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Part II: Solids at Low Temperatures

6. Phonons

► solids are elastic, isotropic homogenous continua
► excitations: sound waves with linear dispersion  
► Bose-Einstein distribution

6.1 Specific heat

assumptions: 

－ Debye model:

internal energy: cut-off frequency         Debye frequency  

168 6 Phonons

are treated as homogeneous and isotropic media. Consequently, the phonons
can be considered as a gas of free bosons. In contrast to the atoms of a
real gas, the number of phonons is not conserved. As a result, their chemical
potential vanishes, i.e., µ = 0. Though phonons are not real particles, we may
use the density of states D(q) of free particles (see Sect. 3.1) to calculate the
internal energy of solids. There is a simple reason for this correspondence:
in both cases the allowed wave vectors q are determined by the geometrical
boundary conditions (3.4). Hence, the density of phonons in momentum space
is the same as for free particles. The dispersion relation, which depends on
the nature of the particles being considered, does not play a role.

We rewrite (3.6) using the abbreviation q for the wave vector of phonons
and find D(q) = q2V/2π2. From this expression, the density of states D(ω)
in frequency space follows directly from the relation

D(ω) = D(q)
dq

dω
, (6.1)

if the dispersion relation ω(q) is known. In the Debye model, the linear re-
lation ω = vq is assumed, where v represents the velocity of sound. With
this relation the famous ω2 dependence of the Debye density of states follows
directly from (6.1):

D(ω) dω =
V ω2

2π2v3
dω . (6.2)

In monatomic solids there exist three phonon branches, namely a longi-
tudinal and two transverse branches. In the Debye model, this fact is taken
into account by introducing the Debye velocity vD through the relation
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So, we finally obtain for the Debye density of states the expression

D(ω) =
V ω2

2π2

(
1
v3

!

+
2
v3
t

)
=

V ω2

2π2

3
v3
D

. (6.4)

For a rough estimate of vD we may put v! ≈ 2 vt resulting in vD ≈ 1.12 vt,
meaning that the Debye velocity and hence the Debye density of states is
mainly determined by transverse sound waves.

The density of states is normalized to 3N , the total number of modes, by
introducing the cutoff frequency ωD, i.e.,

3N =
ωD∫

0

D(ω) dω . (6.5)
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specific heat: 

6.1 Specific Heat – Debye Model 169

Through this integral, the Debye frequency ωD is defined leading to the ex-
pression

ωD = vD
3

√
6π2 N

V
=

vD

a
3
√

6π2 . (6.6)

The last term holds for simple cubic crystals with the lattice constant a,
because in this case N/V = a3. In Fig. 6.1 the dispersion relation used in
the Debye model is compared with that of a linear chain. Obviously, the
maximum values of the wave vector are different in these two models. In the
case of a linear chain qm = π/a is determined by the size of the Brillouin
zone, whereas for the Debye model qD = 3

√
6π2/a ≈ 3.9/a follows from (6.6).

Typical numerical values are: a = 0.2 nm, vD = 3000 m/s, and hence ωD ≈
1014 s−1.
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Fig. 6.1. Comparison between the linear
dispersion relation of the Debye model
(full line) and the ‘real’ dispersion of a
linear chain (dashed line). Note that the
dispersion curves end at different values
of the wave vector

The internal energy of the lattice vibrations is given by

U(T ) =
!ωD∫

0

!ωD(ω) f(ω, T ) dω . (6.7)

Inserting the Bose–Einstein distribution function f(ω, T ) and using the ab-
breviations x = !ω/kBT and xD = !ωD/kBT , we find for the specific heat1
of dielectric crystals the expression

CV =
∂U

∂T
= 9NkB

(
T

Θ

)3 xD∫

0

x4ex

(ex − 1)2
dx , (6.8)

where the Debye temperature Θ is defined by kBΘ = !ωD.
1 In general, we do not explicitly distinguish between heat capacity, specific heat,

molar specific heat, etc., because in most cases the exact meaning follows from
the context in which it is used.
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6.1 Specific Heat

► perfect agreement with theory
► only small temperature range
► Debye temperature 

Limiting cases:

(i)

(ii)

Dulong-Petit law
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Fig. 6.2. Specific heat of solid argon
at temperatures below 2 K plotted ver-
sus T 3. The full line reflects the predic-
tion of the Debye model with the Debye
temperature Θ = 92 K [253]

the comparison between the two spectra makes it clear that the specific heat
is rather insensitive to the shape of the density of states. It is determined
by the mean behavior of the vibrational states and not by details of the
vibrational spectrum.

At what temperatures do we expect noticeable deviations of the exper-
iment from the Debye approximation? At ‘very low’ temperatures, i.e., for
T < Θ/100 only phonons with long wavelength are thermally excited, the
dispersion of which is linear. In this case, the density of states of crystalline
solids is proportional to ω2, as assumed in the Debye model. Similarly, at high
temperatures (T > Θ/4) details of the phonon spectrum become unimportant
and the prediction of the Debye model approaches the classical limit. In the
intermediate range significant deviations may exist, but even so, very often
the Debye approximation is used. Deviations of the temperature dependence
of the specific heat from (6.8) are expressed in terms of Θ varying with tem-
perature. As an example of this procedure, Θ(T ) is shown in Fig. 6.4 for NaI.
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Fig. 6.3. Density of states D(ω) of di-
amond. For comparison, the density of
states in the Debye approximation with
Θ = 2230 K is also drawn [254]

6.1 Specific Heat – Debye Model 171

0 2 4 6 8
T 3 / K3

0

10

20

S
pe

ci
fic

he
at

C
/m

J
m

ol
−1

K
−1

Temperature T / K
0.0 1.0 1.4 1.6 1.8 2.0

Ar

Fig. 6.2. Specific heat of solid argon
at temperatures below 2 K plotted ver-
sus T 3. The full line reflects the predic-
tion of the Debye model with the Debye
temperature Θ = 92 K [253]

the comparison between the two spectra makes it clear that the specific heat
is rather insensitive to the shape of the density of states. It is determined
by the mean behavior of the vibrational states and not by details of the
vibrational spectrum.

