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crystal with point defects

amorphous  solids 

typical values: D /kB < 10 K

d ~ 1 Å
ħW /kB ~ 300 K

V /kB < 1000 K
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9.5 Amorphous Dielectrics

The low-temperature properties of amorphous solids are mainly governed
by the presence of tunneling systems. They determine the thermal, elastic
and dielectric properties to a large extent. The two-dimensional analogue of
the structure of crystalline quartz is depicted schematically in Fig. 9.32 and
compared with two-dimensional fused quartz. The crystal is built of regular
six-membered rings with well-defined bonding angles resulting in a ‘honey-
comb’ structure. The basic structural unit of the amorphous modification is
identical, but the bonding angles at the oxygen atoms vary slightly. As a
consequence, the long-range order is lost and not all rings exhibit the same
size. The structure of real, three-dimensional SiO2 is similar. The basic units
of the crystalline and glassy phase are SiO4 tetrahedra. They are weakly dis-
torted in the amorphous modification, resulting in a loss of long-range order
in the glass due to the slight variations of the bonding angles.
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Fig. 9.32. Two-dimensional illustration of the structure of the crystalline (a) and
glassy (b) modification of SiO2. Full circles represent silicon atoms and open circles
oxygen atoms. Arrows indicate parts of the network that could be candidates for
tunneling systems

As already stated, the precondition for the occurrence of tunneling sys-
tems is the presence of some kind of irregularity. In perfect crystals, all
atoms occupy well-defined sites so that there is no possibility for the for-
mation of tunneling systems. In contrast, in amorphous solids, certain atoms
or small clusters of atoms occupy energetically nearly equivalent sites in the
irregular network. At higher temperatures, transitions between the potential
minima take place via thermally activated processes. At low temperatures,
such transitions are possible via quantum tunneling. In Fig. 9.32b, three con-
figurations, A, B and C, identified by arrows, are candidates for double-well

possible structural configurations with atomic tunneling systems

double-well potential
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mathematical effort. Of course, this assumption will not generally be correct
since multiwell potentials are present in crystals due to the symmetry of
crystalline structures. However, the two-level approximation is sufficient for
understanding the fundamental properties of this type of excitation. We will
broaden the theoretical description when necessary. In addition, it is generally
accepted that the low-temperature properties of amorphous solids are, in fact,
determined by two-level systems, so that the concept can be applied directly
to this class of solids.

9.1.1 Double-Well Potentials

Formally, a two-level tunneling system can be described by a particle of
mass m moving in a double-well potential. For the sake of simplicity we
assume that this potential is composed of two identical harmonic wells, as
shown in Fig. 9.1. The two wells are shifted with respect to each other by
a small amount, namely the asymmetry energy ∆. In crystals with a low
concentration of defects, ∆ is irrelevant, but at higher concentrations and
in glasses, the depths may differ noticeably because of structural disorder.
It should be mentioned that the tunneling motion is not necessarily a pure
translational motion. Therefore the abscissa in Fig. 9.1 is thought to be a
configurational coordinate.

E
ne

rg
y

∆

V

d

Ψa Ψb

m
hΩ
2

Fig. 9.1. Schematic representation of a par-
ticle in a double-well potential with the
asymmetry energy ∆, the well distance d,
the ground state energy !Ω/2 of the par-
ticle in an isolated well, and the potential
barrier V

In the discussion of the low-temperature properties of solids only the
ground state of the defect systems is of interest. To calculate the energy
splitting we solve the Schrödinger equation Hψ = Eψ with the ansatz
ψ = aψl + bψr, where ψl and ψr are the normalized wave functions of the
particle in the isolated ‘left’ and ‘right’ wells. The coefficients a and b are
assumed to be real quantities. The eigenvalue E is thus given by

E =
∫

ψ∗Hψ d3x∫
ψ∗ψ d3x

=
a2Hll + b2Hrr + 2abHlr

a2 + b2 + 2abS
. (9.1)

The abbreviations have the following meaning: Hll and Hrr are the eigen-
values of the particle in the isolated wells, i.e., Hll =

∫
ψ∗

l Hψl d3x, and
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two-level-system approximation

total wave function

eigenvalue problem: 

minimizing E:                      , 

energy zero point

in addition:              ,   overlap is small, V is large                
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WKB method

tunneling probability
isotope effect

pure tunneling: 

classical asymmetry energy  

9.1 Tunneling systems in crystals

often more than two minima
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Hrr =
∫

ψ∗
r Hψr d3x. The overlap of the wave functions is expressed by

S =
∫

ψ∗
l ψr d3x. Furthermore, Hlr =

∫
ψ∗

l Hψr d3x is the exchange energy
that is of particular interest. If the wells are far apart, the overlap of the
wave functions vanishes, i.e., S = 0 and Hlr = 0.

