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2.6 Excitation Spectrum of He-II: Landau Model

Normalfluid component:

2.5 Excitation Spectrum of Helium II 61
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Figure 2.41 shows the normal-fluid component as a function of temper-
ature. The data have been obtained in second-sound measurements. At low
temperatures (T < 0.6K) the phonon contribution dominates, and !n ∝ T 4

is observed as expected. At higher temperatures, the normal-fluid component
rises more steeply due to the roton contribution. Above T = 1.2K the data
are identical to the data shown in Sect. 2.2.3. As we have seen, in this range
the temperature dependence can be approximated by !n ∝ (T/Tλ)5.6.
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In 1953 Feynman showed that the excitation spectrum postulated by
Landau can be derived – at least qualitatively – from quantum-mechanical
considerations [36]. In addition, he suggested the investigation of the energy

Rotons

Phonons

► at low temperatures                  due to phonons
► rotons dominate between 0.5 K and 1.2 K
► above 1.2 K nature of excitations more complex
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Specific heat:

a) low temperatures 
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Fig. 2.43. Phase velocity of phonons
in helium II at small wave numbers [99,
100]

2.5.2 Specific Heat

The discussion of the specific heat of helium II can be subdivided into three
temperature ranges, each being dominated by different excitations.
T < 0.6K In this range, only longitudinal phonons having long wavelengths
are excited in liquid helium. These phonons can be described by the Debye
model (see Sect. 6.1). According to this theory, the specific heat is expected
to follow

Cph =
2π2k4

B

15"!3v3
1

T 3 , (2.89)

i.e., the temperature dependence should be Cph ∝ T 3, as in solids. Note that,
in contrast to solids, only one phonon branch exists in helium. As shown in
Fig. 2.44a this temperature dependence has indeed been observed experi-
mentally below 0.6 K. This conclusion is confirmed by measurements of the
thermal conductivity Λ in the so-called Casimir regime (see Sect. 6.2.4) where
the relation

Λ =
1
3

Cph v d ∝ T 3 (2.90)

holds. In this regime, the temperature dependence of the conductivity is
exclusively determined by the specific heat because the mean free path $ of
the phonons is given by the diameter d. The results of such measurements
on helium II at very low temperatures are shown in Fig. 2.44b. The two data
sets belong to measurements with capillaries with different diameter. The
T 3 dependence is found in both experiments below T ≈ 0.6 K in agreement
with the specific heat data. The absolute value of the thermal conductivity
is determined by the diameter of the capillaries, as expected.
0.6 < T < 1.2K In this temperature range, the specific heat of helium II is
dominated by the contribution of rotons. This contribution can be calculated

only long wavelength phonons contribute 

Debye model

measurement of thermal conductivity

Casimir regime
capillary cross section
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b) intermediate temperatures 
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from the free energy Fr = −kBTnr, with nr being the number density of
rotons:

nr =
2p2

0

3!!3

√
m∗kBT

(2π)3
e−∆r/kBT . (2.91)

According to (2.91) the number of rotons increases rapidly with temperature.
With the entropy of the roton gas Sr = −∂Fr/∂T , the specific heat of the
rotons Cr = T∂Sr/∂T is given by

Cr =
2kBp2

0
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e−∆r/kBT . (2.92)

This relation describes the experimental results in this temperature range
very well.
1.2 K < T < Tλ At high temperatures, the broadening of the roton states
due to lifetime shortening becomes large enough to be comparable with the
splitting of the energy levels. Besides that, additional excitations, other than
phonons and rotons, appear at these temperatures. The dispersion curve
changes and the concepts presented here are not meaningful in this regime.

2.5.3 Concept of a Critical Velocity

For a long time it was generally believed that the occurrence of supercon-
ductivity is intimately connected with the presence of an energy gap (see
Sect. 10.3). Therefore, the question had to be answered whether a similar

c) high temperatures 

additional excitations contribute: maxons
lifetime of rotons becomes very short

free energy

number density of rotons

excitations are not well-defined
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Landau’s concept of critical velocity

superconductors             energy gap 

superfluid He-II               no energy gap, but velocity gap! 

phonons can be excited at
arbitrary small energies

comment:

Landau’s Gedankenexperiment: dropping a massive sphere in He-II at T = 0 

20 2 Superfluid 4He – Helium II

happen, because, unless special care is taken, temperature gradients between
the inside and the outside of the beaker occur, leading to dissipation and thus
to a rapid damping of the oscillation.