At what temperatures do we expect noticeable deviations of the exper-
iment from the Debye approximation? At ‘very low’ temperatures, i.e., for
T < Θ/100 only phonons with long wavelength are thermally excited, the
dispersion of which is linear. In this case, the density of states of crystalline
solids is proportional to ω2, as assumed in the Debye model. Similarly, at high
temperatures (T > Θ/4) details of the phonon spectrum become unimportant
and the prediction of the Debye model approaches the classical limit. In the
intermediate range significant deviations may exist, but even so, very often
the Debye approximation is used. Deviations of the temperature dependence
of the specific heat from (6.8) are expressed in terms of Θ varying with tem-
perature. As an example of this procedure, Θ(T ) is shown in Fig. 6.4 for NaI.

0 10 20 30 40 50
Frequency ν / THz

D
en

si
ty

of
st

at
es

D
(ω

)
/a

.u
.

Diamond

Fig. 6.3. Density of states D(ω) of di-
amond. For comparison, the density of
states in the Debye approximation with
Θ = 2230 K is also drawn [254]



SS 2022
MVCMP-1

247

6.1 Specific Heat – Debye Model 173

Table 6.1. Debye temperature Θ of various elements in the limit T → 0. The Debye
temperature of elements marked by (∗) was determined at T ≈ Θ/2. After [257,258]

Element Θ (K) Element Θ (K) Element Θ (K) Element Θ (K)

Ar 92 Cu 347 Mn 409 Sc 346

Ac∗ 100 Er 118 Mo 423 Se 152

Ag 227 Fe 477 N∗ 70 Si 645

Al 433 Ga 325 Na 156 Sm 169

Am 121 Gd 182 Nb 276 Sn 199

As 282 Ge 373 Nd 163 Sr 147

Au 162 H (para) 122 Ne 75 Ta 245

B 1480 H (orth) 114 Ni 477 Tb 176

Ba 111 3He 19–33 Np 259 Te 152

Be 1481 Hf 252 O∗ 90 Th 160

Bi 120 Hg 72 Os 467 Ti 420

C (Dia.) 2250 Ho 190 Pa 185 Tl 78

C (Gra.) 413 I 109 Pb 105 Tm 200

Ca 229 In 112 Pd 271 U 248

Cd 210 Ir 420 Pr 152 V 399

Ce 179 K 91 Pt 237 W 383

Cl∗ 115 Kr 72 Rb 56 Xe 64

Cm 123 La 145 Re 416 Y 248

Co 460 Li 344 Rh 512 Yb 118

Cr 606 Lu 183 Ru 555 Zn 329

Cs 40 Mg 403 Sb 220 Zr 290

Table 6.2. Debye temperature Θ of several compounds in the limit T → 0. The
Debye temperature of elements marked by (∗) was determined at T ≈ Θ/2. After
[258–260]

Compound Θ (K) Compound Θ (K) Compound Θ (K)

AgBr∗ 140 Cr2Cl∗3 360 MgO∗ 800

AgCl∗ 180 FeS∗
2 630 MoS∗

2 290

As2O
∗
3 140 KBr 173 RbBr 131

As2O
∗
5 240 KCl 235 RbCl 165

AuCu3 285 KI 131 RbI 103

BN∗ 600 InSb 206 SiO2 (Quartz) 470

CaF2 508 LiF 736 TiO∗
2 (Rutile) 450

CrCl∗2 80 LiCl 422 ZnS 315

6.1 Specific Heat
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low-dimensional systems

d = 2

example: 3He atoms on graphite (sub-mono layers)

► high temperatures and low densities gas:
► for                                       two-dimensional solid crystals
► increasing density                     increases

► density
► at high temperatures melting of 2d-crystals 

176 6 Phonons

Adsorbed Gases

As we have already mentioned, the wave vectors of phonons that are allowed
in insulating solids are determined by the boundary conditions that, in turn,
depend on the dimensionality d of the system. Within the Debye approxima-
tion, the relation

D(ω) ∝ ωd−1 (6.17)

is found for the phonon density of states. Thus, the proportionality CV ∝ T d

should hold in the low-temperature limit. In particular, for two-dimensional
systems, we expect a quadratic temperature dependence of the specific heat,
i.e., CV ∝ T 2.

As an example of a two-dimensional system, we consider briefly monolay-
ers of helium atoms adsorbed on graphite. The helium atoms are relatively
tightly bound to the surface by Van der Waals forces, but motion parallel to
the surface is possible. At higher temperatures and small surface densities n,
the adsorbed atoms behave like a two-dimensional classical gas exhibiting a
specific heat CV ≈ NkB. With rising vapor pressure the number of adsorbed
atoms increases. For n > 0.078 Å−2, 3He atoms form a two-dimensional solid.
On increasing the coverage further the solid becomes more rigid because of
the rising interaction between the atoms in the layer. As a consequence, the
stiffness of the layer, and hence the Debye temperature increases. The spe-
cific heat of 3He layers with different areal densities is shown in Fig. 6.5. As
expected, a variation proportional to T 2 is found at low temperatures. At
higher temperatures, melting of the two-dimensional crystals occurs, lead-
ing to deviations from the quadratic temperature variation of C. Of course,
similar effects are also observed with other gases and other substrates.