The true eigenvalue is always smaller than the eigenvalue E calcu-
lated with the ansatz given above. Therefore, we minimize E by requiring
∂E/∂a = 0, and ∂E/∂b = 0, and obtain the characteristic equations

a (Hll − E) + b(Hlr − E S) = 0 , (9.2)
a (Hlr − E S) + b(Hrr − E) = 0 , (9.3)

leading to the solution

(Hll − E)(Hrr − E) − (Hlr − E S)2 = 0 . (9.4)

Choosing the middle between the two potential minima as zero energy,
the eigenvalues of the particle in the isolated wells may be expressed by
Hll,rr = (!Ω ± ∆)/2. In addition, we assume that the overlap of the wave
functions is weak, and neglect the quantity ES. Thus, we obtain the eigen-
values

E± =
1
2

(
!Ω ±

√
∆2 + 4H2

lr

)
, (9.5)

and hence the energy splitting of the ground state

E = E+ − E− =
√

∆2 + 4H2
lr =

√
∆2 + ∆2

0 . (9.6)

Using the WKB method,2 Hlr can be calculated, and −2Hlr = ∆0 ≈ !Ω e−λ

is found. The quantity ∆0 is called the tunnel splitting , and λ is the tun-
neling parameter determined by the potential shape and the mass m of the
tunneling particle. For the simple potential we have chosen here, λ is given
approximately by

λ ≈ d

2!
√

2mV . (9.7)

As we will see in the following sections, the mass dependence leads to an
isotope effect that is readily observed in crystalline systems.

9.1.2 Coupling to Electric and Elastic Fields

Without perturbation, the Hamiltonian in the basis (ψl, ψr) is given by

H0 =
1
2

(
∆ −∆0

−∆0 −∆

)
. (9.8)

Because of the tunneling, ψl and ψr are not true eigenstates. In the orthogonal
basis the Hamiltonian reads
2 This method is named for Wentzel, Kramers, and Brillouin [396].

9.1 Two-Level Tunneling Systems 285

Hrr =
∫

ψ∗
r Hψr d3x. The overlap of the wave functions is expressed by

S =
∫

ψ∗
l ψr d3x. Furthermore, Hlr =

∫
ψ∗

l Hψr d3x is the exchange energy
that is of particular interest. If the wells are far apart, the overlap of the
wave functions vanishes, i.e., S = 0 and Hlr = 0.

The true eigenvalue is always smaller than the eigenvalue E calcu-
lated with the ansatz given above. Therefore, we minimize E by requiring
∂E/∂a = 0, and ∂E/∂b = 0, and obtain the characteristic equations

a (Hll − E) + b(Hlr − E S) = 0 , (9.2)
a (Hlr − E S) + b(Hrr − E) = 0 , (9.3)

leading to the solution

(Hll − E)(Hrr − E) − (Hlr − E S)2 = 0 . (9.4)

Choosing the middle between the two potential minima as zero energy,
the eigenvalues of the particle in the isolated wells may be expressed by
Hll,rr = (!Ω ± ∆)/2. In addition, we assume that the overlap of the wave
functions is weak, and neglect the quantity ES. Thus, we obtain the eigen-
values

E± =
1
2

(
!Ω ±

√
∆2 + 4H2

lr

)
, (9.5)

and hence the energy splitting of the ground state

E = E+ − E− =
√

∆2 + 4H2
lr =

√
∆2 + ∆2

0 . (9.6)

Using the WKB method,2 Hlr can be calculated, and −2Hlr = ∆0 ≈ !Ω e−λ

is found. The quantity ∆0 is called the tunnel splitting , and λ is the tun-
neling parameter determined by the potential shape and the mass m of the
tunneling particle. For the simple potential we have chosen here, λ is given
approximately by

λ ≈ d

2!
√

2mV . (9.7)

As we will see in the following sections, the mass dependence leads to an
isotope effect that is readily observed in crystalline systems.

9.1.2 Coupling to Electric and Elastic Fields

Without perturbation, the Hamiltonian in the basis (ψl, ψr) is given by

H0 =
1
2

(
∆ −∆0

−∆0 −∆

)
. (9.8)

Because of the tunneling, ψl and ψr are not true eigenstates. In the orthogonal
basis the Hamiltonian reads
2 This method is named for Wentzel, Kramers, and Brillouin [396].

9.1 Two-Level Tunneling Systems 285

Hrr =
∫

ψ∗
r Hψr d3x. The overlap of the wave functions is expressed by

S =
∫

ψ∗
l ψr d3x. Furthermore, Hlr =

∫
ψ∗

l Hψr d3x is the exchange energy
that is of particular interest. If the wells are far apart, the overlap of the
wave functions vanishes, i.e., S = 0 and Hlr = 0.