2.1.3 Thermomechanical Effect

The thermomechanical effect is another unique property of helium II. A
schematic illustration of an experimental setup to observe this effect is shown
in Fig. 2.6. Two vessels (A and B), both containing helium II are connected
via a very thin capillary. Temperature and pressure are equal in both vessels
at the beginning of the experiment and thus the helium levels in the two
vessels are the same. Increasing the pressure in A results in a flow of helium
towards B. Surprisingly, this causes a difference in temperature in the two
vessels. The temperature in B decreases somewhat, whereas it increases in A.
Equalizing the pressure difference again brings the system back to its starting
condition indicating that this is a reversible process. This experiment clearly
shows that there is mass flow in helium II associated with the heat flow. How-
ever, the fact that the direction of heat flow is actually opposite to the flow
of mass is very peculiar.

B

∆p

T

∆TT −

A

Fig. 2.6. Schematic illustration of the
principle of the thermomechanical effect

The reversal of the experiment discussed above, namely generation of
a pressure difference by heating makes possible the observation of a very
attractive phenomenon, the so-called fountain effect (Fig. 2.7). It was first
observed by Allen and Jones in 1938 in connection with thermal transport
measurements [46]. The fountain effect can be realized by using a flask with
a thin neck immersed in helium at T < Tλ. The lower part of the flask is
filled with a fine compressed powder and is open at the bottom. Above the
powder tablet an electrical heater is located in the flask. Without heating,
the flask fills up with helium until the level of the bath is reached. Heating
the helium in the flask results in a fountain of helium ejected from the top
of the flask due to the thermomechanical effect. Stationary fountains with
heights up to 30 cm have been achieved in this way. Usually, such fountains
show turbulent flow. However, under certain conditions (low heater power,
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How fast must this sphere fall in He-II
to generate dissipation ?

let’s assume that sphere generates one
excitation with energy      and momentum

He-II

energy conservation

momentum conservation

(1)

(2)

not all combinations of      and      fulfill both conservation law’s
at the same time, even if the direction of the excitation is not fixed
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let’s test this: square (2) and divide by 

comparison with (1) results in:

2.5 Excitation Spectrum of Helium II 65

situation also exists in helium II. Although rotons cannot be excited with
energies below ∆r, phonons can be excited with arbitrary small energies and,
therefore, no energy gap exists in helium II. The reason why helium II is, nev-
ertheless, a superfluid can be explained with the concept of a critical velocity
introduced by Landau.

Consider a macroscopic sphere with mass M falling with velocity v
through a column of liquid helium at temperature T = 0. The question
is: at which velocity does the sphere cause dissipation by the creation of ex-
citations? In the following, we shall assume that the sphere has created one
excitation with energy E and momentum p. The energy conservation for this
process can be expressed by

1
2
Mv2 =

1
2
Mv′

2 + E . (2.93)

Here, v′ denotes the velocity of the sphere after creating the excitation. Since
momentum conservation is valid for this process, we have a second constraint

Mv − p = Mv′ . (2.94)

The crucial point here is that the two conservation laws cannot be ful-
filled simultaneously for arbitrary combinations of the parameters E and p.
This statement holds even for processes in which the direction of the created
excitation is arbitrary. One can convince oneself of this fact by taking the
square of (2.94) and dividing by 2M. The result is

1
2
Mv2 − v · p +

1
2M p2 =

1
2
Mv′

2
. (2.95)

Comparing this expression with (2.93) results in

v · p − 1
2M p2 = E . (2.96)

This equation can only be fulfilled if the velocity v exceeds a certain
minimum value. We can neglect the second term on the left side of this
equation if we assume for simplicity that the mass of the sphere is very large.
The minimum value of the velocity appears if the momentum of the excitation
is parallel to the velocity of the sphere. The critical velocity vc for creating
an excitation with energy E and momentum p is thus given by

vc =
E
p

. (2.97)

Since in our discussion the nature of the excitations has not been specified,
the critical velocity vc described by (2.97) is valid for all types of excita-
tions. For phonons, rotons and hypothetical single-particle excitations this is
schematically illustrated in Fig. 2.45.

