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schematic picture
» electron passes through lattice and attracts positive ions
» positive charge density maximum occurs long after electron has passed

» a second electron is attracted, but Coulomb repulsion is small since it is far away from first electron

22,22, A A A A A A A4,
SIS S

estimated distance between electron and positive charge density maximum

s =uvpt ~ 108 x 1073 cm = 1000 A

time for ions to react 1/wp
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Cooper pairs ”
k'’ 2
q
k, i
ki+ko=ki+ky=K
center of mass motion Leon N. Cooper
for hK =0 phase space maximum —> k| = —ko = k,
el 5k = (mwp/hkp) K=0

\

ok

— Cooper pair state (k, —k)
in addition: L =0

phase space phase space
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stationary Schrodinger equation for two interacting particles

2
—;—m(ﬂl + Ag) - V(’f‘l,’rz) ’t/)(’f‘l,'f'z) = Ew(rlﬂ?ﬂZ)

electron-phonon interaction

two-particle wave function

1 i i 1
P1,19) = — elF1 T gk T — — kT — p(p
Y(r1,72) v 1 % (r)
r=(r—7r2)
electrons are scattered constantly into new pair states

&) — Z Ag el®T A, £0 for kp<k< /2m(Er+ hwp)/h?
=0 otherwise.

probability to find a
particular pair state

insert ¥(7), multiplying with exp(—ik’ - r  and integrate
h2 k2
— 25— Aty ZAk/vkk/ E Ay

AN

Fourier transform of electron-phonon interaction
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approximation for electron-phonon interaction

Vs — —Vy for Ef < €, € < Er + hwp
ke 0 otherwise

. § Vo 1
with ZkAk—Zkakf - IZV;QZE

Ep+hwp
D(E d
replacing the sum with an integral, and D(E) ~ D(Er) — 1=V} (2 r) / P ZE
Er
integration
2 hwp
— |SE=F — 2Ep = ~ —2 fiwp e~ 4/ VoD (Er)]
\ 1 —exp[4/VoD(Er)] .
|
\ Vo D(Er) < 1 weak coupling

energy reduction per Cooper pair

» for Cu, Ag, K, ... Vo is small, because they are good conductors —— no superconductor since small 6F

» Al has small Vo, but high density of states at Fermi energy — superconductor with T, = 1 K
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BCS Theory 1957

BCS ground state
P 1)k occupied

pair state (k T,—k |)
[0

unoccupied

spin analog representation

; T . John Bardeen Leon N. Cooper Robert P. Schrieffer
generation and annihilation of Cooper pairs

0 1 S T 0 0
=g (00),  wmgeiov= (] o)

\/

Pauli matrices

—

application of generation and annihilation operators

op 1)k =0 o 10)k = 1)k

0r Dk = |0}k 0|0k =0
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\ / probability that a pair state is occupied Wp = ’U;zg
real coefficients ~, 5
probability that a pair state is unoccupied Uy = I —wy

BCSgroundstate 17" = 0
@) =TT 1) = TT (welo)s + vk 1))
k k

Hamiltonian
Nk = h2k2/2m = EF

I ¥ _
H:Zanagak —VOZJI:U,“,
k

\ A\

Kinetic energy potential energy: electron-phonon interaction

expectation value

V
Wo = (YIHY) —s Wo= szlzenk - Vo Z’Ukukfukka
k k' k
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Minimizing Wo with respect to Y& and Uk

A2V = Tk
._-%:Z%Q_&)_o

probability that a pair state is occupied

U%:¢:1<y1&):11___%__
2l B2 Vil + A

» occupation of a pair at T = 0 resembles

the Fermi functionat T=T,

A

A 0 A
and don’t lower it further, Electron energy ng

~

/ /
77/

~

» to form Cooper pairs, electrons accept their kinetic energy @ T, 0

as thev can lower their potential enerqy even more 251
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condensation energy