The true eigenvalue is always smaller than the eigenvalue E calcu-
lated with the ansatz given above. Therefore, we minimize E by requiring
∂E/∂a = 0, and ∂E/∂b = 0, and obtain the characteristic equations

a (Hll − E) + b(Hlr − E S) = 0 , (9.2)
a (Hlr − E S) + b(Hrr − E) = 0 , (9.3)

leading to the solution

(Hll − E)(Hrr − E) − (Hlr − E S)2 = 0 . (9.4)

Choosing the middle between the two potential minima as zero energy,
the eigenvalues of the particle in the isolated wells may be expressed by
Hll,rr = (!Ω ± ∆)/2. In addition, we assume that the overlap of the wave
functions is weak, and neglect the quantity ES. Thus, we obtain the eigen-
values

E± =
1
2

(
!Ω ±

√
∆2 + 4H2

lr

)
, (9.5)

and hence the energy splitting of the ground state

E = E+ − E− =
√

∆2 + 4H2
lr =

√
∆2 + ∆2

0 . (9.6)

Using the WKB method,2 Hlr can be calculated, and −2Hlr = ∆0 ≈ !Ω e−λ

is found. The quantity ∆0 is called the tunnel splitting , and λ is the tun-
neling parameter determined by the potential shape and the mass m of the
tunneling particle. For the simple potential we have chosen here, λ is given
approximately by

λ ≈ d

2!
√

2mV . (9.7)

As we will see in the following sections, the mass dependence leads to an
isotope effect that is readily observed in crystalline systems.

9.1.2 Coupling to Electric and Elastic Fields

Without perturbation, the Hamiltonian in the basis (ψl, ψr) is given by

H0 =
1
2

(
∆ −∆0

−∆0 −∆

)
. (9.8)

Because of the tunneling, ψl and ψr are not true eigenstates. In the orthogonal
basis the Hamiltonian reads
2 This method is named for Wentzel, Kramers, and Brillouin [396].

example: KCl:Li

K+ Cl-

(100)-plane

Li+

► Li+ substitutes K+

► ionic radius:  

8 off-center positions
in <111> direction

tunneling parameter



SS 2022
MVCMP-1

311

9.1 Tunneling Systems in Crystals

potential minima at                             with 

quantum states 296 9 Tunneling Systems

|111

|111

|111

|111

|111

|111

|111

|111

Fig. 9.8. Illustration of the eight localized
states |αβγ〉. The centers of the wave func-
tions coincide with the corners of a cube

with α,β, γ = ±1. The corresponding localized states |αβγ〉 are depicted in
Fig. 9.8.

The potential landscape allows tunneling between the localized states
along the edges of the cube, the face diagonals, and the space diagonals. The
energy eigenstates |m〉 are constructed as a superposition of the localized
states with an appropriate phase factor. They are irreducible representations
of the point group Oh and have the form

|m〉 =
1√
8

∑

αβγ

exp
(

iπ
d

m · r
)
|αβγ〉 , (9.38)

where the entries of the vector m may take the values 1 and 0. The states
are arranged in the four levels:

A2u : (1, 1, 1) ,

T2g : (1, 1, 0); (1, 0, 1); (0, 1, 1) ,

T1u : (1, 0, 0); (0, 1, 0); (0, 0, 1) ,

A1g : (0, 0, 0) . (9.39)

As expected, the ground state A1g, and the state A2u with the highest energy,
are not degenerate and have spherical symmetry. The two levels in the middle
are threefold degenerate.

As in most other systems, the potential minima of KCl:Li are approxi-
mately spherical. In this case, tunneling along the shortest path, i.e., tunnel-
ing along the edges of the cube, is most favorable. The two other tunneling
motions hardly contribute to the tunnel splitting [399]. In this simple case,
the energy eigenvalues are arranged equidistantly, as shown in Fig. 9.9. They
are separated by the tunnel splitting ∆0, which can be calculated with the
help of the WKB approximation as mentioned in Sect. 9.1.1.

Because of the exponential mass dependence of the tunneling splitting,
a pronounced isotope effect is expected. Indeed, the ratio 6∆0/7∆0 ≈ 1.5
is found experimentally for the two stable isotopes 6Li and 7Li. Inserting
the known parameters of the potential of the lithium defect into (9.7), the
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hω/2

A2u (1)

T2g (3)

T1u (3)

A1g (1)

∆0

∆0

∆0

Fig. 9.9. Level scheme of 〈111〉 tunneling
systems taking only edge tunneling into ac-
count. The number of degenerate levels is
given in brackets

agreement with expectation is only rough. The main reason for this lack of
agreement is the assumption that the potential landscape seen by the tun-
neling ion is rigid. In reality, the lattice in the immediate neighborhood of
the tunneling ion relaxes, resulting in a drag on neighboring ions. In other
words, a dressing effect occurs. Consequently, the effective mass of the tun-
neling particles differs from the mass of the ‘naked’ lithium ions, leading to
a modification of the ratio of the tunnel splitting [400].