Because of the dispersion relation E = pv, we find a critical velocity of
vc = 238m s−1 for phonons. The critical velocity of rotons is vc ≈ 60m s−1

and therefore significantly smaller than for phonons. The crucial point for the

mass of sphere is large

independent of nature of excitation
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occurrence of superfluidity is that, in contrast to ordinary liquids in helium II
at low energies and small wave numbers, no single-particle excitations with
vc = 0 exist.
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Fig. 2.45. Phonon–roton spectrum
in comparison with the dispersion
of free 4He atoms (dashed-dotted
line). The two dashed lines are
tangents to the dispersion curve
and reflect the critical velocities for
phonons and rotons, respectively

Landau assumed that the critical velocity that is observable in experi-
ments is determined by rotons. It turned out, however, that under ambient
pressure, macroscopic vortices can be created at velocities considerably lower
than the critical velocity of rotons. As we shall see in the following section,
the creation of vortices and rotons in helium II, and in turn their critical ve-
locities, depends on the detailed experimental conditions and can vary over
a wide range. Nevertheless, the occurrence of a critical velocity still means
that at low velocities no energy dissipation takes place and the viscosity is
zero.

2.5.4 Experimental Determination of the Critical Velocity

The basic concept of a critical velocity as described in the previous section is
clear and plausible. However, in general it is very difficult to perform exper-
iments in which the parameters can be chosen in such a way that a simple
theory can be applied. Of the large number of experiments that have been
carried out in this context, we pick out just two and discuss their results.

Motion of Ions in Liquid Helium

The motion of ions has been used frequently in experiments to investigate the
properties of liquid helium. The reason is that the ions can be manipulated
and detected easily because of their electric charge. The behavior of nega-
tive ions – like electrons – and positive ions – like 4He+

2 – is very different.
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p

p0
= e�mgh/kBT URV

mgh = kBT ln

✓
p

p0

◆
UkV

dd CV =
1

6
D0⇡

2k2BT / T UjV

vn U9V

vs = �%n
%s

vn U8V

p =
%n
%s%

 
Q̇

AST

!2
UeV

%n = %n,ph + %n,r UdV

%n / T 4 U3V

v k p UNV

%s 6= URyV

T = 0 !J =
�µ

h̄
=

m4%�z

h̄
URRV

T 6= 0 !J =
m4�p

h%
�m4

S�T

h̄
URkV

FA

�0Q̇2
=

%n
%s%

1

T 2S2
URjV

E =
p2

2m
UR9V

dm!2r UR8V

⇠4 =
0.3 nm

(1� T/T�)2/3
UReV

T� � T = 1.7... 2.6mK URdV

R

with

► no excitation  for
► no dissipation                  superfluidity
► for                 sudden onset of dissipation,   laminar                 turbulent flow

2.5 Excitation Spectrum of Helium II 65

situation also exists in helium II. Although rotons cannot be excited with
energies below ∆r, phonons can be excited with arbitrary small energies and,
therefore, no energy gap exists in helium II. The reason why helium II is, nev-
ertheless, a superfluid can be explained with the concept of a critical velocity
introduced by Landau.

Consider a macroscopic sphere with mass M falling with velocity v
through a column of liquid helium at temperature T = 0. The question
is: at which velocity does the sphere cause dissipation by the creation of ex-
citations? In the following, we shall assume that the sphere has created one
excitation with energy E and momentum p. The energy conservation for this
process can be expressed by

1
2
Mv2 =

1
2
Mv′

2 + E . (2.93)

Here, v′ denotes the velocity of the sphere after creating the excitation. Since
momentum conservation is valid for this process, we have a second constraint

Mv − p = Mv′ . (2.94)

The crucial point here is that the two conservation laws cannot be ful-
filled simultaneously for arbitrary combinations of the parameters E and p.
This statement holds even for processes in which the direction of the created
excitation is arbitrary. One can convince oneself of this fact by taking the
square of (2.94) and dividing by 2M. The result is

1
2
Mv2 − v · p +

1
2M p2 =

1
2
Mv′

2
. (2.95)

Comparing this expression with (2.93) results in

v · p − 1
2M p2 = E . (2.96)

This equation can only be fulfilled if the velocity v exceeds a certain
minimum value. We can neglect the second term on the left side of this
equation if we assume for simplicity that the mass of the sphere is very large.
The minimum value of the velocity appears if the momentum of the excitation
is parallel to the velocity of the sphere. The critical velocity vc for creating
an excitation with energy E and momentum p is thus given by

vc =
E
p

. (2.97)

Since in our discussion the nature of the excitations has not been specified,
the critical velocity vc described by (2.97) is valid for all types of excita-
tions. For phonons, rotons and hypothetical single-particle excitations this is
schematically illustrated in Fig. 2.45.