0 1 2 3 4 5
Temperature T 2 / K2

0.00

0.05

0.10

0.15

S
pe

ci
fic

he
at

C
/N

k B

Temperature T / K

Θ
17.6
17.9
19.2
21.1
26.9
33.7

0 1.0 1.5 2.0

3He

Fig. 6.5. Specific heat of 3He
adsorbed on graphite as a func-
tion of T 2. Starting from the left
side, the density of helium atoms
per Å2 is given by: 0.078, 0.079,
0.080, 0.082, 0.087 and 0.092. The
full lines correspond to fits with
the indicated Debye temperatures
[263]
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6.2 Heat transport

Fourier equation

6.2 Heat Transport 179

In our simple description of heat conduction we consider the ensemble of
phonons as an ideal gas and describe the energy transport using the equations
of the kinetic theory of gases. In this approximation, the thermal conductivity
is given by

Λ =
1
3

C v " , (6.20)

where C is the specific heat (per unit volume) of the particles carrying the
heat, v their mean velocity and " their mean free path.

In the case of a phonon gas, the quantities v and " depend on the wave
vector and the right-hand side of (6.20) has to be replaced by an integral. As in
the isotropic Debye model, we replace the orientation-dependent integration
over the wave vector q by the integration over the frequency ω = vq and
obtain

Λ =
1
3

∑

i

∫
ci(ω) vi(ω) "i(ω) dω , (6.21)

where ci(ω) dω = (∂Ci/∂ω) dω represents the contribution to the specific
heat arising from modes of the phonon branch i and lying in the frequency
interval dω. The contribution of the different branches is taken into account
by the summation.

In most cases, this equation can be simplified in two ways. As in the
Debye model, the summation over the phonon branches can be replaced
by the introduction of one effective phonon branch with the linear disper-
sion vD = ω/q = const. The integration is avoided by applying the so-called
dominant phonon approximation. Instead of the entire frequency spectrum,
only that narrow frequency interval is considered that contributes most to
the heat transport. Roughly speaking, these are phonons with an energy
comparable with the thermal energy kBT . In most cases, the use of these
approximations provides the only possible means to carry out an analysis
of experimental data since the exact frequency dependence of the quantities
appearing in (6.21) is usually unknown.

The dominant phonon approximation is not only used in the description
of the heat conduction but also in treating other physical phenomena. So the
specific heat and the ultrasonic attenuation are often analyzed in this way.
A more detailed consideration shows that the frequency ω of the dominant
phonons can be defined via the first moment of the measured quantity result-
ing in the relation !ω = pkBT . The constant p depends on the phenomenon
under consideration and is often found to be in the range between two and
three.

In the following sections, we first describe an elegant method allowing
us to determine thermal conductivity and specific heat in one experiment.
Afterwards, we consider in more detail various scattering processes that limit
the heat flux in dielectric crystals. Here, we have to distinguish between
processes caused by the thermal motion and processes provoked by crystalline
imperfections.

in general

spectral specific heat
different “particles”                phonon branches  

dominate phonon approximation  (Debye)
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vector and the right-hand side of (6.20) has to be replaced by an integral. As in
the isotropic Debye model, we replace the orientation-dependent integration
over the wave vector q by the integration over the frequency ω = vq and
obtain

Λ =
1
3

∑

i

∫
ci(ω) vi(ω) "i(ω) dω , (6.21)

where ci(ω) dω = (∂Ci/∂ω) dω represents the contribution to the specific
heat arising from modes of the phonon branch i and lying in the frequency
interval dω. The contribution of the different branches is taken into account
by the summation.

In most cases, this equation can be simplified in two ways. As in the
Debye model, the summation over the phonon branches can be replaced
by the introduction of one effective phonon branch with the linear disper-
sion vD = ω/q = const. The integration is avoided by applying the so-called
dominant phonon approximation. Instead of the entire frequency spectrum,
only that narrow frequency interval is considered that contributes most to
the heat transport. Roughly speaking, these are phonons with an energy
comparable with the thermal energy kBT . In most cases, the use of these
approximations provides the only possible means to carry out an analysis
of experimental data since the exact frequency dependence of the quantities
appearing in (6.21) is usually unknown.

The dominant phonon approximation is not only used in the description
of the heat conduction but also in treating other physical phenomena. So the
specific heat and the ultrasonic attenuation are often analyzed in this way.
A more detailed consideration shows that the frequency ω of the dominant
phonons can be defined via the first moment of the measured quantity result-
ing in the relation !ω = pkBT . The constant p depends on the phenomenon
under consideration and is often found to be in the range between two and
three.

In the following sections, we first describe an elegant method allowing
us to determine thermal conductivity and specific heat in one experiment.
Afterwards, we consider in more detail various scattering processes that limit
the heat flux in dielectric crystals. Here, we have to distinguish between
processes caused by the thermal motion and processes provoked by crystalline
imperfections.

1         2         3        4    

p = 2 … 3 

► summation and integration can be avoided
► in addition: linear dispersion
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Fig. 6.8. Thermal conductivity of a
sodium fluoride crystal as a function
of temperature [269]

In the following section we briefly consider mechanisms of phonon scat-
tering that play an important role at low temperatures. However, before we
start with this discussion we consider first the interaction between phonons
that limits the thermal conductivity at higher temperatures.

6.2.3 Phonon–Phonon Scattering

The most important interaction process between phonons is the three-phonon
process in which two phonons merge into a single phonon, or a single phonon
decays into two phonons. Conservation of energy and quasimomentum re-
quires:

!ω1 ± !ω2 = !ω3 and !q1 ± !q2 = !q3 + !G . (6.27)

Depending on the signs, these equations reflect the creation or annihilation of
a phonon in the collision process. A characteristic feature of quasimomentum
conservation is the occurrence of a reciprocal lattice vector G in this equation.
Processes that do not involve a reciprocal lattice vector are called normal
processes, whereas those that do, are called umklapp processes. Frequently,
N-process and U-process are used as abbreviations. In Fig. 6.9, the two types
of processes are shown for the case of phonon annihilation.