〈100〉 and 〈110〉 Tunneling Systems

The level schemes of the two other types of tunneling system are also rela-
tively simple. The separation of the levels is a multiple of ∆0, provided that
the potential wells are spherical, and tunneling between localized states only
occurs along one path. The shortest path is equivalent to a rotational motion
through 90◦ for 〈100〉 systems, and 60◦ for 〈110〉 systems. The level schemes
of the two types of system are displayed in Fig. 9.10.
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Fig. 9.10. Level schemes of 〈100〉 tunneling systems (a) and 〈110〉 tunneling sys-
tems (b). The degree of degeneracy of the levels is given in brackets
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agreement with expectation is only rough. The main reason for this lack of
agreement is the assumption that the potential landscape seen by the tun-
neling ion is rigid. In reality, the lattice in the immediate neighborhood of
the tunneling ion relaxes, resulting in a drag on neighboring ions. In other
words, a dressing effect occurs. Consequently, the effective mass of the tun-
neling particles differs from the mass of the ‘naked’ lithium ions, leading to
a modification of the ratio of the tunnel splitting [400].

〈100〉 and 〈110〉 Tunneling Systems

The level schemes of the two other types of tunneling system are also rela-
tively simple. The separation of the levels is a multiple of ∆0, provided that
the potential wells are spherical, and tunneling between localized states only
occurs along one path. The shortest path is equivalent to a rotational motion
through 90◦ for 〈100〉 systems, and 60◦ for 〈110〉 systems. The level schemes
of the two types of system are displayed in Fig. 9.10.
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example:                tunneling states

a) partition function

b) internal energy

c) specific heat

Schottky peak
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9.1 Tunneling Systems in Crystals

example:   KCl: Li

298 9 Tunneling Systems

9.2.2 Specific Heat

As pointed out repeatedly, the specific heat gives information on the degrees
of freedom. In the systems we are discussing here, phonons and tunneling
systems contribute to the specific heat. While the phonon part vanishes as T 3

with decreasing temperature, the main contribution of the tunneling systems
is found at temperatures T ≈ ∆0/2kB (see Sect. 8.1.3).

The specific heat C of a KCl crystal doped with 20 ppm of 7Li is shown in
Fig. 9.11. Obviously, below 1 K the contribution of the tunneling systems be-
comes important, and the experimental data deviate clearly from the T 3 be-
havior of pure crystals indicated by the full line. The specific heat caused by
the tunneling systems can be deduced from their internal energy U . For N
isolated 〈111〉 tunneling systems the internal energy is given by

U =
3
2

N∆0

[
1 − tanh

(
∆0

2kBT

)]
, (9.40)

and accordingly the specific heat per unit mass by

CTS =
3nkB

"

(
∆0

2kBT

)2

sech2

(
∆0

2kBT

)
. (9.41)

Here, n = N/V is the number density of the tunneling systems and " the
mass density of the sample. Because of the similarity with the specific heat of
two-level systems (see Sect. 8.1.3), it is often referred to in the literature as
the Schottky anomaly . Interestingly, the expression (9.41) differs from that for
simple two-level systems only by the numerical factor three. Accordingly, the
contribution of the tunneling systems to the specific heat has its maximum
at T ≈ ∆0/2kB. Since the temperature of the maximum is determined by the
tunnel splitting, its position depends on the isotope.

Temperature T (K)

10-7

10-6

10-5

10-4

S
pe

ci
fic

he
at

C
/J

g−1
K

−1

0.1 0.2 0.5 1 2

KCl:7Li
20 ppm

T 3

Fig. 9.11. Specific heat of a lithium-
doped KCl crystal versus temperature.
The full line indicates the T 3 contribu-
tion of the host lattice [401]
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The contribution CLi of lithium tunneling systems in KCl is shown in
Fig. 9.12. To demonstrate that the same temperature variation is observed
for both isotopes, 7Li and 6Li, and that the isotope effect only causes a
shift of the curves along the (logarithmic) temperature axis, the two sets of
data are plotted with different temperature scales. The lower scale is valid
for the 7Li-doped sample, the upper one for the sample containing 6Li. The
temperature scales are shifted by such an amount that the maxima of the
two curves coincide. The data sets exhibit a great resemblance and agree well
in the maximum region. The full line in Fig. 9.12 follows from (9.41) after
inserting the known values 6∆0/kB = 1.65K and 7∆0/kB = 1.1K. The data
obtained above 1 K and below 200 mK deviate from the theoretical prediction.
These deviations are probably due to experimental problems. At T > 1K,
the contribution of the defects is much smaller than that of the host lattice,
so that the difference between the doped and undoped samples cannot be
determined with great accuracy. The deviations at the lowest temperatures
are probably caused by the finite sensitivity of the measurement. From a
historical point of view, the experimental observation of an isotope-dependent
specific heat constituted unambiguous proof for the tunneling of lithium ions
in KCl.
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Fig. 9.12. Specific heat of lithium-
doped KCl after subtracting the lat-
tice contribution. The upper tem-
perature scale is valid for 6Li, and
the lower scale for 7Li. The full line
represents the prediction of (9.41)
[401]

