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e) Heat Transport

Absolute value of thermal conductivity is extremely high 

32 2 Superfluid 4He – Helium II

The latter expression was first derived by H. London and thus is often called
the London equation [58]. Figure 2.16 shows experimental values of the tem-
perature di!erence between the two beakers as a function of the level di!er-
ence, which corresponds to a pressure di!erence.

The data demonstrate nicely the linear relation between "p and "T pre-
dicted by (2.19). As expected, the thermomechanical e!ect weakens with in-
creasing temperature. At "h = 2 cm and T = 1.5 K a temperature di!erence
of about 1 mK is found. In principle, one could use the thermomechanical
e!ect for cooling, but this method is very ine#cient.
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Fig. 2.16. Temperature di!erence as
a function of the level di!erence in the
two beakers that are connected via a
superleak [59]

2.2.6 Heat Transport

So far we have discussed the mass transport of helium II in thin capillaries
under the assumption that the normal-fluid component is completely blocked.
However, for capillaries with finite width this is only approximately true. In
fact, even in equilibrium ("p = !S"T ), there is always a flow of normal-fluid
component !n from the warm to the cold end. The superfluid component !s

moves in the opposite direction. Because of the di!erence in entropy of the
two components, this counterflow is associated with entropy transport and
thus with the transport of heat. The heat flow is only limited by the viscosity
of the normal-fluid component. We describe the flow of !n within classical
hydrodynamics by

V̇n =
"

#n

"p

L
. (2.20)

Here, L denotes the length of the flow channel and " is a constant that is
determined by the geometry of the flow channel. For capillaries the Hagen–
Poiseuille law is valid and thus " ! r4. For heat transport through small slits

► best condensed matter heat conductor by far

► explains why no boiling is observed at  T ≤ T    since no temperature gradient

>
He-I106 ~  1.8 K
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happen, because, unless special care is taken, temperature gradients between
the inside and the outside of the beaker occur, leading to dissipation and thus
to a rapid damping of the oscillation.

2.1.3 Thermomechanical E!ect

The thermomechanical e!ect is another unique property of helium II. A
schematic illustration of an experimental setup to observe this e!ect is shown
in Fig. 2.6. Two vessels (A and B), both containing helium II are connected
via a very thin capillary. Temperature and pressure are equal in both vessels
at the beginning of the experiment and thus the helium levels in the two
vessels are the same. Increasing the pressure in A results in a flow of helium
towards B. Surprisingly, this causes a di!erence in temperature in the two
vessels. The temperature in B decreases somewhat, whereas it increases in A.
Equalizing the pressure di!erence again brings the system back to its starting
condition indicating that this is a reversible process. This experiment clearly
shows that there is mass flow in helium II associated with the heat flow. How-
ever, the fact that the direction of heat flow is actually opposite to the flow
of mass is very peculiar.
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Fig. 2.6. Schematic illustration of the
principle of the thermomechanical e!ect

The reversal of the experiment discussed above, namely generation of
a pressure di!erence by heating makes possible the observation of a very
attractive phenomenon, the so-called fountain e!ect (Fig. 2.7). It was first
observed by Allen and Jones in 1938 in connection with thermal transport
measurements [46]. The fountain e!ect can be realized by using a flask with
a thin neck immersed in helium at T < T!. The lower part of the flask is
filled with a fine compressed powder and is open at the bottom. Above the
powder tablet an electrical heater is located in the flask. Without heating,
the flask fills up with helium until the level of the bath is reached. Heating
the helium in the flask results in a fountain of helium ejected from the top
of the flask due to the thermomechanical e!ect. Stationary fountains with
heights up to 30 cm have been achieved in this way. Usually, such fountains
show turbulent flow. However, under certain conditions (low heater power,

Further unusual properties of the heat transport
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Fig. 2.8. Heat flow in helium II
as a function of temperature
for di!erent temperature gradi-
ents along various capillaries with
diameters between 0.3 mm and
1.5 mm [50]

is indeed proportional to grad T as expected. In fact, one finds in helium II
a linear relation between heat flow and temperature gradient in a variety
of di!erent experiments in which the heat flux does not exceed a certain
critical value. The conditions for which this is true is called the linear regime.
Results of experiments that exhibit this behavior at low heat flux are shown
in Fig. 2.9a. Clearly, the heat flow in these experiments depends linearly on
the temperature gradient for small values and not too high temperatures.

It is important to note that the presence of a linear regime is not only due
to the fact that the nonlinear e!ects seen at high heat fluxes are small. This
becomes clear in Fig. 2.9b in which the thermal resistance "T/Q̇ of helium II
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Fig. 2.9. (a) Heat flow in helium II through a 2.4 µm wide slit as a function of
the temperature di!erence "T along the slit for three di!erent temperatures [51].
(b) Thermal resistance "T/Q̇ of helium II in a thin capillary (diameter 107 µm,
length 10 cm) as a function of the heat current [52]

► Maximum at 1.8 K

► T < 1.8 K,         ∼
► with 

d =   0.3  ....   1.5 mm
L =    2   ....   40 cm

heat current density  ≙ heat flow per area 
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Fig. 2.7. (a) Schematic sketch of an experimental setup used to demonstrate the
fountain e!ect. The helium inside and outside the flask has been drawn in a slightly
di!erent shade for clarity. (b) Photo of a fountain generated in helium II [47]

low temperatures, etc.) fountains can be produced exhibiting pure potential
flow, like the one shown in Fig. 2.7b.