Because of the dispersion relation E = pv, we find a critical velocity of
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and therefore significantly smaller than for phonons. The crucial point for the
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2.7 Motion of Ions in He-II

Testbed for the generation of excitations and the critical velocity 

► electrons (-)        :  zero-point motion              bubbles r = 19 Å

► 4He+,  H2
+ (+)   : attract He atoms              snowballs r ≈ 7 Å

► other ions (-, +)   :  properties depend on wave function

type of ions:

Electrons in liquid He

electrons need energy to be emerged in helium  ~ 1 eV, which means they
need more that 1 eV of kinetic energy to enter liquid He.  

⊝

similar to work function of 
electrons in metals

comment:

He
⊝ ⊝

Bubble

bubble formation

relaxtion in new state
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2.7 Motion of Ions in He-II

Energy of bubble

2.5 Excitation Spectrum of Helium II 67

4He+
2 -ions attract helium atoms and form a snowball (solid helium) with a

radius of r ≈ 7 Å. In contrast, electrons create a bubble because of the Pauli
repulsion. The energy Eb of such a bubble can be described in a simple model
as the sum of the zero-point energy of the electron plus the surface energy
and volume energy of the displaced helium:

Eb =
h2

8mr2
+ 4πr2α +

4
3
πr3 p . (2.98)

Here, α denotes the surface tension, m the mass of the electron, p the pressure,
and r the radius of the bubble. The dependence of Eb on the radius is shown
in Fig. 2.46. Without external pressure the bubble has a radius of about 19 Å,
as indicated by the minimum. With increasing pressure the bubble radius is
reduced.

Ions in helium in a static electric field E , move in the stationary state
uniformly with a constant drift velocity vd, since the force of the electric field
is compensated by viscous drag. The mobility µ = vd/E of the ions can be
calculated with Stokes’ law for the mobility of a sphere in a laminar flow:

µ =
vd

E =
q

6πηr
. (2.99)

Here, r denotes the radius of the sphere, q its charge and η the viscosity of the
liquid. This equation applies well for snowball-type defects. For electrons, the
prefactor 1/6π must be replaced with 1/4π to obtain a quantitative agree-
ment. The viscosity seen by ions in helium II is determined by the interaction
with phonons, rotons, vortices and the almost unavoidable 3He impurities. In
very pure 4He (i.e., without 3He) at pressures above 12 bar, one can reach the
condition where the ions are accelerated up to the Landau velocity vL, where
pairs of rotons are created. In the temperature range 0.7 K < T < 1.8 K and
at moderate electric fields, one finds in this case

µ ∝ 1
nr

∝ e∆r/kBT . (2.100)
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rmin (p = 0) = 19 Å

size depends on pressure

curvature of the surface and because the interaction between
the electron and the helium further modifies the helium
profile. Thus, it is necessary to find a self consistent solu-
tion for  ðrÞ and !ðrÞ. This problem has been tackled in a
number of papers,6–11) mostly by using some form of density
functional theory for the helium. As an example, we show in
Fig. 1 the results of the recent calculation by Pi et al.10)

A further correction to the energy comes from polar-
ization effects. The electron inside the bubble polarizes the
surrounding helium and this lowers the total energy of the
system. The simplest approximation is to take the electron as
fixed at the center of the bubble; this then leads to a
polarization energy of

Epol ¼ $
ð"$ 1Þe2

2R
; ð5Þ

where " is the dielectric constant of the helium. In a more
correct calculation, one can allow for the fact that the
electron is not localized at the center of the bubble but
has a probability  2 dV of being within some volume dV .
Evaluation of the polarization energy averaged over all
possible positions of the electron gives a value of Epol that is
increased by a factor of 1.345 relative to the value given in
eq. (5). For R ¼ 19 Å, this gives an energy of 0.028 eV, a
14% decrease in the total energy of the bubble. There is also
a slight decrease in the equilibrium radius.