W = 22|k\<kF k. normal state internal energy

74

Weon Wo— W3 1
- = 4 D(EF)Ag

72 % \
Vo 1 Vo Ay 1)
A = — ULV, — — — — =
replace sum by integral
hwp
Vo f D(Er) dn _ Vo D(Ey) . (ﬁwD)
arcsinh | ——
V2 + A2 A2 2 Ao
—th
Ay 2 ﬁwDQ ~ 2 hwp o—2/Vo D(Er) explains isotope effect
sinh | 3777 t T, o« wp o< M1/

|
Vo D(Er) < 1 weak coupling
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Excitation of BCS ground state

ground state: Wy = —2)  Eyuy,
k

N

breaking of one Cooper pair:

_ o~ electron with k plus hole with —k’
(k" T,—K" 1) ~ | two quasi-particles
electron with —k plus hole with &k’

energy of remaining Cooper pairs W, = —2 Z Ex vy
kk!

energy difference: 8E = Wy — Wy =[2Ey = 24/ 03, + A7

dispersion of quasi-particles

===) even if unpaired electrons have
no kinetic energy (7)k’= () to break a
Cooper pair one must invest 24

== energy gap: dF,i, = 24¢ ground state = —ee—se—seseee Yoo oo oo oo oo

two particle description
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Density of states of quasi-particles

Dy(nk) <——> D(E) each state in normal conductor is uniquely
connected with one in the superconductor

—) DS (Ek) dEk = Dn(nk) dnk

E
dnge D.(Er) i for Ej > Ag

Dy(Ex) = Du(me) - = EZ — AZ
0 I for Ek < AD

singularity at Ey = Ag

experimental observation using superconducting tunnel junctions

schematic setup J ne
—_

, — A - - ‘
C) l— eV
Metal strip 2 Metal strip 1 1
D(Ey,)
D(E>

Dy A
D fF———f—————=====——
>-
0 Ao Ex
4
Pb/MgO/Mg
3 T=0.33K
Afky =15.5K

Normalized Density of States D,/ D,

Energy £,/ A4
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BCS state at finite temperatures

Cooper pairs — quasi-particles —— BCS state weakens — energy gap decreases
BCS theory in weak coupling limit

Ao = 2 hwp e—2/Vo D(Er)

Ag = 1.76 kgT,
kgT. = 1.14 hwp e_z/VDD(EF)
Ao/ (kpTe) 1.7 1.6 9.3 0 L] o1 ”

T

. weak coupling regime
does not really apply

energy gap at finite temperatures
can be calculated numerically.
An approximation close to Tc is:

=
~
—
=
~
g
A(T) A T ] i
=1.744/1 — — =
AO 1§, E
(W] —
E ® In
= B A Sn |
£ 0.2 m Pb
5
=
0.0 | | | ]

0.0 0.2 0.4 0.6 0.8 1.0

Normalized Temperature T/ T,
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10.3 Macroscopic Quantum State

Macroscopic wave function U = W, P _~ flux quantization

~N
a) flux quantization % |* = ns S Josephson effect

phase () is well defined in entire superconducting system
consider superconducting ring in magnetic field
phase difference along a path Ay = ff grad ¢(r) - ds

closedloop 71 = T2 —— Ap =27p
I —

Q ) ‘ h 2
U quantum mechanical current density J = 1—q (!P*VJ/ — LPV!T/*) — qMA Uy

2M

Integration path

, h
withg=-2eand M =2m — MOA%J:(—V¢—2A>
e

integration along closed contour line L

mﬁ\%j{j-ds:S%Vgo-ds—QfA-ds
\ L

L L

7 =20 —v—
| B-df =& Stokes theorem
h
R 2 P %o magnetic flux enclosed by the ring is quantized
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’ Deaver and Fairbank
Resonance Amp!itudy ) ) sof o
4 measuring Field 1
Tin . "
MM/OE L7 “a 20} A ———y
0 © 0,6/0 Q‘E " y o B 2
— mlrror --3 /,/ [Te] i e " - 20 O
/,/ S s ¥~ on o = ] = == — e

quartz e | ! | I ’
| 2 /// H - gauss

"~ lead o modern measurement
41 /
7 I I I
10um ’ /// NE 6 .’oo._J
7 - Tin e
s o To]
02 -a1 S0 o1 02 03 04 Oe S 4T .l"""j 9
iy E Z :
7
V. »eq 2 .J —
// -1 X {-
2 .
) § 0+ !—-IJ -
Doll and Nabauer o e
= -2 L & _
| | |

0 1 2
Magnetic field B/ uT
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