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2.5 Macroscopic Quantum State

quantization of circulation

Josephson effects

wave function of superfluid component

(∗)
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2.4 Macroscopic Quantum State

F. London repeatedly stressed in different publications that the condensate
is a quantum state on a macroscopic scale [11]. Later, this viewpoint was
extended to the whole superfluid component since it is assumed that the con-
densate and the superfluid component are closely related. As we will see, the
presence of a macroscopic quantum state has consequences for the properties
of helium II. For example, it results in a quantization of circulation and it
enables phenomena analogous to the Josephson effect in superconductors.

2.4.1 Wave Function of the Superfluid Component

The macroscopic quantum state present in helium II can be described by the
wave function

ψ(r) = ψ0 eiϕ(r) , (2.67)

where the phase ϕ(r) is a real-valued function of the position. The ampli-
tude ψ0 is constant or, under certain conditions, just slightly position de-
pendent. Henceforth, we shall omit the position dependence. The absolute
value of the wave function is given by the number of atoms in the superfluid
component per unit volume and can be expressed by

ψ⋆ψ = |ψ0|2 =
ϱs

m4
. (2.68)

Here, m4 denotes the mass of 4He atoms. The phase of the macroscopic wave
is related to the velocity of atoms. The momentum p of a helium atom in the
superfluid component can be described with the Schrödinger equation

−i!∇ψ = p ψ . (2.69)

Using (2.67) we find p = !∇ϕ(r) = m4vs and thus

vs =
!
m4

∇ϕ(r) . (2.70)

The velocity of the superfluid component therefore determines the phase
shift of the wave function. The phase is constant for vs = 0, and changes
uniformly for vs = const. The phase of the wave function is a well-defined
quantity within the entire liquid. We can think of particles being ‘rigidly’
connected, though it should be emphasized that this rigid coupling takes
place in momentum space and not in real space. This concept can be verified
by investigating helium II under rotation. Corresponding experiments will be
discussed in the following section.
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const. phase is changing uniformly

Interpretation

► phase is well-defined in entire liquid
► macroscopic wave function
► “rigid” coupling in momentum space
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2.5 Macroscopic Quantum State

Proof of the concept: He-II under rotations

measurement of liquid meniscus

classical fluid  ≙ normalfluid component  

solid body rotation
distance from 
axis of rotation

profile of liquid surface             parabola

what about the superfluid component ?

two-fluid model !

= 0
Stokesarea enclosed by

contour L

► should not rotate (should be at rest)
► if so, centrifugal force is reduced

for a simply-connected region this means 
every loop can be contracted to a point 
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2.5 Macroscopic Quantum State

Experimental results

54 2 Superfluid 4He – Helium II
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Fig. 2.34. Surface curvature γ of he-
lium II under rotation as a function of
angular velocity [89]. The solid line
represents the expected behavior of
a classical liquid γ = ω2/g, and the
dashed line indicates the prediction
for the case that the superfluid com-
ponent is at rest, i.e., γ = (ϱn/ϱ)ω2/g

κ =
∮

L

vs · dl =
∫

A

curlvs · df . (2.73)

The use of vs = !∇ϕ(r)/m4 from (2.70) results in

κ =
!

m4
∆ϕL , (2.74)

where ∆ϕL denotes the phase difference along the integration path L within
the ring. Since the wave function is a unique function, the phase can only differ
by integer multiples of 2π, i.e., ∆ϕ = 2π n, for a complete cycle. Therefore,
we have

κ =
h

m4
n with n = 0, 1, 2, 3, . . . . (2.75)

An experimental proof of this quantization was first obtained by Vinen
in 1961 [87]. In his experiments, a thin wire (diameter 25µm, length 5 cm)
was placed in the center of a cylindrical vessel filled with helium II. A char-
acteristic transverse vibration of the wire was excited in a constant magnetic
field by passing an alternating current through the wire. Without rotation
of the surrounding helium, the transverse vibration of the wire can be de-
scribed by two degenerate oscillations circularly polarized in opposite senses.
Under rotation, the degeneracy is lifted by the Magnus force. The frequency
difference ∆ν that is now observed, is given by

∆ν =
ϱs

2πM κ , (2.76)

where M represents the effective mass per length of the wire plus half of the
mass of the liquid displaced.

The data shown in Fig. 2.35 are not from the original experiment, but from
a more recent investigation similar to that of Vinen. Clearly, quantized values
of the circulation are observed. Starting from zero, the rotational velocity
was increased slowly, then reduced again and subsequently the direction of

surface curvature:                                     all liquid

only normalfluid

curvature for all liquid is observed
in Osborn experiment 

Why is this the case?

let's do a thought experiment with an annular-shaped container

circulation:
multiply-connected region
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where ∆ϕL denotes the phase difference along the integration path L within
the ring. Since the wave function is a unique function, the phase can only differ
by integer multiples of 2π, i.e., ∆ϕ = 2π n, for a complete cycle. Therefore,
we have

κ =
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An experimental proof of this quantization was first obtained by Vinen
in 1961 [87]. In his experiments, a thin wire (diameter 25µm, length 5 cm)
was placed in the center of a cylindrical vessel filled with helium II. A char-
acteristic transverse vibration of the wire was excited in a constant magnetic
field by passing an alternating current through the wire. Without rotation
of the surrounding helium, the transverse vibration of the wire can be de-
scribed by two degenerate oscillations circularly polarized in opposite senses.
Under rotation, the degeneracy is lifted by the Magnus force. The frequency
difference ∆ν that is now observed, is given by

∆ν =
ϱs

2πM κ , (2.76)

where M represents the effective mass per length of the wire plus half of the
mass of the liquid displaced.
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of the circulation are observed. Starting from zero, the rotational velocity
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► since           is a uniquely-defined function

►
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phase can only be changed by            for full cycle 
circulation is quantized !