As an example of a molecular point defect we show the specific heat
of a KCl crystal doped with 27 ppm KCN. The data plotted in Fig. 9.13
were obtained after subtracting the lattice contribution. As mentioned above,
CN− ions also form 〈111〉 tunneling systems. The full line is the predicted
Schottky curve (9.41) after inserting ∆0/kB = 1.55 K for the tunnel splitting.
Theory and experiment agree in a nearly perfect manner and confirm once

► above 1K T 3 dependence is observed
► below 1 K additional contribution: Schottky peak
► just 20 ppm Li dominates specific heat

► tunneling system contribution to specific heat

► isotope effect observed: 

► proof of tunneling effect
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example:   KCl: CN  (same symmetry than KCl:Li)

► T 3 dependence subtracted
► solid line: Schottky peak

► broadening at higher concentrations
► contributions of pairs
► double maximum structure at highest concentration

300 9 Tunneling Systems
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Fig. 9.13. Specific heat of KCl:CN
after subtraction of the lattice con-
tribution. The full line indicates the
fit with (9.41) [402]

again that the specific heat at small defect concentrations can be described
by the model of isolated tunneling systems.

9.2.3 Thermal Conductivity

The resonant absorption and re-emission of phonons by tunneling systems –
usually called ‘resonance fluorescence’ – has a strong influence on heat con-
duction. In the case of strong interaction or strong coupling, virtually no
resonantly interacting phonon generated at one side of the sample reaches
the other side in heat conduction experiments. Therefore, tunneling states
‘burn a hole’ into the differential heat conductivity dΛ/dω at the resonance
frequency ωr = E/! (see Fig. 9.14a). The width of the hole is determined by
the strength of the scattering process. As indicated in Fig. 9.14b, the thermal
conductivity is reduced by this process in the temperature range kBT ≈ !ωr.
Consequently, a deviation from the T 3 variation of pure crystals is expected
in the Casimir limit.

We consider here the thermal conductivity of two systems, NaF:OH and
KCl:Li. In the case of NaF:OH, the molecular OH− ions perform a rotational
tunneling motion. The potential minima for the ions are again located in
the 〈111〉 direction. In Fig. 9.15a, the thermal conductivity of pure NaF is
compared with the conductivity of a crystal doped with 50 ppm NaOH. Be-
sides a reduction in the region of the maximum due to Rayleigh scattering
(see Sect. 6.2.4), a drastic decrease in Λ is found at low temperatures. At
0.2 K the thermal conductivity of the doped crystal is reduced by a factor
of 500, although the concentration of tunneling systems is rather small! Ex-
perimental results on KCl:Li are shown in Fig. 9.15b. Because of the different
value of the tunnel splitting in the case of the two lithium isotopes, the max-
imum deviation from the conductivity of a pure sample is found at different
temperatures.
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d) thermal conductivity:

phonon transport, but resonant absorption via TS

hole in differential thermal conductivity
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Fig. 9.14. (a) Differential thermal conductivity dΛ/dω versus phonon frequency
for three temperatures (T1 < T2 < T3). Tunneling systems ‘burn a hole’ into dΛ/dω
at the resonance frequency ωr = E/!. (b) Influence of tunneling systems on thermal
conductivity. Resonant scattering causes a reduction of Λ and therefore a deviation
from the T 3 law in the Casimir regime

From the data in Fig. 9.15a the scattering rate τ−1 and hence the mean
free path " of thermal phonons can be deduced using the dominant phonon
approximation. The resulting temperature variation is graphed in Fig. 9.16.
Coming from high temperatures, the scattering rate first decreases, since the
contribution of Umklapp processes vanishes as indicated by the dashed line.
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Fig. 9.15. (a) Thermal conductivity of a pure sodium fluoride crystal and of a
crystal doped with 50 ppm OH− ions [403]. (b) Comparison of the thermal conduc-
tivity of pure KCl crystal with the conductivity of crystals doped with 6Li and 7Li,
respectively [404]
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approximation. The resulting temperature variation is graphed in Fig. 9.16.
Coming from high temperatures, the scattering rate first decreases, since the
contribution of Umklapp processes vanishes as indicated by the dashed line.
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► reduction of thermal conductivity
factor of 500 for 50 ppm OH-
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perature in NaF doped with OH
[403]. The left scale depicts the
scattering rate, the right scale
the mean free path. The dashed
line represents the variation ex-
pected from Umklapp processes

Around 3 K the scattering rate τ−1 becomes minimal, i.e., the mean free
path " passes through a maximum and is roughly given by the diameter of
the sample of about 1mm. Below 1 K, the scattering rate rises again with
decreasing temperature because of the resonant interaction of phonons with
the tunneling states. The pronounced maximum at 0.2 K follows from the
energy splitting ∆0/kB ≈ 0.5K of the OH− tunneling systems.