At a finite temperature, the shape of the bubble is modified
due to thermal fluctuations.12) The normal modes of a
spherical bubble can be classified by the usual quantum
numbers l and m. Each mode has a frequency !l (dependent
only upon l) and the amplitude has a Gaussian probability
distribution. Representative shapes are shown in Fig. 2. One
can see that at a temperature of 1 K or below, the fluctuations
in shape are small. The bubble shape is also modified if the
bubble is moving through the liquid. The flow of the liquid
around the bubble gives a Bernoulli pressure at the bubble
surface which changes the equilibrium shape.13) There is
only one calculation of this effect so far. In this calculation
the liquid was treated as incompressible and the effects of
the normal fluid component were ignored. As the velocity of

the bubble increased, the shape of the bubble was found to
change from spherical to become an oblate spheroid. Above
a critical velocity of 46 m s$1, no stable shape for the bubble
could be found, and so it is not clear what happens to an
electron that is accelerated to a velocity above this value. It
would be very interesting to repeat this calculation allowing
for the compressibility of the liquid. It is remarkable that this
velocity above which no stable shape can be found is very
close to the velocity at which vortices are nucleated by the
moving bubble.

There is no simple way to directly measure the energy
of an electron bubble. However, an interesting test of the
theory of the bubble energy can be made by an investigation
of the stability of the bubble at different pressures. Consider
the simplest expression for the bubble energy as given
by eq. (2). In Fig. 3, we show the energy of a bubble as a
function of its radius for several different pressures. One can
see that, as expected, applying a positive pressure makes the
equilibrium size of a bubble smaller and a negative pressure
makes it larger. But if the pressure is more negative than a
critical value Pc, there is no value of the radius at which the
energy is a minimum and so beyond this point the bubble
begins to grow very rapidly, i.e., ‘‘explodes’’. This effect was
first predicted by Akulichev and Boguslavskii14) and was
observed experimentally by Classen et al.8) A focusing
ultrasonic transducer was used to generate a high amplitude
pressure oscillation within a small volume of liquid helium.
If there is an electron bubble within this volume, this bubble
will explode and quickly grow to a size large enough to be
detected by light scattering. The critical pressure Pc is ap-
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2.7 Motion of Ions in He-II

Acceleration of ions in constant field

mobility:

2.5 Excitation Spectrum of Helium II 67

4He+
2 -ions attract helium atoms and form a snowball (solid helium) with a

radius of r ≈ 7 Å. In contrast, electrons create a bubble because of the Pauli
repulsion. The energy Eb of such a bubble can be described in a simple model
as the sum of the zero-point energy of the electron plus the surface energy
and volume energy of the displaced helium:

Eb =
h2

8mr2
+ 4πr2α +

4
3
πr3 p . (2.98)

Here, α denotes the surface tension, m the mass of the electron, p the pressure,
and r the radius of the bubble. The dependence of Eb on the radius is shown
in Fig. 2.46. Without external pressure the bubble has a radius of about 19 Å,
as indicated by the minimum. With increasing pressure the bubble radius is
reduced.

Ions in helium in a static electric field E , move in the stationary state
uniformly with a constant drift velocity vd, since the force of the electric field
is compensated by viscous drag. The mobility µ = vd/E of the ions can be
calculated with Stokes’ law for the mobility of a sphere in a laminar flow:

µ =
vd

E =
q

6πηr
. (2.99)

Here, r denotes the radius of the sphere, q its charge and η the viscosity of the
liquid. This equation applies well for snowball-type defects. For electrons, the
prefactor 1/6π must be replaced with 1/4π to obtain a quantitative agree-
ment. The viscosity seen by ions in helium II is determined by the interaction
with phonons, rotons, vortices and the almost unavoidable 3He impurities. In
very pure 4He (i.e., without 3He) at pressures above 12 bar, one can reach the
condition where the ions are accelerated up to the Landau velocity vL, where
pairs of rotons are created. In the temperature range 0.7 K < T < 1.8 K and
at moderate electric fields, one finds in this case