The scattering event exclusively takes place in the first Brillouin zone
if the wave vectors q1 and q2 of the colliding phonons are relatively small.
No reciprocal lattice vector is involved, and the sum of quasimomenta stays
unchanged. This also holds for the reverse process where a single phonon
decays into two phonons. If, however, the resulting vector q3 ends outside the
first Brillouin zone, a nonzero reciprocal lattice vector G has to be added.
Although the vector q′

3 = q3 + G lies again inside the first Brillouin zone
(see Fig. 6.9b), the sum of quasimomenta of the participating phonons is
changed.

phonon-phonon scatteringphonon-defect scattering
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details we would like to give a plausible argument for the strong tempera-
ture dependence of this scattering process. Without proof, we state that the
scattering cross section σ for phonon–phonon collisions is proportional to the
square of the strain amplitude e0 of the scattered phonons. This means that
σ ∝

∏
i ωi, where the index i denotes the participating phonons. For three-

phonon processes of thermal phonons we thus obtain σ ∝ ω1ω2ω3 ∝ T 3. At
low temperatures the number density ñ of the dominant phonons increases
proportional to T 2 since the phonon density of states is proportional to ω2. In
this way, it follows from (6.26) that the inverse mean free path for N-processes
should obey the relation

#−1
N ∝ T 5 . (6.29)

Umklapp Processes

It is possible for q3 to lie outside the first Brillouin zone even if three phonons
take part, as in the N-process. In this case, the addition of a reciprocal lattice
vector brings the wave vector of the generated phonon back into the first zone.
However, the total quasimomentum P is changed by these umklapp processes
and consequently the heat flow is degraded.

At high temperatures, the overwhelming number of excited phonons are
phonons with a frequency close to the Debye frequency ωD and a wave vector
comparable with that of the zone boundary. As a consequence, virtually every
collision leads to a final state outside the Brillouin zone and is therefore an
umklapp process. At T > Θ the number of thermally excited phonons and
hence the density of scattering centers ñ rises proportional to T . Since the
frequency of the dominant phonons is ωD that does not change with temper-
ature, the cross section σ for the phonon–phonon collisions is constant. Thus
(6.26) leads to a phonon mean free path #U limited by umklapp scattering
that varies as #U ∝ T−1, and it follows from (6.20) that Λ ∝ T−1 since CV is
approximately constant at high temperatures. It should be noted that there
is a gradual transition from N-processes to U-processes, i.e., from # ∝ T−5 to
# ∝ T−1.

Umklapp processes are only possible if the colliding phonons carry high
enough momenta. Roughly speaking, this condition is fulfilled for phonons
with the frequency ω > ωD/2. At intermediate temperatures, i.e., below the
Debye temperature, the number of phonons with energy !ωD/2 decreases
rapidly on cooling. The probability for finding such phonons follows from the
occupation number f(ω, T ). Since !ωD > kBT , we may use the approxima-
tion f(ω, T ) = [exp(!ωD/2kBT ) − 1]−1 ≈ exp(−!ωD/2kBT ) = exp(−Θ/2T ),
meaning that the density ñ of the relevant phonons varies exponentially
with temperature. This exponential temperature dependence dominates the
weaker dependence on temperature of σ and CV with the result that

Λ ∝ #U ∝ eΘ/2T . (6.30)
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number of umklapp
processes increases
with temperature
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Fig. 6.9. Three-phonon processes. Full circles represent the reciprocal lattice.
(a) Normal process: the wave vectors of all phonons lie within the grey tinted first
Brillouin zone. (b) Umklapp process: the resulting vector q3 ends outside the first
Brillouin zone. Addition of the reciprocal lattice vector G leads to the vector q′

3

inside the zone

Phonon–phonon collisions are subjected to ‘selection rules’ because con-
servation of energy and quasimomentum (6.27) have to be fulfilled simulta-
neously. As a result, collisions between arbitrary phonons are not possible.
The main consequence of this restriction is that only phonons of different
polarization and hence with different velocity can take part in collisions [270].
However, for the following quantitative discussion such ‘subtleties’ are unim-
portant.

Normal Processes

As already mentioned, the sum of the quasimomenta of the colliding phonons
is conserved in N-processes, and consequently the total quasimomentum P
of all phonons is also conserved. Therefore

P =
∑

q

nq!q = const. (6.28)

is satisfied, where nq represents the number density of the phonons with
the wave vector q. Since N-processes influence neither the flux of momen-
tum nor the transport of energy they do not degrade the thermal current.
With increasing temperatures, higher-order processes, such as four-phonon
processes, become important. Because these processes also conserve the total
quasimomentum P , they do not give rise to heat resistance either.

Although normal collisions do not diminish the transport of momentum,
they do change the frequency of the colliding phonons and thus contribute
to the establishment of the local thermal equilibrium. Without going into

umklapp processnormal process

6.2 Heat Transport
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An analysis of the data of Fig. 6.8 shows that the thermal conductivity
of NaF (ΘNaF = 492K) indeed varies roughly exponentially on the high-
temperature side of the conductivity peak. A more quantitative analysis of
the temperature variation of Λ in the regime where umklapp processes dom-
inate is beyond the scope of this discussion.

6.2.4 Defect Scattering

If the temperature decreases further, the rate of umklapp processes becomes
vanishingly small and only N-processes remain. Nevertheless, the thermal
conductivity does not continue to increase on cooling because the phonon
mean free path is finally limited by defect scattering. In the following sec-
tion, we consider the influence of different types of defects that are generally
present in solids.