9.2.4 Level Crossing

The so-called level crossing is an elegant method to determine the energy
splitting of tunneling systems. For this purpose, additional resonantly scat-
tering impurities are incorporated in the sample with an energy splitting that
can be tuned continuously from outside. This can be realized in a skilful way
with magnetic defects exploiting the linear Zeeman effect. The differential
thermal conductivity of KCl doped with lithium and additional magnetic
impurities is drawn schematically in Fig. 9.17. At ∆0, 2∆0, and 3∆0 the dif-
ferential thermal conductivity is strongly reduced by resonant scattering of
thermal phonons due to lithium tunneling systems (see also the level scheme

∆0 2∆0 3∆0hω0
hω

δΛ__
δω

Fig. 9.17. Schematic drawing of the dif-
ferential thermal conductivity dΛ/dω of a
lithium-doped KCl crystal versus phonon
energy !ω. The shaded hole is caused by
resonant scattering of the additionally in-
corporated magnetic impurities

► strong impact at maximum

scattering rate / mean free path

► isotope effect observed
► confirms that TS are responsible for heat resistance
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e) Dielectric susceptibility: ► selection rules
► level scheme
► field dependence

static dielectric susceptibility

partition function in electric field
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Fig. 9.19. Electric dipole tran-
sitions in KCl:Li. Arrows mark
the allowed transitions for an
ac electric field applied in the
〈100〉direction

Without an external electric field, the wave functions of the four energy
levels have no distinguished direction, i.e., they have cubic symmetry. This
is also valid for the wave functions of the levels in the middle because they
are constructed by superposing the three wave functions of the degenerate
eigenstates. This means that no electric dipole moment and no dielectric po-
larization exists without an applied field. An external electric field F induces
a dipole moment p = αF , where α is the polarizability of a lithium defect.
For small field strengths, the dipole moment grows linearly with F , but at
high fields the lithium ions become localized in the potential wells, result-
ing in a field-independent dipole moment. Since the dipole moment of the
lithium ions is oriented in the 〈111〉 direction and the field is applied in the
〈100〉 direction, it follows that p ·F = pF/

√
3, where p is the dipole moment

of the localized states.
The electric field shifts the energy levels. Since the dipole moment of

the defects is proportional to F at small field strengths, the levels will be
shifted quadratically. As in atomic physics, this dependence is called the
quadratic Stark effect. Because of the saturation of the polarization at high
fields, a transition from quadratic to linear dependence is observed. To a good
approximation, the field variation of the energy levels is given by

E(1,1,1) = −E(0,0,0) = ∆0 +
√

1
4
∆2

0 +
1
3
p2F 2 ,

E(0,1,1) = −E(1,0,0) = ∆0 −
√

1
4
∆2

0 +
1
3
p2F 2 , (9.42)

E(1,0,1) = E(1,1,0) = −E(0,1,0) = −E(0,0,1) =
√

1
4
∆0

2 +
1
3
p2F 2 .

The dielectric susceptibility χ can be deduced from the partition func-
tion Z taking into account the field dependence of the energy levels. Starting
from the free energy F of tunneling systems, and using F = −kBT lnZ, the
dielectric susceptibility is found to be
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9.2.6 Sound Velocity

Substitutional defects do not usually fit ideally into the host lattice. They
cause local strain fields that mediate the coupling to phonons. The effect
of tunneling systems on the acoustic susceptibility can be derived from the
strain dependence of the free energy, as in the case of the dielectric suscepti-
bility, where the electric field dependence had to be considered. However, the
resulting relations are considerably more complicated in the elastic case since
the deformation potential

↔
γ defined in (9.11) and the strain field

↔
e are not

scalars but tensors. The effect of the tunneling systems depends not only on
the direction of propagation but also on the polarization of the sound wave.
On the other hand, the sensitivity to different parameters can give selective
information on the microscopic structure of the tunneling systems.

Figure 9.21 shows the variation of the sound velocity with the inverse tem-
perature, measured in a KCl crystal doped with 100 ppm lithium. The exper-
iment was carried out at 30 MHz with transverse waves travelling along the
[110] direction. Sound waves polarized in the [110] direction are unaffected,
while the velocity of the waves with [001] polarization exhibits a strong tem-
perature dependence. From this result, it can be concluded that lithium ions
in KCl occupy a 〈111〉 off-center position.

A comparison of the dielectric and acoustic susceptibility supplies infor-
mation on differences between the electric and elastic coupling. For shear
waves propagating in the [100] direction the relative variation of the sound
velocity due to 〈111〉 tunneling systems is expected to vary as

δv

v
= − 2nγ2

"v2∆0
tanh

(
∆0

2kBT

)
− nγ2

"v2kBT
sech2

(
∆0

2kBT

)
, (9.46)

in the static limit. In contrast to the relation derived for the dielectric suscep-
tibility, this expression contains two terms. The reason is that the reaction
of the eight energy levels is different for strain and electric fields. The energy
of four levels varies quadratically with strain, whereas the other four levels

e) sound velocity
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Fig. 9.21. Variation of the velocity
of sound at 30 MHz in a KCl crys-
tal doped with 100 ppm lithium. The
transverse waves were propagating
along the [110] direction and were
polarized as indicated in the draw-
ing [409]

experience a linear shift. The first term is caused by the levels with quadratic
coupling and corresponds exactly (apart from the negative sign) to the ex-
pression (9.44) for the dielectric susceptibility. The second term is due to the
levels with linear coupling.

