existenz einer Energielücke im Elektro-
nenspektrum. Sie bestimmt die Zahl der angeregten Quasiteilchen, die sich unmittelbar
im Temperaturverlauf der spezifischen Wärme bemerkbar machen. Erhöht man die
Temperatur, so muss zur Erzeugung von Quasiteilchen bzw. zum Aufbrechen von
Cooper-Paaren Energie aufgewendet werden. Wegen der Energielücke ∆(T ) ist die
Wahrscheinlichkeit für die Besetzung angeregter Zustände und damit auch die spezi-
fische Wärme proportional zum Boltzmann-Faktor exp [−∆(T )/kBT ]. Trägt man die
spezifische Wärme Cs, wie in Bild 11.18a für Vanadium und Zinn, logarithmisch als
Funktion der reziproken Temperatur auf, so findet man die erwartete Gerade. Nur in
der Nähe des Sprungpunkts weichen die Daten vom exponentiellen Verlauf ab. Dies
ist nicht verwunderlich, weil sich die Energielücke bei Annäherung an die Sprung-
temperatur verkleinert. Für den in Bild 11.10 für Aluminium gezeigten Sprung der
spezifischen Wärme bei Tc sagt die BCS-Theorie den Wert (Cs−Cn)/Cn = 1,43 vor-
aus. In den meisten Fällen stimmen die experimentellen Werte mit dieser Zahl überein,
doch treten bei den stark koppelnden Supraleitern auch hier Abweichungen auf.

Tabelle 11.5: Experimentelle Werte von [(Cs − Cn)/Cn]Tc einiger Supraleiter. (Nach R. Mersevey,
B.B. Schwartz, Superconductivity, R.D. Parks, ed., Dekker, 1969.)

Supraleiter Al Cd Hg In Nb Pb Sn Ta Tl Zn

[(Cs − Cn)/Cn]Tc 1,4 1,4 2,4 1,7 1,9 2,7 1,6 1,6 1,5 1,3
Tc (K) 1,18 0,52 4,15 3,40 9,25 7,20 3,72 4,47 2,38 0,86
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S-I-N Junction, T = 0

One-particle representation

396 10 Superconductivity

More interesting results are obtained with a superconductor-insulator-
normal metal junction, often called a ‘SIN junction’. The energy-level diagram
for T = 0 is depicted in Fig. 10.39 using the ‘semiconductor representation’
(see Sect. 10.3.3). The energy gap of the superconductor prevents the flow of
quasiparticles through the barrier as long as V < ∆/e. As soon as the applied
voltage exceeds the critical voltage Vc = ∆/e, quasiparticles can cross the
barrier as indicated in Fig. 10.39b. A current is expected, steeply growing
with the voltage because of the rapidly rising number of quasiparticles that
are able to tunnel across the barrier into empty states.
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∆
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Fig. 10.39. Energy-level diagram for an SIN junction at absolute zero. (a) V < Vc,
no free states are available for tunneling quasiparticles, (b) V > Vc = eV , quasi-
particles tunnel from the superconductor to the normal conductor

At finite temperatures, the situation is slightly different. As discussed in
Sect. 10.3.3 and shown in Fig. 10.40, quasiparticles are thermally excited,
resulting in populated states above the gap, and empty states below. There-
fore, quasiparticles can tunnel through the barrier at voltages smaller than Vc

and a weak current is observed. The magnitude of the current depends on
the density of states and the occupation numbers. Since quasiparticles move
in both directions, the tunneling current I(V ) is expressed by

I(V ) = I0

∫
Ds(Ek)Dn(E + eV ) [f(E) − f(E + eV )] dE , (10.109)

where I0 is a constant depending on the geometry of the junction [492]. Of
course, this formulation is also valid for other types of junctions if the ap-
propriate densities of states are inserted. For SIN junctions, Dn(E) can be
replaced by Dn(EF), and f(E) by a step function. Carrying out the inte-
gration and differentiating with respect to the voltage, we obtain the simple
relation

dI/dV ∝ Ds(Ek = eV ) . (10.110)

VVc= Δ0/e
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fore, quasiparticles can tunnel through the barrier at voltages smaller than Vc

and a weak current is observed. The magnitude of the current depends on
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in both directions, the tunneling current I(V ) is expressed by
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course, this formulation is also valid for other types of junctions if the ap-
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One-particle representation
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D(      )Ek
E(    )D

sc nc

eV∆2

Fig. 10.40. Energy-level diagram for an
SIN junction at finite temperature. Occu-
pied states are represented by dark tinted
areas. The applied voltage V is smaller
than the critical voltage Vc

This result is remarkable. From the I–V characteristic of an SIN junction the
energy gap as well as the quasiparticle density of states can be deduced.

The expected current–voltage characteristics of an SIN junction at T = 0
are depicted by the full line in Fig. 10.41. The current is zero for voltages
smaller than Vc. It is followed by a steep rise at the critical voltage, reflecting
the singularity of the density of states at EF ± ∆. As mentioned above, at
finite temperatures a weak current (dashed-dotted line) is already expected
to flow at small applied voltages. At temperatures above Tc, the junction
behaves like an NIN junction, and exhibits ohmic properties as shown by the
dashed line. An example of the usefulness of this technique is the data that
was presented in Fig. 10.30. The density of states of the quasiparticles in lead
was determined with a Pb/MgO/Mg junction.
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(a)

Vc Fig. 10.41. Schematic I–V characteris-
tics of an SIN junction with the critical
voltage Vc. (a) T = 0, (b) 0 < T < Tc,
(c) T > Tc

As can directly be seen from Fig. 10.42a, the threshold voltage of SIS junc-
tions is given by eVc = (∆1 +∆2). As in SIN junctions, at finite temperatures
a current will flow because of the presence of excited quasiparticles. At the
voltage V = |∆2 − ∆1|/e, a maximum in the current is expected since the

S-I-N Junction, T ≠ 0

VΔ0/e

I

T = 0

Δ/eT ≠ 0
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Two-particle representation

S-I-N Junction, T = 0

VVc= Δ0/e
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S-I-S Junction
398 10 Superconductivity
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Fig. 10.42. Energy-level diagram for an SIS junction. (a) At T = 0 current starts
to flow at eV = (∆1 + ∆2). (b) At T != 0, a current maximum is expected at
eV = (|∆2 − ∆1|)

poles of the density of states just face each other. This situation is depicted
in Fig. 10.42b. The voltage dependence of the quasiparticle current for su-
perconductors with the energy gaps ∆1 and ∆2 is schematically depicted in
Fig. 10.43a. Experimental results obtained with a Ta/TaO/Pb junction are
shown in Fig. 10.43b. As expected, a maximum of the tunneling current is
found at the voltage V = |∆Pb − ∆Ta|/e.

Finally, we add a short remark on phonon generation. As discussed, qua-
siparticles in the occupied band of superconductor 1 can tunnel in the empty
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Fig. 10.43. (a) Sketch of the voltage dependence of the current between two su-
perconductors at 0 < T < Tc. The dashed line represents the ohmic variation at
T > Tc. (b) I–V characteristics of a Ta/TaxOy/Pb junction at different tempera-
tures [493]
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Fig. 10.42. Energy-level diagram for an SIS junction. (a) At T = 0 current starts
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eV = (|∆2 − ∆1|)
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found at the voltage V = |∆Pb − ∆Ta|/e.
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