Surfaces

The most important ‘defect’ of a solid is its finite size. The existence of a
surface becomes important as soon as the mean free path becomes comparable
to the characteristic dimension d of the sample, e.g., the diameter, if the
sample has a cylindrical shape. Therefore, we may put # ≈ d below a certain
cross-over temperature and the conductivity is given by Λ ≈ 1

3 CV vd. In
this low-temperature regime, the so-called Casimir regime, the temperature
dependence of Λ is determined by CV leading to the relation Λ ∝ T 3 [271].

The size dependence of Λ is demonstrated by Fig. 6.10a. This graph shows
measurements of the thermal conductivity of several LiF crystals with dif-
ferent cross-sectional areas. At high temperatures, Λ is not influenced by the
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Fig. 6.10. (a) Thermal conductivity versus temperature of LiF crystals with dif-
ferent cross-sectional areas [272]. (b) Thermal conductivity of silicon crystals with
polished (•) and rough (◦) surface, respectively [273]
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In our simple description of heat conduction we consider the ensemble of
phonons as an ideal gas and describe the energy transport using the equations
of the kinetic theory of gases. In this approximation, the thermal conductivity
is given by

Λ =
1
3

C v " , (6.20)

where C is the specific heat (per unit volume) of the particles carrying the
heat, v their mean velocity and " their mean free path.

In the case of a phonon gas, the quantities v and " depend on the wave
vector and the right-hand side of (6.20) has to be replaced by an integral. As in
the isotropic Debye model, we replace the orientation-dependent integration
over the wave vector q by the integration over the frequency ω = vq and
obtain

Λ =
1
3

∑

i

∫
ci(ω) vi(ω) "i(ω) dω , (6.21)

where ci(ω) dω = (∂Ci/∂ω) dω represents the contribution to the specific
heat arising from modes of the phonon branch i and lying in the frequency
interval dω. The contribution of the different branches is taken into account
by the summation.

In most cases, this equation can be simplified in two ways. As in the
Debye model, the summation over the phonon branches can be replaced
by the introduction of one effective phonon branch with the linear disper-
sion vD = ω/q = const. The integration is avoided by applying the so-called
dominant phonon approximation. Instead of the entire frequency spectrum,
only that narrow frequency interval is considered that contributes most to
the heat transport. Roughly speaking, these are phonons with an energy
comparable with the thermal energy kBT . In most cases, the use of these
approximations provides the only possible means to carry out an analysis
of experimental data since the exact frequency dependence of the quantities
appearing in (6.21) is usually unknown.

The dominant phonon approximation is not only used in the description
of the heat conduction but also in treating other physical phenomena. So the
specific heat and the ultrasonic attenuation are often analyzed in this way.
A more detailed consideration shows that the frequency ω of the dominant
phonons can be defined via the first moment of the measured quantity result-
ing in the relation !ω = pkBT . The constant p depends on the phenomenon
under consideration and is often found to be in the range between two and
three.

In the following sections, we first describe an elegant method allowing
us to determine thermal conductivity and specific heat in one experiment.
Afterwards, we consider in more detail various scattering processes that limit
the heat flux in dielectric crystals. Here, we have to distinguish between
processes caused by the thermal motion and processes provoked by crystalline
imperfections.
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An analysis of the data of Fig. 6.8 shows that the thermal conductivity
of NaF (ΘNaF = 492K) indeed varies roughly exponentially on the high-
temperature side of the conductivity peak. A more quantitative analysis of
the temperature variation of Λ in the regime where umklapp processes dom-
inate is beyond the scope of this discussion.

6.2.4 Defect Scattering

If the temperature decreases further, the rate of umklapp processes becomes
vanishingly small and only N-processes remain. Nevertheless, the thermal
conductivity does not continue to increase on cooling because the phonon
mean free path is finally limited by defect scattering. In the following sec-
tion, we consider the influence of different types of defects that are generally
present in solids.
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The most important ‘defect’ of a solid is its finite size. The existence of a
surface becomes important as soon as the mean free path becomes comparable
to the characteristic dimension d of the sample, e.g., the diameter, if the
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details we would like to give a plausible argument for the strong tempera-
ture dependence of this scattering process. Without proof, we state that the
scattering cross section σ for phonon–phonon collisions is proportional to the
square of the strain amplitude e0 of the scattered phonons. This means that
σ ∝

∏
i ωi, where the index i denotes the participating phonons. For three-

phonon processes of thermal phonons we thus obtain σ ∝ ω1ω2ω3 ∝ T 3. At
low temperatures the number density ñ of the dominant phonons increases
proportional to T 2 since the phonon density of states is proportional to ω2. In
this way, it follows from (6.26) that the inverse mean free path for N-processes
should obey the relation

#−1
N ∝ T 5 . (6.29)

Umklapp Processes

It is possible for q3 to lie outside the first Brillouin zone even if three phonons
take part, as in the N-process. In this case, the addition of a reciprocal lattice
vector brings the wave vector of the generated phonon back into the first zone.
However, the total quasimomentum P is changed by these umklapp processes
and consequently the heat flow is degraded.

At high temperatures, the overwhelming number of excited phonons are
phonons with a frequency close to the Debye frequency ωD and a wave vector
comparable with that of the zone boundary. As a consequence, virtually every
collision leads to a final state outside the Brillouin zone and is therefore an
umklapp process. At T > Θ the number of thermally excited phonons and
hence the density of scattering centers ñ rises proportional to T . Since the
frequency of the dominant phonons is ωD that does not change with temper-
ature, the cross section σ for the phonon–phonon collisions is constant. Thus
(6.26) leads to a phonon mean free path #U limited by umklapp scattering
that varies as #U ∝ T−1, and it follows from (6.20) that Λ ∝ T−1 since CV is
approximately constant at high temperatures. It should be noted that there
is a gradual transition from N-processes to U-processes, i.e., from # ∝ T−5 to
# ∝ T−1.