Figure 9.22 shows the temperature variation of the sound velocity of KCL
samples. It was measured at 2 kHz with torsion oscillators made of three
differently doped KCl crystals. The sound velocity of the nominally pure
KCl crystal decreases monotonically with rising temperature. The exact vari-
ation is determined by dislocations and lattice vibrations. Both lithium-doped
KCl crystals exhibit a pronounced reduction in the velocity at low temper-
atures. Above 10 K, the contribution of the tunneling systems vanishes, the
properties of the host crystal dominate, and the curves merge into the curve

0.1 1 10
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10
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4

δv
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KCl
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KCl:7Li 60 ppm

Fig. 9.22. Relative variation
of the sound velocity δv/v ver-
sus temperature in pure and
lithium-doped KCl at 2 kHz.
Full lines connect the data
points [410]
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for pure KCl. The significant reduction at low temperatures is mainly caused
by the first term of (9.46), while the second term is responsible for the occur-
rence of the minimum. The dependence of the tunnel splitting on the isotope
mass is obvious: the reduction in the sound velocity at the lowest tempera-
tures is smaller in the 6Li sample because of the factor 1/∆0, although the
lithium concentration in this sample is slightly higher. In addition, the posi-
tion of the minima is influenced by the isotope mass and is therefore found
at different temperatures.

Although qualitatively good agreement exists between this measurement
and (9.46), a quantitative comparison with the model of isolated tunneling
systems is not feasible since the defect concentration is already so high that
the interaction between the tunneling systems can no longer be neglected.
Nevertheless, it is possible to deduce the deformation potential with reason-
able accuracy from (9.46). The relatively small value of γ ≈ 0.04 eV is found
from the reduction in the speed of sound at the lowest temperatures. It is
due to this small value of γ, together with the large electric dipole moment of
the lithium tunneling systems in this material, that the electric dipole–dipole
interaction dominates and the elastic interaction can be neglected. As a con-
sequence, a simplified theoretical treatment of interacting tunneling systems
is possible, and we discuss this in the following section.

9.3 Interacting Tunneling Systems in Crystals

With rising defect concentration the interaction between the tunneling sys-
tems becomes increasingly important, and the description based on isolated
tunneling systems breaks down. Before presenting a brief theoretical descrip-
tion of interacting tunneling systems we discuss experimental results in order
to show how the dielectric properties change with defect concentration.

9.3.1 Dielectric Properties

The dielectric susceptibility of four KCl crystals with different concentrations
of 6Li is depicted in Fig. 9.23a. First, let us have a look at the data for the
two weakly doped crystals. As discussed in the previous section, the behavior
of the sample doped with 6 ppm Li agrees very well with the predictions for
isolated defects (see also Fig. 9.20). An increase in the defect concentration
to 70 ppm leads to a distinct rise in the susceptibility. However, even at
this relatively low concentration this rise is not exactly proportional to the
defect concentration. The deviation from strict linearity becomes increasingly
pronounced at higher concentrations. The sample with 1100 ppm 6Li exhibits
a susceptibility that is even smaller than that of the sample with 210 ppm!
Simultaneously, a relaxation maximum is observed, which grows with rising
defect concentration.

► high temperature: classical 1/T dependence
► low temperature: quantum mechanical plateau
► maximum in between: level contribute that couple

linear to strain field 
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for pure KCl. The significant reduction at low temperatures is mainly caused
by the first term of (9.46), while the second term is responsible for the occur-
rence of the minimum. The dependence of the tunnel splitting on the isotope
mass is obvious: the reduction in the sound velocity at the lowest tempera-
tures is smaller in the 6Li sample because of the factor 1/∆0, although the
lithium concentration in this sample is slightly higher. In addition, the posi-
tion of the minima is influenced by the isotope mass and is therefore found
at different temperatures.

Although qualitatively good agreement exists between this measurement
and (9.46), a quantitative comparison with the model of isolated tunneling
systems is not feasible since the defect concentration is already so high that
the interaction between the tunneling systems can no longer be neglected.
Nevertheless, it is possible to deduce the deformation potential with reason-
able accuracy from (9.46). The relatively small value of γ ≈ 0.04 eV is found
from the reduction in the speed of sound at the lowest temperatures. It is
due to this small value of γ, together with the large electric dipole moment of
the lithium tunneling systems in this material, that the electric dipole–dipole
interaction dominates and the elastic interaction can be neglected. As a con-
sequence, a simplified theoretical treatment of interacting tunneling systems
is possible, and we discuss this in the following section.