2.1.4 Heat Transport

Early experiments on heat transport in superfluid 4He indicated that the
thermal conductivity of helium II is more than five orders of magnitude larger
than that of helium I [48,49]. This extremely high thermal conductivity of the
superfluid immediately explains the remarkable observation that the boiling
of liquid helium stops suddenly when passing the lambda transition. The
temperature distribution becomes homogeneous within the liquid and thus
evaporation takes place only at the free surface.

Not only is the heat transport of helium II very high, it also has a num-
ber of other unusual properties. Figure 2.8 shows that under certain cir-
cumstances a pronounced maximum of the heat current density is observed
at about 1.8 K. Using capillaries with large diameters one finds, in addi-
tion, that the heat-current density q̇ rises proportional to |grad T |1/3. This
means, that the thermal transport cannot be described by the usual expres-
sion q̇ = !! gradT , because the thermal conductivity ! would not be con-
stant but would diverge for small temperature gradients as ! " |gradT |!2/3.

Detailed investigations of the heat flux Q̇ of helium II through very thin
capillaries have shown that for small temperature di!erences the heat flux
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e) Heat Transport: Linear Regime
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Fig. 2.8. Heat flow in helium II
as a function of temperature
for di!erent temperature gradi-
ents along various capillaries with
diameters between 0.3 mm and
1.5 mm [50]

is indeed proportional to grad T as expected. In fact, one finds in helium II
a linear relation between heat flow and temperature gradient in a variety
of di!erent experiments in which the heat flux does not exceed a certain
critical value. The conditions for which this is true is called the linear regime.
Results of experiments that exhibit this behavior at low heat flux are shown
in Fig. 2.9a. Clearly, the heat flow in these experiments depends linearly on
the temperature gradient for small values and not too high temperatures.

It is important to note that the presence of a linear regime is not only due
to the fact that the nonlinear e!ects seen at high heat fluxes are small. This
becomes clear in Fig. 2.9b in which the thermal resistance "T/Q̇ of helium II
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Fig. 2.9. (a) Heat flow in helium II through a 2.4 µm wide slit as a function of
the temperature di!erence "T along the slit for three di!erent temperatures [51].
(b) Thermal resistance "T/Q̇ of helium II in a thin capillary (diameter 107 µm,
length 10 cm) as a function of the heat current [52]
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a linear relation between heat flow and temperature gradient in a variety
of di!erent experiments in which the heat flux does not exceed a certain
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is indeed proportional to grad T as expected. In fact, one finds in helium II
a linear relation between heat flow and temperature gradient in a variety
of di!erent experiments in which the heat flux does not exceed a certain
critical value. The conditions for which this is true is called the linear regime.
Results of experiments that exhibit this behavior at low heat flux are shown
in Fig. 2.9a. Clearly, the heat flow in these experiments depends linearly on
the temperature gradient for small values and not too high temperatures.
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to the fact that the nonlinear e!ects seen at high heat fluxes are small. This
becomes clear in Fig. 2.9b in which the thermal resistance "T/Q̇ of helium II

0 20 40 60
"T / mK

0

2

4

6

8

H
ea

tf
lo

w
Q•

/m
W

1.44 K

1.72 K

2.02 K
He II

0 20 40 60 80 100
Q

•
/ µW

0

20

40

60

"T
Q•

!1
/

K
W

!1

He II

T = 1.8 K

Fig. 2.9. (a) Heat flow in helium II through a 2.4 µm wide slit as a function of
the temperature di!erence "T along the slit for three di!erent temperatures [51].
(b) Thermal resistance "T/Q̇ of helium II in a thin capillary (diameter 107 µm,
length 10 cm) as a function of the heat current [52]

► for very thin capillaries or small values of
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► critical heat flow ≙ critical velocity 
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low temperatures, etc.) fountains can be produced exhibiting pure potential
flow, like the one shown in Fig. 2.7b.

2.1.4 Heat Transport

Early experiments on heat transport in superfluid 4He indicated that the
thermal conductivity of helium II is more than five orders of magnitude larger
than that of helium I [48,49]. This extremely high thermal conductivity of the
superfluid immediately explains the remarkable observation that the boiling
of liquid helium stops suddenly when passing the lambda transition. The
temperature distribution becomes homogeneous within the liquid and thus
evaporation takes place only at the free surface.

Not only is the heat transport of helium II very high, it also has a num-
ber of other unusual properties. Figure 2.8 shows that under certain cir-
cumstances a pronounced maximum of the heat current density is observed
at about 1.8 K. Using capillaries with large diameters one finds, in addi-
tion, that the heat-current density q̇ rises proportional to |grad T |1/3. This
means, that the thermal transport cannot be described by the usual expres-
sion q̇ = !! gradT , because the thermal conductivity ! would not be con-
stant but would diverge for small temperature gradients as ! " |gradT |!2/3.