T = 1.1 K
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2.5 Macroscopic Quantum State

Experimental discovery of quantization of circulation
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thin wire
∅ 2.5 µm, 
5 cm long

vibrating wire excited by current pules   (Joe Vinen 1961)

2.4 Macroscopic Quantum State 55

rotation was reversed. During this sequence distinctive hysteretic effects were
visible. In such experiments, indications for a quantization up to n = 4 have
been found (not shown in Fig. 2.35).
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Fig. 2.35. Circulation κ in units of h/m4 as a function of the angular velocity
of the rotating cylinder. The arrows indicate the sequence in which the angular
velocity was changed [90]

Vortices with Quantized Circulation

We have seen that in a multiply connected region the circulation of the su-
perfluid component can be finite and that its magnitude is quantized. Now
we come back to the question why the superfluid component seems to partic-
ipate in the rotation in singly connected regions. The reason is that vortices
occur under rotation having a normal-fluid core so that no singly connected
region exists within the superfluid component. The occurrence of vortices in
helium II therefore provides the explanation for the ‘classical’ meniscus ob-
served in Osborne’s experiments. A schematic illustration of the situation is
shown in Fig. 2.36a.

The occurrence of a normal-fluid core in such vortices can be made plau-
sible in the following way. As in a vortex in a classical liquid, the velocity
of the superfluid component rises proportional to 1/r with decreasing dis-
tance r from the center of the vortex. As soon as the critical velocity is ex-
ceeded, superfluidity breaks down and a normal-fluid region is formed. The
radial dependence of ϱs/ϱ and vs in the vicinity of a vortex core is shown in
Fig. 2.36b. Using classical hydrodynamics and (2.75) one finds for the velocity
of the superfluid component:

transversal modes  ≙ two circular polarized modes 

► without rotation: degenerate
► with rotation: lifting of degeneracy by Magnus force

frequency splitting:

effective mass / length 
(wire + ½ of expelled liquid)

► quantization with expected value
► hysteresis effects are observed

► modern measurements up to n = 4

experimental results
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What has this to do with the rotation of bulk helium in a simply connected region?

vortices may occur with normal fluid core 
resulting in a multiply connected region

56 2 Superfluid 4He – Helium II
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Fig. 2.36. (a) Schematic illustration of vortices in a rotating vessel containing
helium II. (b) Variation of vs and ϱs/ϱ as a function of the distance from the vortex
center. The normal-fluid vortex core is indicated by the grey shading

vs(r) =
κ

2π r
=

1.58 × 10−8

r
n

[m
s

]
. (2.77)

We can estimate the diameter d0 of the vortex core if we use as a rough
approximation in (2.77) for vs, the critical velocity for roton formation (see
Sect. 2.5.3). In this way, we find the very small value of only a few Å for
T → 0. The radius of the vortex core corresponds to the correlation length –
or healing length. This quantity is defined by the length over which the su-
perfluid density falls from its bulk value to zero.

The energy Ev per unit length of a vortex can be calculated by integrating
the kinetic energy per unit volume associated with the rotation of ϱs, i.e.,

Ev =
b∫

a0

ϱsv2
s

2
2πr dr . (2.78)

Here, a0 denotes the radius of the normal-fluid core and b is given either by
the radius R of the vessel or by half the distance between the vortices. Using
κ = vs 2πr we find

Ev =
ϱsκ2

4π
ln

(
b

a0

)
∝ n2 . (2.79)

Because of the quadratic dependence Ev ∝ n2, the creation of many vortices
with n = 1 is energetically more favorable than the creation of a smaller
number of vortices with correspondingly higher circulation. The angular mo-
mentum Lv per unit length associated with a single vortex is given by

Lv =
R∫

0

ϱsr vs 2πr dr =
1
2
ϱsκR2 . (2.80)
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Because of the quadratic dependence Ev ∝ n2, the creation of many vortices
with n = 1 is energetically more favorable than the creation of a smaller
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line of constant flow

core

with                           and classical hydrodynamics one finds

normal core:  

≙ coherence length
healing length

2.5 Macroscopic Quantum State



SS 2024
MVCMP-1

108

Energy of a vortex

2.5 Macroscopic Quantum State

energy / length

kinetic energy / volume

: radius of vortex core
: radius of vessel or ½ distance to next vortex

vortex formation with  n = 1 is preferred
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vortices

Why is not a large vortex forming?

splitting up in many small vortices 
prohibits large kinetic energy in core
of vortex near the axis of rotation
(velocity at the edge of vessel is given)