Umklapp processes are only possible if the colliding phonons carry high
enough momenta. Roughly speaking, this condition is fulfilled for phonons
with the frequency ω > ωD/2. At intermediate temperatures, i.e., below the
Debye temperature, the number of phonons with energy !ωD/2 decreases
rapidly on cooling. The probability for finding such phonons follows from the
occupation number f(ω, T ). Since !ωD > kBT , we may use the approxima-
tion f(ω, T ) = [exp(!ωD/2kBT ) − 1]−1 ≈ exp(−!ωD/2kBT ) = exp(−Θ/2T ),
meaning that the density ñ of the relevant phonons varies exponentially
with temperature. This exponential temperature dependence dominates the
weaker dependence on temperature of σ and CV with the result that

Λ ∝ #U ∝ eΘ/2T . (6.30)

► depends on sample cross-section
► temperature dependence as expected

► roughed: mean free path factor 50 shorter
► polished: mean free path 7 cm, sample length

Casimir regime
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b) influence of point defects (elastic scattering)

6.2 Heat Transport

► adding 6Li reduces heat transport
► maximum becomes rounded

► natSi: 10% of all Si atoms have mass difference
► 28Si:  sharp peak              little scattering on

Rayleigh scattering, since 

is important at intermediate temperatures, 
since at low temperature q is too small
and at high temperatures phonon-phonon
scattering dominates 

point defects
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c) grain boundaries

6.2 Heat Transport

► sapphire single crystal:  1.5 mm

► sintered Al2O3 powder   5 … 30 µm
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Fig. 6.14. (a) Refraction of a sound wave due to the different orientations (in-
dicated by their c-axis) of adjacent crystallites. The thickness of the tinted drawn
grain boundary is neglected since it is, in general, much smaller than the wave-
length of low-temperature thermal phonons. (b) Comparison between the thermal
conductivity of a single crystal of sapphire and a sintered powder of Al2O3 with a
mean grain size of about 20 µm [280]

the diameter of the sample (d = 1.5 mm), but in the sintered powder by the
size of the crystallites, which ranged from 5 to 30µm.

6.3 Significance of N-processes in Heat Transport

In the discussion of isotope scattering, it was mentioned that under certain
circumstances, normal processes can have an influence on the thermal con-
ductivity. Here, we consider two phenomena where N-processes play a crucial
role, namely Poiseuille flow and second sound .

6.3.1 Poiseuille Flow

If a crystal is cooled to such a low temperature that U-processes and defect
scattering can be neglected, there exists a similarity between the motion of gas
atoms and the motion of phonons. First, energy and momentum are conserved
in atomic collisions as well as in N-processes. Secondly, the number of atoms
and the average number of phonons remains unchanged in the respective
processes. The last statement sounds surprising at first glance since in a
single N-process the number of phonons is always changed. However, in the
sum of all phonon-collision processes, creation and annihilation balance one
another, and the average number of phonons is a constant. In particular, it
is possible to describe the flow of phonons through a ‘thin’ crystal like the
viscous flow of atoms through a capillary, provided that the inequality
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scattering can be neglected, there exists a similarity between the motion of gas
atoms and the motion of phonons. First, energy and momentum are conserved
in atomic collisions as well as in N-processes. Secondly, the number of atoms
and the average number of phonons remains unchanged in the respective
processes. The last statement sounds surprising at first glance since in a
single N-process the number of phonons is always changed. However, in the
sum of all phonon-collision processes, creation and annihilation balance one
another, and the average number of phonons is a constant. In particular, it
is possible to describe the flow of phonons through a ‘thin’ crystal like the
viscous flow of atoms through a capillary, provided that the inequality
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Fig. 6.13. Thermal conductivity
of high-purity tantalum single crys-
tals. The conductivity of the un-
deformed specimen (full squares) is
much higher than that of the de-
formed sample (full circles) with a
dislocation density of 4 × 1014 m−2

[279]

are known (or can be taken from the fit of the undeformed sample). The
mean free path ! was calculated from (6.33) using A = 1.5 × 10−6 m s−1,
ω0 = 2 × 1011 s−1, and β = 0.15, in agreement with the theory of kink
oscillations [279].

Finally, we note that at present no quantum-mechanical description of
the dynamics of dislocations exists, although at low temperatures thermally
activated processes do not occur and tunneling phenomena should be taken
into account.

Grain Boundaries

Although grain boundaries have a strong influence on the thermal conduc-
tivity of ‘real’ solids, no comprehensive theories exist for this phenomenon.
There is a simple reason for this. Ordinary grain boundaries are not well-
defined structural units but can rather be considered as an accumulation of
point defects and dislocations. The scattering from a low-angle grain bound-
ary is an exception for which the thermal resistance has been investigated
theoretically. We consider here briefly the refraction of phonons at ordinary
grain boundaries. As sketched in Fig. 6.14a, this effect occurs since adjacent
crystallites of polycrystalline materials are, in general, orientated differently.
At low temperatures, the wavelength of the thermal phonons is large com-
pared to the thickness of the grain boundaries. In this case, the refraction
simply leads to a mean free path ! ≈ L/〈sin2 α〉, where L is the average size
of the crystallites and α is the angle of tilt [275].