Detailed investigations of the heat flux Q̇ of helium II through very thin
capillaries have shown that for small temperature di!erences the heat flux
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critical value. The conditions for which this is true is called the linear regime.
Results of experiments that exhibit this behavior at low heat flux are shown
in Fig. 2.9a. Clearly, the heat flow in these experiments depends linearly on
the temperature gradient for small values and not too high temperatures.

It is important to note that the presence of a linear regime is not only due
to the fact that the nonlinear e!ects seen at high heat fluxes are small. This
becomes clear in Fig. 2.9b in which the thermal resistance "T/Q̇ of helium II
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The latter expression was first derived by H. London and thus is often called
the London equation [58]. Figure 2.16 shows experimental values of the tem-
perature di!erence between the two beakers as a function of the level di!er-
ence, which corresponds to a pressure di!erence.

The data demonstrate nicely the linear relation between "p and "T pre-
dicted by (2.19). As expected, the thermomechanical e!ect weakens with in-
creasing temperature. At "h = 2 cm and T = 1.5 K a temperature di!erence
of about 1 mK is found. In principle, one could use the thermomechanical
e!ect for cooling, but this method is very ine#cient.
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Fig. 2.16. Temperature di!erence as
a function of the level di!erence in the
two beakers that are connected via a
superleak [59]

2.2.6 Heat Transport

So far we have discussed the mass transport of helium II in thin capillaries
under the assumption that the normal-fluid component is completely blocked.
However, for capillaries with finite width this is only approximately true. In
fact, even in equilibrium ("p = !S"T ), there is always a flow of normal-fluid
component !n from the warm to the cold end. The superfluid component !s

moves in the opposite direction. Because of the di!erence in entropy of the
two components, this counterflow is associated with entropy transport and
thus with the transport of heat. The heat flow is only limited by the viscosity
of the normal-fluid component. We describe the flow of !n within classical
hydrodynamics by

V̇n =
"

#n

"p

L
. (2.20)

Here, L denotes the length of the flow channel and " is a constant that is
determined by the geometry of the flow channel. For capillaries the Hagen–
Poiseuille law is valid and thus " ! r4. For heat transport through small slits
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perature di!erence between the two beakers as a function of the level di!er-
ence, which corresponds to a pressure di!erence.

The data demonstrate nicely the linear relation between "p and "T pre-
dicted by (2.19). As expected, the thermomechanical e!ect weakens with in-
creasing temperature. At "h = 2 cm and T = 1.5 K a temperature di!erence
of about 1 mK is found. In principle, one could use the thermomechanical
e!ect for cooling, but this method is very ine#cient.
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2.2.6 Heat Transport

So far we have discussed the mass transport of helium II in thin capillaries
under the assumption that the normal-fluid component is completely blocked.
However, for capillaries with finite width this is only approximately true. In
fact, even in equilibrium ("p = !S"T ), there is always a flow of normal-fluid
component !n from the warm to the cold end. The superfluid component !s

moves in the opposite direction. Because of the di!erence in entropy of the
two components, this counterflow is associated with entropy transport and
thus with the transport of heat. The heat flow is only limited by the viscosity
of the normal-fluid component. We describe the flow of !n within classical
hydrodynamics by

V̇n =
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f) Second Sound

Propagation of temperature waves similar to sound waves 
suggested by Kapitza
first seen by Peshkov 1944

2.1 Experimental Observations 23

in a thin capillary is plotted as a function of the heat current. At small
heat currents the thermal resistance is constant, but changes suddenly at a
certain value of the heat flux. As we shall discuss later in more detail, the heat
transport in helium II is associated with a mass flow for which turbulences in
the liquid arise at a certain critical velocity . This, in turn, leads to a sudden
increase of the thermal resistance.

2.1.5 Second Sound

Temperature waves, which propagate with a characteristic velocity, are an-
other very remarkable feature of helium II. Since the propagation of such
waves is similar to that of ordinary sound this phenomenon was named
second sound . The first experimental observation of second sound was made
by Peshkov in 1944. In his early experiments he traced the temperature vari-
ation associated with propagating second-sound waves. Later, he improved
the accuracy of his measurements by generating standing temperature waves.
A sketch of his experimental setup for the investigation of standing second-
sound waves is shown in Fig. 2.10a.

Using an electrical heater, periodic temperature waves are generated in
a resonator with variable length L containing helium II. The temperature
distribution in the resonator is monitored with a thermometer that can be
moved with respect to the heater position. At resonance, periodic variations
of the temperature in the liquid are observed. The result of measurements
at two di!erent frequencies is shown in Fig. 2.10b, indicating the presence
of standing waves. In this experiment, the velocity of second sound can be
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Fig. 2.10. (a) Schematic drawing of the apparatus used by Peshkov for the gener-
ation and detection of standing temperature waves in helium II. (b) Temperature
of superfluid helium as a function of the thermometer position obtained at two
di!erent resonator modes [53]
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determined by the simple relation v2 = 2L!/n for longitudinal resonances.
Here, ! denotes the heater frequency and n the number of half-waves in the
resonator. With this setup, it is possible to generate temperature waves with
frequencies up to 100 kHz. It is remarkable that the velocity of second sound
has been found to be independent of the frequency of the heat pulses up to
this experimental limit.