9.3 Interacting Tunneling Systems in Crystals

With rising defect concentration the interaction between the tunneling sys-
tems becomes increasingly important, and the description based on isolated
tunneling systems breaks down. Before presenting a brief theoretical descrip-
tion of interacting tunneling systems we discuss experimental results in order
to show how the dielectric properties change with defect concentration.

9.3.1 Dielectric Properties

The dielectric susceptibility of four KCl crystals with different concentrations
of 6Li is depicted in Fig. 9.23a. First, let us have a look at the data for the
two weakly doped crystals. As discussed in the previous section, the behavior
of the sample doped with 6 ppm Li agrees very well with the predictions for
isolated defects (see also Fig. 9.20). An increase in the defect concentration
to 70 ppm leads to a distinct rise in the susceptibility. However, even at
this relatively low concentration this rise is not exactly proportional to the
defect concentration. The deviation from strict linearity becomes increasingly
pronounced at higher concentrations. The sample with 1100 ppm 6Li exhibits
a susceptibility that is even smaller than that of the sample with 210 ppm!
Simultaneously, a relaxation maximum is observed, which grows with rising
defect concentration.
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Concentration dependence: example dielectric susceptibility of KCl with TS

isolate TS               TS pairs                many particle interaction     
transition to incoherent tunneling

a

radius: J(r) ≈ D0
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Fig. 9.23. Dielectric susceptibility (a) and dielectric absorption (b) of KCl crystals
with different lithium doping [408]. Full lines connect the data points

Figure 9.23b shows the dielectric absorption ε′′ of the same crystals. Since
no absorption at all is expected for isolated defects, the dielectric loss at high
concentrations has to be a direct consequence of interaction between the
tunneling systems. Clearly, a high relaxation absorption is observed at low
frequencies.

9.3.2 Theoretical Description

As mentioned in Sect. 9.2, many properties of isolated lithium tunneling sys-
tems can be reasonably well described in the framework of the so-called two-
state approximation, where the multilevel structure of real tunneling systems
is replaced by two levels. In this way, an essential simplification is achieved,
and it also makes feasible a description of interacting tunneling systems in
alkali halides.

As already pointed out, in systems like KCl:Li, the elastic interaction
is small in comparison with the electric one. We therefore assume in the
following discussion that the interaction energy Jij between the defects i
and j is exclusively determined by the electric dipole–dipole interaction

Jij = − 1
4πε0εKCl

[
pi · pj

r3
ij

− 3(rij · pi)(rij · pj)
r5
ij

]
. (9.47)

To simplify the theoretical treatment further, the angular dependence of this
interaction is replaced by the assumption that only parallel and antiparallel
ordering of the dipoles is possible. This means that we replace (9.47) by the
much simpler expression

Jij = ± p2

4πε0εKClr3
ij

. (9.48)

pair interaction

strongly interacting pairs           tunnel as one entity  

Rabi frequency (ECHo experiments)

tunnel splitting of pairs

dipole moment of pairs

► KCl with 6Li and 7Li 
► observation of mixed pairs 
► experimental proof of pair tunneling
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high concentrations

consequences:  
► reduced resonant contribution  (∼ c tanh(x))

► new phonon-less relaxation channel

interaction parameter: mean interaction energy

expected zero-temperature susceptibility: 
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Fig. 9.23. Dielectric susceptibility (a) and dielectric absorption (b) of KCl crystals
with different lithium doping [408]. Full lines connect the data points

Figure 9.23b shows the dielectric absorption ε′′ of the same crystals. Since
no absorption at all is expected for isolated defects, the dielectric loss at high
concentrations has to be a direct consequence of interaction between the
tunneling systems. Clearly, a high relaxation absorption is observed at low
frequencies.

9.3.2 Theoretical Description

As mentioned in Sect. 9.2, many properties of isolated lithium tunneling sys-
tems can be reasonably well described in the framework of the so-called two-
state approximation, where the multilevel structure of real tunneling systems
is replaced by two levels. In this way, an essential simplification is achieved,
and it also makes feasible a description of interacting tunneling systems in
alkali halides.

As already pointed out, in systems like KCl:Li, the elastic interaction
is small in comparison with the electric one. We therefore assume in the
following discussion that the interaction energy Jij between the defects i
and j is exclusively determined by the electric dipole–dipole interaction

Jij = − 1
4πε0εKCl

[
pi · pj

r3
ij

− 3(rij · pi)(rij · pj)
r5
ij

]
. (9.47)

To simplify the theoretical treatment further, the angular dependence of this
interaction is replaced by the assumption that only parallel and antiparallel
ordering of the dipoles is possible. This means that we replace (9.47) by the
much simpler expression

Jij = ± p2

4πε0εKClr3
ij

. (9.48)

cross-over to incoherent tunneling

susceptibility does not scale with concentration