The thermal conductivity of a single crystal of sapphire and of a sintered
powder of Al2O3 is shown in Fig. 6.14b. The powder density was about 5%
smaller than that of sapphire. The low-temperature variation of the conduc-
tivity of both samples is similar, but the magnitude differs considerably below
the conductivity maximum. This difference can be understood as resulting
from the phonon mean free path in the single crystal being determined by

average size of crystallites
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Fig. 1. SEM micrograph of suspended nanostructure designed
to isolate and measure the four one-dimensional acoustic modes
of thermal transport. See text for description.

!DC-SQUIDS have been provided by M. Ketchen, IBM.

(1 mK!). For temperatures below 70 mK, the micro-
scopic resistor no longer follows the refrigerator temper-
ature which could be caused by an unknown spurious
power source of +10"!# W.

The twisted pair connected to the nanostructure heater
requires extensive electronic "ltering. This is to attenuate
the heat load from radio and microwave frequency
black-body radiation generated by the Johnson noise of
resistors at higher temperatures. We have installed two
sets of "lters, one set at 1 K and the other set at the
mixing chamber. Each "lter comprises of a 10-pole RC
network and a separate stainless-steel powder "lter. With
this system we attain an e!ective passband of only 140
Hz from 300 K and over 200 db of attenuation from
1 MHz to '20 GHz. This limits the total power radi-
ated down the heater wires to (10"!$ W.

We have demonstrated all of the essential techniques
to measure the phonon thermal conduction through
one-dimensional channels and expect to con"rm the
recent prediction of a universal thermal conductance.

These experiments are the beginning of a very exciting
new realm which may lead to the measurement of the
quantum nature of thermal transport involving single
phonons [12].
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6.3 Thermal Conductivity in One-dimensional Samples

heat flow:

6.5 Thermal Conductivity of One-Dimensional Samples 201

Fig. 6.26. View of experimental arrangement. (a) The suspended device consists
of a 4 µm × 4 µm ‘phonon cavity’ in the center patterned from the silicon nitride
membrane. The dark regions are areas where the membrane has been completely re-
moved. The bright ‘c’-shaped objects on the cavity are gold films serving as heaters.
They are connected with thin niobium leads on top of the phonon waveguides to
wire bond pads (not shown in this figure). (b) Close-up of one of the catenoidal
waveguides with a neck smaller than 200 nm [297]

Before we look at the experimental results let us consider the theoretical
predictions [298]. The energy current J flowing through a one-dimensional
sample of length L is given by

J =
1
L

∑

q

!ωqvq , (6.41)

where vq is the phonon velocity. The summation indicates that all thermally
excited phonons contribute to the heat flow. After replacing the sum by an
integral, the energy current between a heat source on the right side and a
heat sink on the left side can be expressed by

J =
∑

i

1
L

∞∫

0

D1
i (q) !ωi vi [fh(ω, T ) − fc(ω, T )] dq . (6.42)

Here, i denotes the index of the phonon mode taking part in the heat trans-
port, D1

i (q) the one-dimensional density of states in momentum space, and
vi the group velocity of the phonons. The thermal occupation of the phonon
states is expressed by the Bose–Einstein factor f(ω, T ), where the indices ‘h’
and ‘c’ stand for the hot and cold thermal reservoir, respectively. The lower
limit q = 0 for the integral follows from the fact that the sign of the wave
number of the ‘cold’ phonons coming from the heat sink has already been
taken into account by the sign of fc(ω, T ). Furthermore, in our consideration
we have put the transmission coefficient characterizing the coupling of the
waveguide modes to the reservoirs equal to unity.

We insert D1
i (q) = L/2π, and change the variables from q to ω. This leads

to a factor ∂q/∂ω, which just cancels the phonon group velocity ∂ω/∂q.

length of sample
all thermally excited phonons
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summation              integration

phonons modes
group velocity

► transmission coefficient for coupling between bath and thin bar = 1

► ,                       ,            cancels with     

► small temperature difference 

assumptions
202 6 Phonons

In addition, we assume that the temperature differences ∆T between the
reservoirs is small so that [fh(ω, T ) − fc(ω, T )] can be expanded. We keep
only the term linear in ∆T and use the abbreviation x = !ω/kBT . Thus, we
find for the thermal conductance

G =
J

∆T
=

k2
BT

h

∑

i

∞∫

0

x2ex

(ex − 1)2
dx

= NiG0 = Ni
π2

3
k2
BT

h
, (6.43)

where Ni = 4, because the waveguide can sustain four modes, namely one di-
latational, one torsional, and two flexural modes. It is remarkable that under
ideal conditions, each mode contributes the same amount to the conduc-
tance, namely G0 = (9.456 × 10−13 W K−2)T . Because of the cancellation
of the one-dimensional density of states and the group velocity, this result
does not depend on particle statistics. It is universal for fermions, bosons and
anyons.3

The data shown in Fig. 6.27 confirm this concept. In this graph, the nor-
malized thermal conductance of the four waveguides is plotted. At high tem-
peratures, the conductivity is proportional to T 3, as expected in the Casimir
regime. From this set of data an effective mean free path #eff ≈ 0.9µm can
be deduced. One-dimensional behavior is expected when the wave number
qth ≈ kBT/(!v) of the thermal phonons becomes smaller than the spacing
between the lowest-lying modes that is roughly given by ∆q ≈ π/w.
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Fig. 6.27. Reduced thermal con-
ductance G of four one-dimensional
‘waveguides’. Below 0.8 K the wave-
guides behave like one-dimensional
samples. Above that cross-over tem-
perature the conductivity increases
proportional to T 3, as expected in
the Casimir regime for a three-
dimensional sample [297]

3 It is worth mentioning that the electrical conduction of a thin, one-dimen-
sional wire follows directly from (6.43) if we use the Wiedemann–Franz law
Λel/σ = (π2/3)(kB/e)2T (see (7.26)). Taking into account that in the electrical
case two ‘channels’ exist because of the spin degeneracy, we immediately obtain
Gel = 2e2/h for the quantized unit of the electric conductance.