2.2 Two-Fluid Model

In this section, we will see that the anomalous properties of helium II can be
described phenomenologically with the so-called two-fluid model . The basic
idea of this concept was first suggested in 1938 by Tisza, in order to describe
transport phenomena of helium II. According to this model, helium II be-
haves as if it were a mixture of two completely interpenetrating fluids with
di!erent properties, although in reality this is not the case. To avoid any
misunderstanding, it must be clearly stated at the outset that the two flu-
ids cannot be physically separated; it is not permissible even to regard some
atoms as belonging to the normal fluid and the remainder to the superfluid
component, since all 4He atoms are identical. But accepting these limits of
the physical interpretation, many of the phenomena just described can be
relatively clearly understood by formally expressing the density of helium II
as the sum of a normal-fluid and a superfluid component:

" = "n + "s , (2.2)

where ", "n and "s denote the total, normal-fluid and superfluid densities,
respectively. Both "s and "n depend on temperature, as shown schematically
in Fig. 2.11. At absolute zero, helium II consists entirely of the superfluid
component ("s = " and "n = 0) and at the lambda point it consists entirely
of the normal-fluid component ("s = 0 and "n = "). As we have seen in
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resonance condition

► Seen up to 100 kHz (experimental limit)

► independent of frequency
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2.2 Two-Fluid Model

Basic idea:  He-II has to components
normalfluid

superfluid

Tisza  1938
London 1938
Landau 1941, 1947
Feynman 1953

Assumptions and Properties:

(1)

2.2 Two-Fluid Model 25

Sect. 1.2, the total density ! is also slightly temperature dependent (see
Fig. 1.2). However, in the following description this weak dependence will be
neglected. Furthermore, it is assumed that the superfluid component carries
no entropy, exhibits no viscous friction and shows no turbulence. The normal-
fluid component, in contrast, is assumed to carry the total entropy of the fluid
and to exhibit a finite viscosity. The basic assumptions of the two-fluid model
are summarized in Table 2.1.

Table 2.1. Basic assumptions of the two-fluid model

density viscosity entropy

normal-fluid component !n "n = " Sn = S

superfluid component !s "s = 0 Ss = 0

We shall see that these simple assumptions lead to a satisfying phenom-
enological description of many di!erent transport properties of helium II. Af-
ter introducing the hydrodynamic equations we shall discuss the experimental
observations presented in Sect. 2.1 in terms of the two-fluid model.

2.2.1 Two-Fluid Hydrodynamics

In this section, we will look at the basic hydrodynamic equations of the two
component fluids. First, we introduce the momentum density j of mass flow
per unit volume

j = !nvn + !svs . (2.3)

Here, vn and vs denote the velocity of the normal and superfluid component,
respectively. Mass conservation is expressed by the continuity equation

"!

"t
= !div j . (2.4)

Since the viscosity of the normal-fluid component is very low – several orders
of magnitude lower than that of water at 300 K – and its influence in most
experiments is only a higher-order e!ect, we shall neglect the normal-fluid
viscosity to a first approximation. In this case, helium II is considered as an
ideal fluid, which can be described by the Euler equation, the equivalent of
Newton’s second law of motion for continua

"j

"t
+ !v · gradv! "# $

! 0

= !grad p , (2.5)

where p denotes the pressure. If the velocities of the two fluids are not too
high, to a good approximation we can neglect terms quadratic in the velocities
as indicated in (2.5).

T  = Tl :                     and 

T  = 0  :                   and
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Two-Fluid Hydrodynamics

mass flow

(1)

(2)

(3)

density

continuity eqn.
(mass conservation)

He-II is ideal fluid <  10-5 P  ~  0
Euler eqn.  (Newton’s 2nd law of motion for continua) 
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Sect. 1.2, the total density ! is also slightly temperature dependent (see
Fig. 1.2). However, in the following description this weak dependence will be
neglected. Furthermore, it is assumed that the superfluid component carries
no entropy, exhibits no viscous friction and shows no turbulence. The normal-
fluid component, in contrast, is assumed to carry the total entropy of the fluid
and to exhibit a finite viscosity. The basic assumptions of the two-fluid model
are summarized in Table 2.1.
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normal-fluid component !n "n = " Sn = S

superfluid component !s "s = 0 Ss = 0

We shall see that these simple assumptions lead to a satisfying phenom-
enological description of many di!erent transport properties of helium II. Af-
ter introducing the hydrodynamic equations we shall discuss the experimental
observations presented in Sect. 2.1 in terms of the two-fluid model.

2.2.1 Two-Fluid Hydrodynamics
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Here, vn and vs denote the velocity of the normal and superfluid component,
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where p denotes the pressure. If the velocities of the two fluids are not too
high, to a good approximation we can neglect terms quadratic in the velocities
as indicated in (2.5).

for small velocities since quadratic in   
(approximation for linear regime) 
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!2S

!t2
=

"s

"n
S2

!"
!T

!"

#

S

!2" +
"

!T

!S

#

!