µ ∝ 1
nr

∝ e∆r/kBT . (2.100)
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Fig. 2.46. Energy of a bubble in liq-
uid helium created by an electron as
a function of the bubble radius at two
different pressures
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2.5 Excitation Spectrum of Helium II 67

4He+
2 -ions attract helium atoms and form a snowball (solid helium) with a

radius of r ≈ 7 Å. In contrast, electrons create a bubble because of the Pauli
repulsion. The energy Eb of such a bubble can be described in a simple model
as the sum of the zero-point energy of the electron plus the surface energy
and volume energy of the displaced helium:

Eb =
h2

8mr2
+ 4πr2α +

4
3
πr3 p . (2.98)

Here, α denotes the surface tension, m the mass of the electron, p the pressure,
and r the radius of the bubble. The dependence of Eb on the radius is shown
in Fig. 2.46. Without external pressure the bubble has a radius of about 19 Å,
as indicated by the minimum. With increasing pressure the bubble radius is
reduced.

Ions in helium in a static electric field E , move in the stationary state
uniformly with a constant drift velocity vd, since the force of the electric field
is compensated by viscous drag. The mobility µ = vd/E of the ions can be
calculated with Stokes’ law for the mobility of a sphere in a laminar flow:

µ =
vd

E =
q

6πηr
. (2.99)

Here, r denotes the radius of the sphere, q its charge and η the viscosity of the
liquid. This equation applies well for snowball-type defects. For electrons, the
prefactor 1/6π must be replaced with 1/4π to obtain a quantitative agree-
ment. The viscosity seen by ions in helium II is determined by the interaction
with phonons, rotons, vortices and the almost unavoidable 3He impurities. In
very pure 4He (i.e., without 3He) at pressures above 12 bar, one can reach the
condition where the ions are accelerated up to the Landau velocity vL, where
pairs of rotons are created. In the temperature range 0.7 K < T < 1.8 K and
at moderate electric fields, one finds in this case

µ ∝ 1
nr

∝ e∆r/kBT . (2.100)
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Fig. 2.46. Energy of a bubble in liq-
uid helium created by an electron as
a function of the bubble radius at two
different pressures

snowball (electrons 4p)
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0.7 K < T < 1.8 K: rotons should dominate however, difficult to observe because of other excitations / impurities
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68 2 Superfluid 4He – Helium II

The fact that the average drift velocity and therefore the inverse mean free
path is inversely proportional to the density nr of rotons demonstrates that
in this regime the rotons are the dominating scattering centers. Since the
energy gap ∆r of the rotons decreases with increasing pressure one finds a
corresponding reduction of the critical velocity. This is shown in Fig. 2.47.
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Fig. 2.47. Critical velocity vL for ex-
citing a roton pair as a function of the
applied pressure [104]

At lower temperatures T < 0.4 K, the mean free path of the ions be-
comes very large, because there are hardly any rotons. Surprisingly, the ob-
served drift velocities at these temperatures are much lower (typically 10 –
100 cm s−1) than the ones just discussed. Moreover – and perhaps even more
surprising – the velocity of the ions decreases with increasing energy after
reaching a maximum. As an example of this amazing observation we show
in Fig. 2.48a data from measurements with both positive and negative ions.
Clearly, the velocity of the ions decreases with increasing ion energy indepen-
dent of the sign of their charge.

This phenomenon can be explained by the creation of macroscopic vortex
rings by the ions when reaching a critical velocity. The ions are captured
in the vortex rings. In order to move the ions, the vortex rings have to be
pulled with them. A vortex ring is a vortex line as described previously, but
with both ends connected to form a torus (see Fig. 2.48b) very similar to the
smoke rings, smokers are sometimes able to create.