202 6 Phonons

In addition, we assume that the temperature differences ∆T between the
reservoirs is small so that [fh(ω, T ) − fc(ω, T )] can be expanded. We keep
only the term linear in ∆T and use the abbreviation x = !ω/kBT . Thus, we
find for the thermal conductance

G =
J

∆T
=

k2
BT

h

∑

i

∞∫

0

x2ex

(ex − 1)2
dx

= NiG0 = Ni
π2

3
k2
BT

h
, (6.43)

where Ni = 4, because the waveguide can sustain four modes, namely one di-
latational, one torsional, and two flexural modes. It is remarkable that under
ideal conditions, each mode contributes the same amount to the conduc-
tance, namely G0 = (9.456 × 10−13 W K−2)T . Because of the cancellation
of the one-dimensional density of states and the group velocity, this result
does not depend on particle statistics. It is universal for fermions, bosons and
anyons.3

The data shown in Fig. 6.27 confirm this concept. In this graph, the nor-
malized thermal conductance of the four waveguides is plotted. At high tem-
peratures, the conductivity is proportional to T 3, as expected in the Casimir
regime. From this set of data an effective mean free path #eff ≈ 0.9µm can
be deduced. One-dimensional behavior is expected when the wave number
qth ≈ kBT/(!v) of the thermal phonons becomes smaller than the spacing
between the lowest-lying modes that is roughly given by ∆q ≈ π/w.

0.1 1
Temperature T / K

0.1

1

10

100

T
he

rm
al

co
nd

uc
ta

nc
e

G
/1

6
G

0

Fig. 6.27. Reduced thermal con-
ductance G of four one-dimensional
‘waveguides’. Below 0.8 K the wave-
guides behave like one-dimensional
samples. Above that cross-over tem-
perature the conductivity increases
proportional to T 3, as expected in
the Casimir regime for a three-
dimensional sample [297]

3 It is worth mentioning that the electrical conduction of a thin, one-dimen-
sional wire follows directly from (6.43) if we use the Wiedemann–Franz law
Λel/σ = (π2/3)(kB/e)2T (see (7.26)). Taking into account that in the electrical
case two ‘channels’ exist because of the spin degeneracy, we immediately obtain
Gel = 2e2/h for the quantized unit of the electric conductance.
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In addition, we assume that the temperature differences ∆T between the
reservoirs is small so that [fh(ω, T ) − fc(ω, T )] can be expanded. We keep
only the term linear in ∆T and use the abbreviation x = !ω/kBT . Thus, we
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where Ni = 4, because the waveguide can sustain four modes, namely one di-
latational, one torsional, and two flexural modes. It is remarkable that under
ideal conditions, each mode contributes the same amount to the conduc-
tance, namely G0 = (9.456 × 10−13 W K−2)T . Because of the cancellation
of the one-dimensional density of states and the group velocity, this result
does not depend on particle statistics. It is universal for fermions, bosons and
anyons.3

The data shown in Fig. 6.27 confirm this concept. In this graph, the nor-
malized thermal conductance of the four waveguides is plotted. At high tem-
peratures, the conductivity is proportional to T 3, as expected in the Casimir
regime. From this set of data an effective mean free path #eff ≈ 0.9µm can
be deduced. One-dimensional behavior is expected when the wave number
qth ≈ kBT/(!v) of the thermal phonons becomes smaller than the spacing
between the lowest-lying modes that is roughly given by ∆q ≈ π/w.
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sional wire follows directly from (6.43) if we use the Wiedemann–Franz law
Λel/σ = (π2/3)(kB/e)2T (see (7.26)). Taking into account that in the electrical
case two ‘channels’ exist because of the spin degeneracy, we immediately obtain
Gel = 2e2/h for the quantized unit of the electric conductance.
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tance, namely G0 = (9.456 × 10−13 W K−2)T . Because of the cancellation
of the one-dimensional density of states and the group velocity, this result
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peratures, the conductivity is proportional to T 3, as expected in the Casimir
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case two ‘channels’ exist because of the spin degeneracy, we immediately obtain
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for given geometry

Fig. 1. SEM micrograph of suspended nanostructure designed
to isolate and measure the four one-dimensional acoustic modes
of thermal transport. See text for description.

!DC-SQUIDS have been provided by M. Ketchen, IBM.

(1 mK!). For temperatures below 70 mK, the micro-
scopic resistor no longer follows the refrigerator temper-
ature which could be caused by an unknown spurious
power source of +10"!# W.

The twisted pair connected to the nanostructure heater
requires extensive electronic "ltering. This is to attenuate
the heat load from radio and microwave frequency
black-body radiation generated by the Johnson noise of
resistors at higher temperatures. We have installed two
sets of "lters, one set at 1 K and the other set at the
mixing chamber. Each "lter comprises of a 10-pole RC
network and a separate stainless-steel powder "lter. With
this system we attain an e!ective passband of only 140
Hz from 300 K and over 200 db of attenuation from
1 MHz to '20 GHz. This limits the total power radi-
ated down the heater wires to (10"!$ W.

We have demonstrated all of the essential techniques
to measure the phonon thermal conduction through
one-dimensional channels and expect to con"rm the
recent prediction of a universal thermal conductance.

These experiments are the beginning of a very exciting
new realm which may lead to the measurement of the
quantum nature of thermal transport involving single
phonons [12].
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Ni = 4 × 4 legs  = 16

modes:
1 longitudinal (dilatation)
1 torsional 
2 bending

► transition roughly at 0.8 K
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