!2S

$
. (2.31)

Equations of this form are known as ‘wave equations’. An approach frequently
employed in physics to solve such equations is to use plane waves of the form

" = "0 + "! ei"(t"x/v) , (2.32)

S = S0 + S! ei"(t"x/v) , (2.33)

as an ansatz for solving these two partial di!erential equations of second
order. Here, v denotes the velocity of the wave propagating in the x-direction
and # the angular frequency. Insertion of these solutions and subsequent
di!erentiation leads to two linear equations for the quantities "! and S!:
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Here, the abbreviations
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were used. Thus, the problem is reduced to solving a system of linear equa-
tions. The constraints equation for the coe"cients is given by
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Using thermodynamic identities, this equation can be transformed into
!"

v

v1

#2

"1

$ !"
v

v2

#2

" 1

$
=

Cp " CV

Cp
. (2.38)

Each of the two expressions in the square brackets is a dispersion relation for
a certain type of wave. Both waves are weakly coupled through (Cp"CV )/Cp.
Since the specific heats at constant pressure Cp and at constant volume CV

are almost identical for helium II we may approximate (2.38) by
!"

v

v1

#2

" 1

$ !"
v

v2

#2

" 1

$
# 0 . (2.39)

In the following sections we will discuss further details regarding the prop-
agation of sound waves. In these considerations we will always neglect the
coupling between the two types of waves.

(4)

2.2 Two-Fluid Model 25
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Since the viscosity of the normal-fluid component is very low – several orders
of magnitude lower than that of water at 300 K – and its influence in most
experiments is only a higher-order e!ect, we shall neglect the normal-fluid
viscosity to a first approximation. In this case, helium II is considered as an
ideal fluid, which can be described by the Euler equation, the equivalent of
Newton’s second law of motion for continua
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where p denotes the pressure. If the velocities of the two fluids are not too
high, to a good approximation we can neglect terms quadratic in the velocities
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(5)

entropy conservation

motion is reversible since no dissipative processes                 He-II is an ideal fluid 
(in first approximation)

entropy/mass

entropy density

only        contributes 

One more equation is needed               an equation of motion for            (or       )
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determined by the simple relation v2 = 2L!/n for longitudinal resonances.
Here, ! denotes the heater frequency and n the number of half-waves in the
resonator. With this setup, it is possible to generate temperature waves with
frequencies up to 100 kHz. It is remarkable that the velocity of second sound
has been found to be independent of the frequency of the heat pulses up to
this experimental limit.

2.2 Two-Fluid Model

In this section, we will see that the anomalous properties of helium II can be
described phenomenologically with the so-called two-fluid model . The basic
idea of this concept was first suggested in 1938 by Tisza, in order to describe
transport phenomena of helium II. According to this model, helium II be-
haves as if it were a mixture of two completely interpenetrating fluids with
di!erent properties, although in reality this is not the case. To avoid any
misunderstanding, it must be clearly stated at the outset that the two flu-
ids cannot be physically separated; it is not permissible even to regard some
atoms as belonging to the normal fluid and the remainder to the superfluid
component, since all 4He atoms are identical. But accepting these limits of
the physical interpretation, many of the phenomena just described can be
relatively clearly understood by formally expressing the density of helium II
as the sum of a normal-fluid and a superfluid component:

" = "n + "s , (2.2)

where ", "n and "s denote the total, normal-fluid and superfluid densities,
respectively. Both "s and "n depend on temperature, as shown schematically
in Fig. 2.11. At absolute zero, helium II consists entirely of the superfluid
component ("s = " and "n = 0) and at the lambda point it consists entirely
of the normal-fluid component ("s = 0 and "n = "). As we have seen in
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relatively clearly understood by formally expressing the density of helium II
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Consider change of internal energy

26 2 Superfluid 4He – Helium II

Since viscous friction is neglected, no dissipative processes need to be
considered and the motion of the fluids is reversible. Therefore, the entropy
of helium II is conserved in this approximation, which can be expressed by
the equation

!("S)
!t

= !div("Svn) , (2.6)

where S represents the entropy per unit mass and "S the entropy density.
Finally, we need to set up the equations of motion for the two phases. A

formal derivation of these equations, such as the one given by Dingle in [54],
is very involved and will therefore not be presented here. Following Landau,
we will motivate the equations of motion for the two components using a
simple thought experiment . We imagine that a portion of superfluid phase is
added to a helium II bath at constant volume. The resulting change of the
internal energy is given by dU = T dS ! pdV + Gdm. Here, G denotes the
Gibbs free energy per unit mass, which is here identical with the chemical
potential µ. In the given situation we have dV = 0 and dS = 0 and the
change of the internal energy reduces to dU = Gdm. Consequently, the
procedure described causes just a change of mass of the superfluid component.
Therefore, we can interpret the Gibbs free energy G as the potential energy
of this component and !gradG as the corresponding force. As a result, we
find

dvs

dt
= !gradµ . (2.7)

Using the thermodynamic relation

dµ = !S dT +
1
"

dp , (2.8)

we can substitute gradµ, and we obtain the equation of motion for the su-
perfluid component

!vs

!t
= S gradT ! 1

"
grad p . (2.9)

In writing (2.9) we have also performed the transition from the total to
the partial di!erential !vs. This is possible since the two di!erentials di!er
only by the term vs ·gradvs containing only quadratic terms in the velocity,
which we have neglected in the approximation discussed here.