The flow fields of a vortex ring combine in such a way that it moves
forward with a velocity vvr perpendicular to the plane of the torus. The
kinetic energy of vortex rings can be calculated in a manner similar to that
of vortex lines, but accounting for their more complicated shape. The result
is

Evr =
∫

1
2
"sv

2
s dV =

1
2
"sκ

2r

[
ln

(
2r

a0

)
− 7

4

]
. (2.101)

► Landau velocity
► roton pair production
► since

decreases with pressure

in ultra-pure He-II under pressure ions can be accelerated up to Landau velocity 

pressure dependence of

► negative ions accelerated in electric field under high pressure
► drag is measured by time-of-flight method
► in He-I: drag proportional to velocity                             

► in He-II: drag is not observable until critical velocity is reached
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T < 0.3 K

no thermal rotons are excited 
phonons mean free path becomes very large                      several cm! ?

experimental answer: no! =  10 … 100 cm/s  

2.5 Excitation Spectrum of Helium II 67

4He+
2 -ions attract helium atoms and form a snowball (solid helium) with a

radius of r ≈ 7 Å. In contrast, electrons create a bubble because of the Pauli
repulsion. The energy Eb of such a bubble can be described in a simple model
as the sum of the zero-point energy of the electron plus the surface energy
and volume energy of the displaced helium:

Eb =
h2

8mr2
+ 4πr2α +

4
3
πr3 p . (2.98)

Here, α denotes the surface tension, m the mass of the electron, p the pressure,
and r the radius of the bubble. The dependence of Eb on the radius is shown
in Fig. 2.46. Without external pressure the bubble has a radius of about 19 Å,
as indicated by the minimum. With increasing pressure the bubble radius is
reduced.

Ions in helium in a static electric field E , move in the stationary state
uniformly with a constant drift velocity vd, since the force of the electric field
is compensated by viscous drag. The mobility µ = vd/E of the ions can be
calculated with Stokes’ law for the mobility of a sphere in a laminar flow:

µ =
vd

E =
q

6πηr
. (2.99)

Here, r denotes the radius of the sphere, q its charge and η the viscosity of the
liquid. This equation applies well for snowball-type defects. For electrons, the
prefactor 1/6π must be replaced with 1/4π to obtain a quantitative agree-
ment. The viscosity seen by ions in helium II is determined by the interaction
with phonons, rotons, vortices and the almost unavoidable 3He impurities. In
very pure 4He (i.e., without 3He) at pressures above 12 bar, one can reach the
condition where the ions are accelerated up to the Landau velocity vL, where
pairs of rotons are created. In the temperature range 0.7 K < T < 1.8 K and
at moderate electric fields, one finds in this case

µ ∝ 1
nr

∝ e∆r/kBT . (2.100)
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Fig. 2.46. Energy of a bubble in liq-
uid helium created by an electron as
a function of the bubble radius at two
different pressures

in addition:        decreases with energy of ions, which means 
it decreases with accelerating field
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Fig. 2.48. (a) Velocity of positive and negative ions in helium II as a function
of energy. The solid line has been calculated using (2.101) with κ = h/m4 and
d0 = 2a0 = 2.4 Å. After [105,106]. (b) Schematic illustration of a vortex ring

Here, a0 refers to the radius of the normal-fluid core of the vortex ring and
r to the radius of the torus. The momentum of such a ring is pvr = π"sκr2

and thus its velocity is given by

vvr =
∂E

∂pvr
=

κ

4πr

[
ln

(
2r

a0

)
− 1

4

]
. (2.102)

Neglecting the small logarithmic variation of the bracket with r we find for the
velocity at a given circulation vvr ∝ 1/E in agreement with the experimental
observations shown in Fig. 2.48a.

It is interesting to note that because of the dispersion Evr ∝ √
pvr, the

critical velocity is minimal for the largest possible ring. For a capillary with
diameter d we find the critical velocity

vc,vr =
!

m4d

[
ln

(
d

a0

)
− 1

4

]
. (2.103)

This result explains qualitatively why in flow experiments the observed flow
velocity decreases with increasing capillary diameter (see Sect. 2.1.1).

Flow Experiments

Although it is clear that in a typical flow experiment, the excitation of large
vortex rings is of crucial importance, it is not known which velocity in terms
of the normal and superfluid components is important for this process: vs,
vn or (vn − vs). Good reasons have been proposed for each one of these pos-
sibilities. Despite the fact that theoretical models favor the relative velocity,
the experimental observation of a very weak temperature dependence of the
critical velocity seems to contradict this option.

T = 280 mK

210Po

V

acceleration free flying

measurement of ion
velocity by time of flight

He-II

Experiment by Rayfield and Reif 1964

► creation of vortex rings and trapping of ions 
► experiment observes motion of vortex rings 

explanation: 