The equation of motion for the normal-fluid component can easily be
calculated by substituting !vs/!t in (2.9) using (2.5). We obtain

!vn

!t
= ! "s

"n
S gradT ! 1

"
grad p . (2.10)

We emphasize again that the equations obtained are only valid for the
linear regime. Of course, more general considerations are possible and have
been carried out, but at the expense of a significantly increased complexity.
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Navier-Stokes equation for normalfluid component

Navier-Stokes equation for superfluid component

and

inertia pressure
gradient

temperature
gradient

additional term due 
to compressibility

viscosity

vorticity (for irrotational flow                   ) 

2.2 Two-Fluid Model 25

Sect. 1.2, the total density ! is also slightly temperature dependent (see
Fig. 1.2). However, in the following description this weak dependence will be
neglected. Furthermore, it is assumed that the superfluid component carries
no entropy, exhibits no viscous friction and shows no turbulence. The normal-
fluid component, in contrast, is assumed to carry the total entropy of the fluid
and to exhibit a finite viscosity. The basic assumptions of the two-fluid model
are summarized in Table 2.1.

Table 2.1. Basic assumptions of the two-fluid model

density viscosity entropy

normal-fluid component !n "n = " Sn = S

superfluid component !s "s = 0 Ss = 0

We shall see that these simple assumptions lead to a satisfying phenom-
enological description of many di!erent transport properties of helium II. Af-
ter introducing the hydrodynamic equations we shall discuss the experimental
observations presented in Sect. 2.1 in terms of the two-fluid model.

2.2.1 Two-Fluid Hydrodynamics

In this section, we will look at the basic hydrodynamic equations of the two
component fluids. First, we introduce the momentum density j of mass flow
per unit volume

j = !nvn + !svs . (2.3)

Here, vn and vs denote the velocity of the normal and superfluid component,
respectively. Mass conservation is expressed by the continuity equation

"!

"t
= !div j . (2.4)

Since the viscosity of the normal-fluid component is very low – several orders
of magnitude lower than that of water at 300 K – and its influence in most
experiments is only a higher-order e!ect, we shall neglect the normal-fluid
viscosity to a first approximation. In this case, helium II is considered as an
ideal fluid, which can be described by the Euler equation, the equivalent of
Newton’s second law of motion for continua

"j

"t
+ !v · gradv! "# $

! 0

= !grad p , (2.5)

where p denotes the pressure. If the velocities of the two fluids are not too
high, to a good approximation we can neglect terms quadratic in the velocities
as indicated in (2.5).

Euler-type equation for superfluid

if vorticity is included             Gross-Pitaevskii equation
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mass flow

(1)

(2)

(3)

density

mass conservation
continuity eqn.

(4)ideal fluid

(5)entropy conservation

(6)an equation of motion for
superfluid component
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2.3 Properties of He-II described using 
the two-fluid model

a) Viscosity

16 2 Superfluid 4He – Helium II

2.1.1 Viscosity and Superfluidity

The first indications for the occurrence of superfluidity came from flow mea-
surements through very thin capillaries and narrow slits [31, 32]. Using the
Hagen–Poiseuille law

V̇ =
!r4

8
1
"

!p

L
, (2.1)

one can conclude from measurements of the flow velocity in narrow capillaries
that the viscosity of helium II is several orders of magnitude lower than that
of helium I. The quantity L denotes the length of the capillary, r the radius,
!p the pressure drop along the capillary and V̇ the volume rate of helium
transported through it. Some measurements that demonstrate the typical
variation of flow velocity v = V̇ /(!r2) with pressure are shown in Fig. 2.1a.
Besides the extremely low viscosity, two other very remarkable observations
can be made, namely that the flow velocity is nearly independent of the pres-
sure gradient along the capillary, and that the flow velocity increases with
decreasing diameter of the capillary. The temperature dependence of the vis-
cosity deduced from flow measurements through narrow capillaries is shown
in Fig. 2.1b. Above the lambda point, the viscosity is nearly temperature
independent, but it falls to an undetectably low value for T < T!.

An important question in this context is whether the viscosity becomes
extremely small but finite or whether it actually becomes zero below the
lambda transition. To answer this question persistent-mass flows have been
generated and monitored [37,38], analogous to persistent-current experiments
with superconductors (see Chap. 10). A torus, containing compressed fine
powder is filled with liquid helium and set into rotation above the lambda
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Fig. 2.1. (a) Flow velocity of helium II through capillaries with di!erent diameter
as a function of the applied pressure [39, 40]. (b) Temperature dependence of the
viscosity of liquid helium as determined from flow experiments with thin capillaries
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2.3 Properties of He-II described using 
the two-fluid model
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point. Because of its viscosity, the helium is dragged along with the torus
under these conditions. The rotating torus is cooled below T! and is gently
brought to rest. Subsequently, the evolution of the angular velocity of the he-
lium with time is determined. In several experiments this has been achieved
by implementing the torus as part of a superfluid gyroscope. From the obser-
vation of a constant angular velocity for many hours one can conclude that
the viscosity drops at the lambda point by at least eleven orders of magni-
tude. Within the accuracy of the experiment, this means that helium II is
truly flowing without dissipation.

It has been observed, however, that the results of viscosity measurements
on helium II, but not on helium I, depend on the measuring method employed.
As we will see later, this very peculiar phenomenon can be explained in the
framework of the two-fluid model. Before introducing this model in Sect. 2.2,
we will take a brief look at the results obtained with two standard techniques
for measuring viscosity: the rotary viscosimeter (Fig. 2.2a) and the oscillating-
disc method (Fig. 2.2b). In both experiments, the viscosity does not drop
instantaneously to zero at the lambda point but remains finite well below the
phase transition. For the rotary viscosimeter, the measured viscosity even
increases again on cooling below about 1.8 K and substantially exceeds the
viscosity of helium I below 1 K. In contrast, ! drops steadily below T! with
decreasing temperature if measured with an oscillating disc. In addition, in
these experiments with oscillating discs, the damping has quite a strong a!ect
on the amplitude of the oscillation, indicating a nonlinear behavior.
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Fig. 2.2. Viscosity of liquid helium as a function of temperature measured (a) with
a rotary viscosimeter [41,42] and (b) with an oscillating disc [43]

(ii) rotary viscosimeter
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2.2.2 Viscosity Measurements

In this section, we shall revisit the viscosity measurements, which have al-
ready been presented in Sect. 2.1. Here, we discuss the surprisingly di!erent
results in the context of the two-fluid model.

Flow Through Thin Capillaries Due to viscous damping the normal-fluid
component is almost completely blocked in thin capillaries (vn ! 0). Only the
superfluid component is mobile and is observed in such experiments. Since its
motion is frictionless, the measured viscosity is zero below the lambda tran-
sition.

Rotary Viscosimeter A rotary viscosimeter consists of two hollow cylin-
ders of di!erent size, one rotating inside the other. The viscosity of the liquid
between the cylinders is determined via the torque Mr = !"#d2

rd
2
s/(d2

s " d2
r )

transferred from the rotating inner cylinder with diameter dr to the outer
stationary cylinder with diameter ds. Here, # denotes the angular velocity
of the rotation. Since the viscosity of the superfluid component is zero, it
applies no torque onto the stationary cylinder. Therefore, only the viscosity
of the normal-fluid component Mr # " = "n is measured in such experiments,
which is nonzero even below T!.

The temperature dependence of "n is mainly given by the mean free
path $n of the thermal excitations in helium. The increase of the mean free
path with decreasing temperature below about 1.8 K can be explained ac-
cording to the theory of Landau and Khalatnikov , by the reduction of the
scattering of thermal excitations. In their model, they assumed a dilute gas of
excitations. This assumption is not valid above 1.8 K and therefore the tem-
perature dependence of the normal-fluid viscosity in this temperature range
cannot be explained with this theory.

Oscillating-Disc Viscosimeter The viscosity measurements made with
this technique are based on the torque Md = !

$
%" #3/2r4 !(#) acting on an

oscillating disc with radius r in the liquid. Here, !(#) = !0 cos(#t " !/4)
denotes the angle of deflection and # the angular frequency of the oscillation.
The crucial point is that, in this experiment, it is not just the viscosity that
is measured, but the product % " of density and viscosity.

Since the superfluid component does not contribute below T! ("s = 0), the
apparent viscosity is given by %n"n. Therefore, the temperature dependence
shown in Fig. 2.5 is understandable because the density of the normal-fluid
component decreases rapidly below the lambda point. Using the result for "n

from the measurement with rotary viscosimeters, it is possible to draw conclu-
sions about the temperature dependence of %n. The first direct measurement
of this quantity is discussed in the next section.
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Sect. 1.2, the total density ! is also slightly temperature dependent (see
Fig. 1.2). However, in the following description this weak dependence will be
neglected. Furthermore, it is assumed that the superfluid component carries
no entropy, exhibits no viscous friction and shows no turbulence. The normal-
fluid component, in contrast, is assumed to carry the total entropy of the fluid
and to exhibit a finite viscosity. The basic assumptions of the two-fluid model
are summarized in Table 2.1.

Table 2.1. Basic assumptions of the two-fluid model

density viscosity entropy

normal-fluid component !n "n = " Sn = S

superfluid component !s "s = 0 Ss = 0

We shall see that these simple assumptions lead to a satisfying phenom-
enological description of many di!erent transport properties of helium II. Af-
ter introducing the hydrodynamic equations we shall discuss the experimental
observations presented in Sect. 2.1 in terms of the two-fluid model.

2.2.1 Two-Fluid Hydrodynamics

In this section, we will look at the basic hydrodynamic equations of the two
component fluids. First, we introduce the momentum density j of mass flow
per unit volume

j = !nvn + !svs . (2.3)

Here, vn and vs denote the velocity of the normal and superfluid component,
respectively. Mass conservation is expressed by the continuity equation

"!

"t
= !div j . (2.4)

Since the viscosity of the normal-fluid component is very low – several orders
of magnitude lower than that of water at 300 K – and its influence in most
experiments is only a higher-order e!ect, we shall neglect the normal-fluid
viscosity to a first approximation. In this case, helium II is considered as an
ideal fluid, which can be described by the Euler equation, the equivalent of
Newton’s second law of motion for continua

"j

"t
+ !v · gradv! "# $

! 0

= !grad p , (2.5)

where p denotes the pressure. If the velocities of the two fluids are not too
high, to a good approximation we can neglect terms quadratic in the velocities
as indicated in (2.5).
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2.2.2 Viscosity Measurements
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results in the context of the two-fluid model.
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point. Because of its viscosity, the helium is dragged along with the torus
under these conditions. The rotating torus is cooled below T! and is gently
brought to rest. Subsequently, the evolution of the angular velocity of the he-
lium with time is determined. In several experiments this has been achieved
by implementing the torus as part of a superfluid gyroscope. From the obser-
vation of a constant angular velocity for many hours one can conclude that
the viscosity drops at the lambda point by at least eleven orders of magni-
tude. Within the accuracy of the experiment, this means that helium II is
truly flowing without dissipation.

It has been observed, however, that the results of viscosity measurements
on helium II, but not on helium I, depend on the measuring method employed.
As we will see later, this very peculiar phenomenon can be explained in the
framework of the two-fluid model. Before introducing this model in Sect. 2.2,
we will take a brief look at the results obtained with two standard techniques
for measuring viscosity: the rotary viscosimeter (Fig. 2.2a) and the oscillating-
disc method (Fig. 2.2b). In both experiments, the viscosity does not drop
instantaneously to zero at the lambda point but remains finite well below the
phase transition. For the rotary viscosimeter, the measured viscosity even
increases again on cooling below about 1.8 K and substantially exceeds the
viscosity of helium I below 1 K. In contrast, ! drops steadily below T! with
decreasing temperature if measured with an oscillating disc. In addition, in
these experiments with oscillating discs, the damping has quite a strong a!ect
on the amplitude of the oscillation, indicating a nonlinear behavior.
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Fig. 2.2. Viscosity of liquid helium as a function of temperature measured (a) with
a rotary viscosimeter [41,42] and (b) with an oscillating disc [43]
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2.2.2 Viscosity Measurements

In this section, we shall revisit the viscosity measurements, which have al-
ready been presented in Sect. 2.1. Here, we discuss the surprisingly di!erent
results in the context of the two-fluid model.

Flow Through Thin Capillaries Due to viscous damping the normal-fluid
component is almost completely blocked in thin capillaries (vn ! 0). Only the
superfluid component is mobile and is observed in such experiments. Since its
motion is frictionless, the measured viscosity is zero below the lambda tran-
sition.

Rotary Viscosimeter A rotary viscosimeter consists of two hollow cylin-
ders of di!erent size, one rotating inside the other. The viscosity of the liquid
between the cylinders is determined via the torque Mr = !"#d2

rd
2
s/(d2

s " d2
r )

transferred from the rotating inner cylinder with diameter dr to the outer
stationary cylinder with diameter ds. Here, # denotes the angular velocity
of the rotation. Since the viscosity of the superfluid component is zero, it
applies no torque onto the stationary cylinder. Therefore, only the viscosity
of the normal-fluid component Mr # " = "n is measured in such experiments,
which is nonzero even below T!.

The temperature dependence of "n is mainly given by the mean free
path $n of the thermal excitations in helium. The increase of the mean free
path with decreasing temperature below about 1.8 K can be explained ac-
cording to the theory of Landau and Khalatnikov , by the reduction of the
scattering of thermal excitations. In their model, they assumed a dilute gas of
excitations. This assumption is not valid above 1.8 K and therefore the tem-
perature dependence of the normal-fluid viscosity in this temperature range
cannot be explained with this theory.

Oscillating-Disc Viscosimeter The viscosity measurements made with
this technique are based on the torque Md = !

$
%" #3/2r4 !(#) acting on an

oscillating disc with radius r in the liquid. Here, !(#) = !0 cos(#t " !/4)
denotes the angle of deflection and # the angular frequency of the oscillation.
The crucial point is that, in this experiment, it is not just the viscosity that
is measured, but the product % " of density and viscosity.

Since the superfluid component does not contribute below T! ("s = 0), the
apparent viscosity is given by %n"n. Therefore, the temperature dependence
shown in Fig. 2.5 is understandable because the density of the normal-fluid
component decreases rapidly below the lambda point. Using the result for "n

from the measurement with rotary viscosimeters, it is possible to draw conclu-
sions about the temperature dependence of %n. The first direct measurement
of this quantity is discussed in the next section.
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Oscillating-Disc Viscosimeter The viscosity measurements made with
this technique are based on the torque Md = !

$
%" #3/2r4 !(#) acting on an

oscillating disc with radius r in the liquid. Here, !(#) = !0 cos(#t " !/4)
denotes the angle of deflection and # the angular frequency of the oscillation.
The crucial point is that, in this experiment, it is not just the viscosity that
is measured, but the product % " of density and viscosity.

Since the superfluid component does not contribute below T! ("s = 0), the
apparent viscosity is given by %n"n. Therefore, the temperature dependence
shown in Fig. 2.5 is understandable because the density of the normal-fluid
component decreases rapidly below the lambda point. Using the result for "n

from the measurement with rotary viscosimeters, it is possible to draw conclu-
sions about the temperature dependence of %n. The first direct measurement
of this quantity is discussed in the next section.
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